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Voor muijn ouders



L’homme est celui qui avance dans le brouillard. Mais quand il regarde
en arriere pour juger les gens du passé il ne voit aucun brouillard sur
leur chemin. De son présent, qui fut leur avenir lointain, leur chemin
lui parait entierement clair, visible dans toute son étendu. Regardant
en arriere, 'homme voit le chemin, il voit les gens qui s’avancent, il
voit leurs erreurs, mais le brouillard n’est pas la. Et pourtant, tous,
Heidegger, Maiakovski, Aragon, Ezra Pound, Gorki, Gottfried Benn,
Saint-John Perse, Giono, tous ils marchaient dans le brouillard, et on
peut se demander: qui est le plus aveugle? Maiakovski qui en écrivant
son poéme sur Lénine ne savait pas ol ménerait le léninisme? Ou nous
qui le jugeons avec le recul des décennies et ne voyons pas le brouillard
qui 'enveloppait?!

Milan Kundera?

1‘Man proceeds in the fog. But when he looks back to judge people of the past, he sees no fog
on their path. From his present, which was their faraway future, their path looks perfectly clear
to him, good visibility all the way. Looking back, he sees the path, he sees the people proceeding,
he sees their mistakes, but not the fog. And yet all of them - Heidegger, Majakovski, Aragon,
Ezra Pound, Gorki, Gottfried Benn, St-John Perse, Giono - all were walking in fog, and one
might wonder: who is more blind? Majakovski, who as he wrote his poem on Lenin did not know
where Leninism would lead? Or we, who judge him decades later and do not see the fog that
enveloped him?’, English translation cited from [Kundera 1995, p. 240].

2[Kundera 1993, p. 287]
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Foreword

Writing history is a way of travelling. Travelling in a search for different cultures,
different people, different ideas. Travelling with the aim, also, to obtain a better
understanding of one’s own situation. The only difference being that a historical
travel is not undertaken through space, but through time.

The joy of carrying out historical research above reading a history book com-
pares to the pleasures of travelling by oneself as opposed to going on an organised
tour. In doing historical research, one has both the freedom and the obligation to
find one’s own way. To decide for oneself which way to choose, which things to see,
which story to tell afterwards.

Following this metaphor, the dissertation which lies before you is the scientific
report of the travel which I undertook to an area some seventy years in the past.
This journey, too, had its highlights. I have photos in the form of citations. They
illustrate the narrative. They were chosen for their role in the story, for their
beauty, or for both reasons. They reveal something of what Henk Bos called the
wonder of history.?

Ever since I heard about the foundational crisis in mathematics, in the beginning
of my mathematics studies here in Utrecht, I have been fascinated by the subject.
I wanted to know more about that period in the history of mathematics when
mathematics and philosophy, usually so far away from each other, seemed to meet.
That period which showed the rare characteristic of open controversy and debate
inside mathematics. I wanted to read a book which would tell me all about it. As
it turned out, such a book did not exist. Now, I have written it myself.

Utrecht, December 1998

Dennis Hesseling

[Bos 1987)



xiv FOREWORD

At the commercial edition

This book is an improved version of my dissertation.* I have refined or clarified
parts throughout the book in reaction to suggestions, critical remarks and new or
previously unused publications, notably Van Dalen’s Brouwer biographies and the
translations in Ewald’s and Mancosu’s source books.?

Two reactions to Brouwer’s intuitionism which I did not know of when writ-
ing the dissertation have been included, namely Rivier’s L’empirisme dans les
sciences ezactes® and Study’s Prolegomena. Also, I have included materials from
the Church and Errera archives, which had previously not been researched.

I have specified the use of the term ‘formalism’, using it to indicate Hilbert’s
position only if the publication under discussion does so.

Finally, I have added a short appendix in which logical notations are ex-
plained, and I have significantly extended the index to allow for easy reference.

Brussels, October 2002

Dennis Hesseling

4[Hesseling 1999]
5[Van Dalen 1999A], [Van Dalen 2001], [Ewald 1996] and [Mancosu 1998].
6[Rivier 1930]



Introduction

It is difficult to overestimate the significance of these events. In the
third decade of the twentieth century two mathematicians [Brouwer
and Weyl, DH] — both of them of the first magnitude, and as deeply
and fully conscious of what mathematics is, or is for, or is about, as
anybody could be — actually proposed that the concept of mathemat-
ical rigor, of what constitutes an exact proof, should be changed!

John von Neumann’

0.1 Introduction

The significance of the foundational debate in mathematics that took place in the
1920s seems to have been recognized only in circles of mathematicians and philoso-
phers. In their classic ‘A history of the modern world’, Palmer and Colton, for all
their proclaimed attention paid to the history of ideas, mention no mathematician
more modern than sir Isaac Newton.® Kline, in his standard work ‘Mathematical
Thought from Ancient to Modern Times’, presents the standard interpretation of
the foundational debate in the final chapter.® And Mehrtens, in his recent and
influential Moderne - Sprache - Mathematik, devoted specifically to the founda-
tions of mathematics, pays substantial attention to Brouwer and the foundational
debate.!?

This study is about the so-called foundational crisis!! in mathematics, more
specifically the foundational crisis in the 1920s. According to the Historisches
Wérterbuch der Philosophie (‘Historical dictionary of philosophy’), a foundational
crisis'? arises in a field of science®

7[Von Neumann 1947, p. 188]

8[Palmer & Colton 1995]; of Einstein, only his work on physics is mentioned. This indicates
that there is a serious gap between the historiography of mathematics and general historiography.

9[Kline 1972, pp. 1192-1207

103ee 6.7.

1 Throughout the book, ‘foundational crisis’ and ‘foundational debate’ are used as synonyms.

12 Grundlagenkrise

13[Ritter & Grunder 1971-1995, vol. 3, pp. 910-911]



xvi INTRODUCTION

wenn gewisse iber Einfluf auf die Wissenschaftsorganisation verfi-
gende Gruppen (...) auf den Wissenschaftsbetrieb des betreffenden
Bereiches reflektieren, an der Giiltigkeit gewisser dort erarbeiteter Er-
gebnisse (...) oder der zu ihrer Gewinnung angewandten Verfahren
begriindete Zweifel anmelden und Anderungen im Wissenschaftsbe-
trieb dieses Bereiches verlangen. Ein Grundlagenstreit ist im Gange, wo
einflufireiche Gruppen von Wissenschaftlern miteinander unvertragli-
che Vorschlige zur Behebung einer Grundlagenkrise ihrer Wissenschaft
durchzusetzen versuchen.!?

This definition applies very well to the foundational crisis in mathematics at the
beginning of the 20th century, which is presented as a paradigmatic case.'® How-
ever, the description is rather wide and can be applied to more situations which
we normally would not consider to represent a crisis. Here, I narrow the definition
just given by adding the demand that there has to be a sense of crisis among the
participants to the debate, expressing itself for instance by emotional or polemical
contributions.

The standard interpretation of the foundational crisis in the 1920s has it
that the set theoretical paradoxes led to the development of three schools in the
foundations of mathematics: intuitionism, formalism and logicism.'® Mehrtens has
already attacked the role ascribed to the paradoxes in the standard interpreta-
tion and called it a founding myth of modernism.'” In this analysis, I go further
and claim that, first, logicism played only a marginal role in the discussion that
developed in reaction to intuitionism. Second, whereas formalism was seen as a
dominant current in the discourse on mathematics in the 1920s, I will argue that
there were actually very few formalists among those who contributed to the foun-
dational debate. The intuitionistic critique of classical mathematics and the debate
it evoked were pivotal in the development and spreading of formalism. In this way,
it was counter-modernism which gave rise to modernism, rather than the other
way round.'®

The purpose of my research was to study the reactions, mainly by mathematicians
and philosophers, to Brouwer’s intuitionism. The central questions were how they
reacted to it and why they reacted in such a way. What caused the controversy
about intuitionism? Why could a debate develop which continued for several years?

144f certain groups which possess influence on the organisation of science (...) reflect on

the scientific process of the field in question, express motivated doubts concerning the validity
of certain results which were achieved (...) or about the methods employed to achieve them,
and request changes in the scientific process of that field. A foundational fight is going on, if
influential groups of scientists attempt to drive through mutually irreconcilable proposals to
eliminate a foundational crisis in their science.’

13[Ritter & Grunder 1971-1995, vol. 3, p. 91 1]. For a discussion of the definition, see
[Thiel 1972, pp. 6-28].

16Cf. [Kline 1972, pp. 1183-1207]

17[Mehrtens 1990, pp. 150-151; 298]

18The terms counter-modernism and modernism are explained in 6.7.
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Why could the debate go so far that mathematical journals published papers pro-
claiming a revolution in mathematics, or later re-naming it a Putsch?'® Why were
so many people interested in foundational questions, and why were some of the
responses so agitated and emotional? Why did mathematicians not regard ques-
tions such as what kind of mathematical objects exist as mere issues of personal
preference, as they had done some fifteen years earlier and as we tend to do now?2°
What did the foundational crisis mean for the self-understanding of mathematics?

In order to answer such questions, it does not suffice to confine oneself to
the mathematical level; one also has to take non-mathematical circumstances into
account. Thus, I also looked at culture, philosophy, physics, and politics, as far as
they might have interacted with the foundational debate in mathematics.

The fact that it took mathematicians of name several years to develop, understand
and accept a plurality of views on the foundations of mathematics which can
now be explained in a few hours to first-year mathematics students should not
be misunderstood. It marks the profound change that the self-understanding of
mathematics underwent.

The foundational debate is presented with all its brilliant contributions and its
shortcomings, its new ideas and its misunderstandings, its main characters and
its dead ends. Some of the contributions to the debate stand almost completely
separated from the rest; others do not contain ideas that we consider worthwhile
nowadays, or only contain a brief remark about Brouwer’s intuitionism. Many
of such contributions neither support nor refute any specific contention defended
here. They are simply part of the foundational debate and were included for the
sake of completeness.

Re-writing and more The value of this research extends, I hope, beyond the
writing and re-writing of a certain chapter in the history of mathematics. In the
first place, it reveals a feature of mathematics that is often forgotten or neglected,
namely its human character. In the foundational debate in the 1920s, such very
human peculiarities as emotional arguments, misunderstanding and unwillingness,
chance and power politics played an important and sometimes even decisive role.
Secondly, this study does not only reveal aspects of the self-understanding and the
self-presentation of past mathematicians. Since many mathematicians today are

19[Weyl 1921, p. 226) and [Hilbert 1922, p. 160], resp.

20The present-day view on the need for foundations in mathematics is probably best voiced by
Mehrtens, who uses a bridge metaphor: ‘Briicken werden auf Fundamente gesetzt, die den klima-
tischen und geologischen Bedingungen so gut angepasfit werden, daf8 sie allen erwartbaren Belas-
tungen standhalten. Bricken brauchen keine ‘absoluten’ Fundamente. Die Mathematik braucht
sie ebensowenig; auch ihre Fundamente sind historisch lokale Konstruktionen, die den Belastun-
gen zumeist gut standhalten.’ (‘Bridges are put on foundations which are so well adapted to the
climatological and geological demands that they resist all loads that can be expected. Bridges do
not need ‘absolute’ foundations. Just as little does mathematics; its foundations are historically
local constructions, too, which mostly resist the loads well.’), [Mehrtens 1998, p. 468].
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formalists, at least on Sundays,?! it at the same time shows some historical roots
of one of the important current philosophies of mathematics, with its successes and
shortcomings. It is in the foundational debate in the 1920s that one finds most
roots of today’s conception of mathematics.

0.2 Awudience, academic discipline and personal
background

The history of mathematics, as an academic discipline, is part of intellectual history
rather than of mathematics. Its methods are historical rather than mathematical.
Its aim is to improve our understanding of the past rather than to help the current
working mathematician.

However, most historians of mathematics are mathematicians by training,
many of them work in mathematics departments, and a number of European
historians of mathematics will typically do their teaching to a large degree in
mathematics proper. In this respect, I am no exception.

This situation puts considerable strain on a work in the history of mathemat-
ics. The pressure is even stronger for the present one, since it is on the junction not
only of history and mathematics, but also of philosophy. Even if the boundaries
between the different disciplines are somewhat arbitrary at times, the fact that
most academics were trained within one of them makes the distinction relevant
in any case. In this way, academic borders, like state borders, tend to reinforce
themselves. This book is an attempt to cross some of these borders.

Its seems hardly possible to write a work in the history of philosophy of
mathematics which satisfies mathematicians, philosophers and historians alike.
By using too much mathematics, or by assuming too much mathematics known,
historians and philosophers are driven away, and vice versa. I tried to find a balance
by explaining (sometimes basic) historical, philosophical or mathematical concepts
in footnotes and in the glossary. In this way, the information is available for those
who need it, but it can also easily be skipped by those who already know.

My first introduction to the field of history of mathematics was in Copenhagen,
when I took Jesper Liitzen’s course Matematikkens historie at Kobenhavns uni-
versitet. When I returned to Utrecht to finish my mathematics study, I had the
chance to obtain more knowledge about both history of mathematics and intu-
itionism, since both of these are relatively well represented in Utrecht. Besides a
Ph.D. in mathematics, I have an additional background in philosophy and history.

As to my personal preference in the foundational debate, I feel a natural
sympathy for those who stood up and pleaded for something they believed in, even

21Reuben Hersch criticized the working mathematician for being ‘a Platonist on weekdays
[when it matters] and a formalist on Sundays [when it does not]’, [Hersch 1979]; cited from:
[Rowe 1996, p. 11].
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if this meant arguing against established traditions and against the vast majority
of the working mathematicians — thus, for the intuitionists.

0.3 Methodological remarks

Anachronism and historicism It is clear that, from the point of view of
present-day mathematics, all past attempts aimed at achieving another form of
mathematics than the one now dominant will be condemned as experiments that
did not lead to the ‘right’ result, i.e., to mathematics as we know it now. In such
a view, intuitionism would be considered a ‘failed experiment’, which at best con-
tributed to the margins of modern mathematics. The danger of present-mindedness
especially arises when writing history of mathematics, since mathematics still has
an aura of objective truth. In such an anachronistic and un-historical way, how-
ever, no proper evaluation of intuitionism or the foundational debate can be ac-
complished.

In this analysis, I expressly took into account the intuitionistic view on the
foundational debate. Seen in this light, the reactions of the mathematical commu-
nity to a new conception of mathematics turn out to be one-sided. They focused
on the critical side of intuitionism, while paying little attention to innovative in-
tuitionistic contributions. Moreover, many mathematicians who took part in the
debate had difficulties in understanding intuitionism. Without taking the full in-
tuitionistic point of view into account, however, it is difficult to obtain a proper
understanding of the historical situation.

Internalism and externalism In doing historical research, one looks for expla-
nations for what we see as past events. Whether these explanations are internal or
external to mathematics is, in my view, of secondary importance at most. I find it
dogmatic to assume both that all explanations for mathematical events lie inside
the field of mathematics, and that the explanations, or parts of them, necessarily
lie outside it. I prefer to join the trend in the historiography of mathematics of the
last decades which incorporates both internal and external factors.?? Thus, I place
mathematics in a broader context in which factors may be found that influenced
the development and interpretation of mathematics.

In general, it seems to me that Droysen’s hermeneutic scheme of interpre-
tations is still of much value.?* More specifically regarding the history of science,
it seems natural to start looking for explanations within science, moving slowly
further away from the ‘hard core’ of science until the explanations satisfy us. The
choice which explanation is given to a certain past event becomes in this way part
of a pragmatic process, where different historians may make different decisions.

22Cf. [Kitcher & Aspray 1988, p. 23]

23 As explained in [Lorenz 1994, p. 94]. Droysen (1808-1886) distinguished between four inter-
pretations in historical research: the pragmatic interpretation of the sources, the interpretation
of the circumstances, the psychological interpretation, and the interpretation of ideas (Zeitgeist).



XX INTRODUCTION

The diversity of interpretations to which this, ideally, gives rise, presents the best
opportunity for understanding past events. This study provides one such colour in
the historical palette.

Construction, reconstruction and interpretations Like an intuitionistic
proof, this historical study is more a construction than a reconstruction, in this
case of history rather than of mathematics. Now, we can get an extensive overview
of the foundational debate in a way the participants to the debate themselves never
had.?* This should be kept in mind when reading the exposition.

Following Derrida, who claims that there is no such thing as the meaning of
a story and that the author is not the only one who determines what meaning a
text has,?® I wrote the book with the idea to present the foundational debate in a
way which was open to various interpretations. Therefore, the expositions in the
various chapters are mostly descriptive; conclusions are generally only drawn at
the end of a chapter. In this way, the book can also be of value to people who do
not agree with the main conclusions.?® To put it in an intuitionistic metaphor: the
book can be read as a choice sequence, where the reader can choose which way to
go through the historical material. However, this can never be a lawless sequence,
since a selection of the historical material is presented.

Concerning modern trends in historiography, Hayden White put forward a
post-modern philosophy of history according to which there are only differences
in degree between stories of historians and those of fiction writers.?” I myself,
however, continue to adhere to the idea that there are such things as facts, and
that one can reasonably argue about these in a historical discourse — even though
facts are open to various interpretations.

0.4 Sources, structure and presentation

Sources To carry out this study, I analysed written sources from, mainly, the
1920s and early 1930s. These included published papers in both mathematical and
non-mathematical journals and newspaper articles, as well as archive materials
such as correspondence and manuscripts. Altogether, I used more than 1,000 of
these primary sources, of which over 250 were public reactions to intuitionism. In
order to collect archival materials, I visited archives held in Amsterdam, Berlin,
Brussels, Gottingen, Jerusalem, Konstanz, Lausanne, Miinster, Paris, Utrecht, and
Ziirich. These included the archives of Bernays, Brouwer, Carnap, Einstein, Errera,

24The person who came closest to it was Fraenkel, who was very well informed on foundational
literature.

25[Lorenz 1994, p. 138]

26 A good example of a book presenting most interesting material, but full of Freudian inter-
pretations that would satisfy few people nowadays, is Theweleit’s Mdnnerphantasien (‘Men’s
phantasies’), [Theweleit 1977-1978].

27 |Lorenz 1994, pp. 139-140]
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Fraenkel, Gonseth, Heyting, Hilbert, Klein, Ramsey, Reidemeister, Scholz, and
Weyl. In this way, I covered most of the important actors in the debate.

There are some archives which I did not use in carrying out this study. Bieber-
bach’s archive is still closed at the time of writing, due to legal constraints. Un-
fortunately, Becker’s NachlafS seems to contain only few materials. The Skolem
materials are supposedly somewhere in the mathematical institute in Oslo (al-
though nobody seems to know exactly where), but, since Skolem was not one of
the main persons involved, I did not take the time to go and look for them.

Biographical information on mathematicians was generally taken from the
Lexikon bedeutender Mathematiker,® unless stated otherwise.

Presentation In the presentation of the results, I decided to make much use of
citations. In the first place, I think using a well-chosen quote provides the best
opportunity for staying as closely as possible to the original source. Furthermore,
some of the original texts that were used for this analysis are written in a style
that would get lost if a mere paraphrase of the contents would be given. Often, the
style is more polemic than other texts in mathematical journals, the main source
of this study. Therefore, they are worth exposing in full.

I essentially followed the line of the debate, including the confusion that
regularly arose. In my view, this confusion is an essential part of the foundational
debate.

Occasionally, sentences or small paragraphs were used identically in the chap-
ters 4 and 5. This was done when they served as an introduction to a person and
were so short that I thought it more reader-friendly to duplicate the passage than
to give a cross-reference.

Languages All full quotes are given in the original language, with an English
translation appearing in the footnote right at the end of the quote whenever the
citation is not in English. These translations are my own, unless stated otherwise.
There are several reasons why I chose to put the original language in the text and
an English translation in the footnotes, and not vice versa.

In the first place, the use of translated quotes in the text would have given
a wrong impression of the debate. Even if it is mentioned that the quote was
translated, the reader might still easily end up with the idea of a certain linguistic
uniformity which did not appear in the debate. By using the original quotes in the
text, such an impression is countered. Now, readers can experience the diversity
for themselves, even though it may cost some of them more effort. Secondly, some
characteristics of the original texts always get lost in a translation, even if the
translation was done by a professional translator — which I am not. By highlight-
ing the original citations, any negative effects translations may have should be
diminished. Finally, I think some readers may enjoy reading the original texts, as
I did.

28[Gottwald, Tigauds & Schlote 1990]
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Structure and suggestions for reading The kernel of the book lies in the
chapters 4 and 5, in which individual reactions to Brouwer’s intuitionism are dis-
cussed. Chapter 3 gives characteristics of the debate as a whole. In chapter 6, the
context in which the debate took place is sketched, and more externalist factors
are treated. Chapter 2 serves as an introduction to intuitionism. Chapter 1, fi-
nally, gives a historical introduction to Brouwer’s most important predecessors.
Generally spoken, the contents of the chapters 1 and 2 is already known in the
literature, whereas the contents of the other chapters has not been analysed in
such an extensive way as is done here.

Thus, readers looking for a shortcut through the book could proceed as fol-
lows. The most important part of chapter 1 is the section on Kronecker (1.2),
since he was the person that people referred to most when pointing out some of
Brouwer’s predecessors. Those who have no knowledge of intuitionism should read
chapter 2, consulting at least section 2.3 and the rest of the chapter from 2.5 on. It
is not necessary to understand all the mathematical details in order to understand
the debate that is described in later chapters. Chapter 3 should be read in full,
with the exception of section 3.2.1. The chapters 4 and 5 are so extensive that one
can make a selection oneself, in order to get an impression of how people reacted
to intuitionism. Cross-references should suffice in finding one’s way through the
explanations. Such a selection should in any case include the sections on Weyl’s
Grundlagenkrise (4.2.1, 5.2.1), on Hilbert’s first reactions (4.2.2, 5.2.2), and the
parts on Hilbert’s 1925 lecture (in 4.3.1 and 5.3.1), since these are crucial for an
understanding of the debate. The reader is also advised to include Fraenkel’s re-
actions in his reading, since he was the main commentator of the foundational
debate. Chapter 6 is indispensable for anyone interested in the cultural context of
the foundational debate.

Lectures Parts of the book were presented in lectures given in Amsterdam (NL),
Luminy (F), Mainz (D), Oberwolfach (D), Palermo (I), Roskilde (DK), Utrecht
(NL), and Washington, D.C. (USA), and I profited from comments which I received
after the lectures.

0.5 Suggestions for further research

The analysis presented here could be expanded in two ways. Firstly, the appearance
and influence of social and intellectual networks could be investigated. Whereas I
focused on the history of ideas as presented in (mostly) mathematical papers, with
some additional biographical data on the participants, such research could embed
the foundational debate more into its social environment.

Secondly, one could focus more on popular presentations of the foundational
debate. In the 1920s, it was not uncommon to find reports about mathematical
events in ordinary newspapers. I included some of these in the book, but only
those that I happened to come across in some of the archives, most notably in
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the Fraenkel archive. I did not do any systematic research in this respect, and I
think that looking into for instance local newspapers in Germany at times when
important lectures were delivered (Hamburg in July 1921, Berlin from January
to March 1927) could provide more information on how the debate was presented
before a non-scientific audience.



Chapter 1

Kronecker, the
semi-intuitionists, Poincaré

Und da mdchte ich Sie nun dringend bitten, dass Sie nicht die Ex-
propriation kontinuieren, die die deutsche referierende mathematische
Literatur an mir veriibt hat, indem sie mich dasjenige, was mein aus-
schliessliches personliches geistiges Eigentum ist, mit Poincaré, Kro-
necker und Weyl teilen lasst.’

L.E.J. Brouwer?

1.1 Introduction

Modern foundational research got its full start with Cantor’s publications on set
theory from 1874 onwards. The tradition which developed in this style was to
include as its contributors some of the most famous mathematicians of that time.
With the publication of Was sind und was sollen die Zahlen? (‘What are numbers
and what should they be?’) in 1887, Dedekind was considered to have given a secure
foundation for the theory of natural numbers, based on the laws of logic. Hilbert
gave a strictly axiomatic foundation to geometry in his Grundlagen der Geometrie
(‘Foundations of geometry’) in 1899, and later extended this to his general proof
theory. Zermelo axiomatised set theory. It was a tradition of rigorous proofs with
an appeal to logic rather than to intuition. And it was against this tradition
that several mathematicians protested, who, by so doing, held views more or less
similar to the ones Brouwer was to take later on. This chapter is about these

17 would strongly like to request you not to continue the expropriation that the German math-
ematical review literature has perpetrated on me by making me share with Poincaré, Kronecker
and Weyl what is my exclusive personal spiritual property.’

?Letter from Brouwer to Fraenkel, 28/01/1927; cited from: [Van Dalen 2000, p. 304]

D. E. Hesseling, Gnomes in the Fog
© Birkhauser VerLag 2003
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mathematicians. In chronological order, they are: Kronecker, the French semi-
intuitionists Borel, Baire and Lebesgue, and Poincaré.

Practical information This chapter is divided into three parts. Firstly, the nec-
essary mathematical theory of sets is explained. Secondly, in the three following
sections the individuals or groups of individuals involved are treated: Kronecker,
the French semi-intuitionists and Poincaré. These descriptions are all divided into
two divisions. To start with, the main conflicts regarding the foundations of math-
ematics in which these people were involved are summarized. For sure, none of
these disputes was as serious as the one that centered around Brouwer and Hilbert
in the 1920s. Nevertheless, I think it worthwile to compare these arguments to
the one between Brouwer and Hilbert, in order to put the latter into perspective.
After that, the views that brought these mathematicians into conflict with their
colleagues are treated. In doing so, I restricted myself to describing what their
views concerning the foundations of mathematics were. Lastly, I summarize what
we have found and compare Brouwer’s views to the ones presented here.

1.1.1 Mathematical prerequisites

To understand some of the controversies described below, a general knowledge of
Cantorian set theory is required. In Cantorian set theory, two kinds of transfinite
numbers are distinguished: ordinal numbers and cardinal numbers. Cantor saw set
theory as embodying the laws of the infinite, which he regarded as having deep
ontological significance.?

Ordinal numbers Ordinal numbers are used to indicate the number of elements
in a well-ordered set.* This number, however, depends on which ordering is used.
As an example, imagine the natural numbers N with the first natural number 1
put behind all the others in the ordering: 2,3,4, ..., 1. This gives rise to an equally
well-ordered set, whose ordering differs by having one natural number after the
denumerably many elements. The denumerably many before the 1 are just as
many as the natural numbers with the standard ordering. Therefore, N with the
new ordering has a bigger ordinal number than the standard N.

Cantor used two so-called principles of generation to build up the collection
of ordinal numbers. The first of these states that one is always allowed to define
new ordinal numbers by successive addition of units to an already defined ordinal
number. The other principle says that, given any limitless sequence of defined
ordinal numbers, a new transfinite ordinal number can be generated. This number
can be thought of as the limit of the sequence, i.e., it is the smallest ordinal number
larger than all the numbers in the sequence considered.®

3[Rowe 1997, p. 541]

4A set is called well-ordered if it is an ordered set in which every non-empty subset has a first
element.

5[Dauben 1979, pp. 97-98], [Cantor 1883, p. 577)
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Cantor then defined the ordinal number (or order type) of a well-ordered set
in the following way. The first ordinal numbers are the natural numbers. They are
created by the first principle of generation, starting from 1. Since this is a limitless
sequence of defined ordinal numbers, one can apply the second principle of genera-
tion, which gives rise to a new ordinal number larger than all the natural numbers.
Cantor called this the first transfinite ordinal number w, to which we shall refer
as wyp. Carrying on in the same way as the natural numbers were created, that is,
by adding a 1 to the last number created and appending this new number as the
last one in the ordering, one subsequently obtains wg + 1, wg + 2, etcetera. This
second limitless sequence can then be taken as a whole, which gives rise to the
new ordinal number 2wy, etcetera. In general, a whole system of transfinite ordinal
numbers can thus be created, indicated as § (nowadays called ORD). To illustrate
the structure of the system of ordinal numbers, some examples of ordinal numbers
in the so-called second number class are given below:

wo wo +1 e wWgtN
2w 2&)0 +1

mwo

wg

k)[w(l) + kl_lw(l)_l + oo + kiwo + ko

“o
Wo

In modern terms, two well-ordered sets A and B are said to have the same
ordinal number if there is a bijection between A and B that respects the ordering.
If there is a bijection between A and a proper part of B which respects the ordering,
then the ordinal number of A is less than the ordinal number of B.

Cardinal numbers The other important concept of Cantorian set theory is
that of a cardinal number. A cardinal number (or power) indicates the number of
elements of a set regardless of its order. For finite sets ordering the elements of the
set in a different way does not change its ordinal number; for infinite sets, as we
have seen, it does. Therefore, ordinal numbers only differ from cardinal ones for
infinite numbers.

Note that, if we add 0 to Q, for all v in € the set of the elements in  from
0 to 7 has ordinal number ~. The cardinal number ||| of a set of ordinal number
7 is defined as the smallest ordinal number of all sets which can be brought into
one-to-one correspondence with the set of ordinal number +, regardless of ordering.
Thus, following the above observation, ||| is the cardinality of the set from 0 to
7. The cardinal number belonging to wy is called Ny.
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Both the ordinal and the cardinal numbers can be dealt with in a similar
way as the natural numbers. Sums, products, exponentiations and order relations
can be defined on them. In this way, a (double) arithmetisation of the infinite is
achieved.b

In the above system (2 Cantor built in distinctions as well. He called the
natural numbers the first number class, then went on with the second number class
which included all ordinal numbers of which the set of numbers preceding it had
power Xg. The first number of the third number class is the first transfinite ordinal
number which does not belong to the second number class, and it is designated
by w;. The corresponding cardinality of this class is N;, etcetera. In this way, a
sequence of number classes and corresponding alephs is created which has no end.
Cantor called the system of alephs TAW.

Now the question arises: does the system TAW include all the cardinal num-
bers? Or, to put it differently, is it possible that there is a set of which the cardinal
number is not an aleph? Cantor did not think so. In particular, he claimed that the
power of the continuum was the one following on the power of the natural num-
bers; in formula: 2% = R;. This is Cantor’s famous Continuum Hypothesis. But
he could prove neither of the claims. These were to become controversial issues.

1.2 Kronecker

Leopold Kronecker (1823-1891) studied philosophy and mathematics in Berlin. His
doctoral examination was on the history of legal philosophy. In 1845, he received
his doctorate for a dissertation on number theory written under the supervision
of Dirichlet. In 1855, having spent numerous years managing a family estate, Kro-
necker returned to Berlin as an amateur mathematician and a private scholar. He
was elected to the Berlin Academy in 1861, by which he was entitled to teach at
university.” In those days, the Berlin university, where also Kummer and Weier-
stral worked, was the leading mathematical center in Germany. Kronecker was
one of the main mathematicians in the field of number theory.® He was especially
known for his work in arithmetic and algebra, mostly in the field of elliptic func-
tions.® In later years, Kronecker more and more stressed his views on philosophical
questions in mathematics. Already in the early 1870s Kronecker started opposing
such mathematical concepts as upper and lower limits, the Bolzano-Weierstraf}
theorem, and the use of irrational numbers in general.'®

6[Serfati 1995, pp. 208-209)
"[Ewald 1996, pp. 941-942]
8[Schoenflies 1922, p. 103]
9(Biermann 1973, p. 508]
10[Dauben 1979, p. 67]
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1.2.1 Kronecker’s conflicts

Two major controversies with regard to the foundations of mathematics may be
distinguished in which Kronecker was engaged.!!

Set theory The first conflict was about Cantor’s theory of transfinite numbers.
In 1874, after a ten-year hesitation to put forth his results, Georg Cantor (1845-
1918) started publishing on set theory, including the theory of transfinite numbers.
Kronecker, who had been one of Cantor’s professors in Berlin, objected because
the numbers Cantor had introduced could not be constructed from the natural
numbers. To him, these numbers had no real meaning whatsoever. He even went
so far as to ensure that Cantor’s papers would only be published in the pres-
tigious Crelle’s Journal, of which he was the editor, after a considerable delay.!?
The dispute surpassed purely mathematical matters. In order to annoy Kronecker,
Cantor, who lectured in Halle, applied for a position in Berlin. Kronecker answered
by announcing that he would publish a paper explaining his views on the founda-
tions of mathematics in the Acta Mathematica (but this never happened). Acta
Mathematica was the only journal of which the editor, Mittag-LefHler, had reacted
positively to Cantor’s work.!? Cantor felt very much attacked by Kronecker’s crit-
icism; the bitterness can be read in the letters he wrote to Mittag-Leffler on this
subject in 1884.14 These feelings even seem to have contributed to Cantor’s nervous
breakdown.'?

It should be noted, however, that there never was an open confrontation
in print between Kronecker and Cantor.'® This means that the whole conflict
described above was constructed from second-hand information by people like
Schoenflies who are said to have known the informal circuit. Recently, objections
to this image of Kronecker have been raised by Edwards, who studied Kronecker’s
work intensively. In Edward’s view, Cantorian set theory did not form part of
what Kronecker saw as the foundations of mathematics. This could also very well,
maybe even better, explain why Kronecker never reacted to it in print.!” However,
the important thing for us is the way in which mathematicians saw Kronecker in
the beginning of the 20th century. At that time, the picture described above was
not disputed.

It was also the item of set theory which brought Kronecker into conflict with
his most famous colleague at the university of Berlin, Karl Weierstraff (1815-1897).
Their opinions on the value of Cantor’s creation were diametrically opposed. Kro-

1 The first one was taken from [Aspray 1981, pp. 57-61], the second from [Dauben 1979, p.
68.

12[Schoenflies 1922, pp. 98-99]

13[Schoenflies 1927)

14Parts of the letters were published in [Schoenflies 1927].

15[Schoenflies 1927, p. 8, 16]

16[Dauben 1979, p. 162]

17[Edwards 1989, p. 67]
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necker expressed his feelings in the following prophetic way in a letter to Schwarz:!8
Wenn mir noch Jahre und Krifte genug bleiben, werde ich selber noch
der mathematischen Welt zeigen, daB8 nicht blo die Geometrie, sondern
auch die Arithmetik der Analysis die Wege zeigen kann  und sicher
die strengeren. Wenn ich’s nicht mehr thue, so werden’s die thun, die
nach mir kommen, und sie werden auch die Unrichtigkeit aller jener
Schliisse erkennen, mit denen jetzt die sogenannten Analysis arbeitet.!

The ‘wrongness’ of the new analysis can be interpreted as what we would now
call its non-constructive, and therefore ill-founded, character.2? To see his analysis
described as ‘so-called’ was a bitter and hurting experience for Weierstraf}. For
this reason, he even seriously considered leaving Berlin in 1885. The only ground
why he did not do this, so it seems, was his fear of Kronecker getting too much
influence.?!

Irrational numbers Secondly, Kronecker also protested against Cantor and
Dedekind’s efforts to establish a completely general theory of irrational numbers.
Again, his main objection was the absence of constructions on the basis of arith-
metical laws. Edwards argued that here the stress should be laid on the words
‘completely general’. Kronecker thought that one should only work with specific
irrational numbers; starting to talk about the totality of irrational numbers would
mean leaving the foundations on which the irrational number was constructed.??

However, most mathematicians do not seem to have put too much weight
on Kronecker’s radical opinions on these subjects. They were mostly seen as a
peculiarity of a temperamental but great man.?3

1.2.2 Kronecker’s views

Kronecker’s position?* is often summarized by the dictum ‘Die ganzen Zahlen hat
der liebe Gott gemacht, alles andere ist Menschenwerk’.?5

In Kronecker’s view, there is a fundamental difference between arithmetic
and algebra on the one hand, and analysis on the other. The objects of arithmetic

18Biermann 1988, p. 138]

19¢If enough years and power will be left to me, I will personally show the mathematical world
that not only geometry, but also arithmetic can show analysis the way — and for sure the stricter
one. If I will not do it, then those who come after me will, and they will recognize the inaccuracy
of all those conclusions with which the so-called analysis nowadays works.’

20[Edwards 1989, p. 70]

21[Biermann 1988, p. 138]

22[Edwards 1989, p. 75]

23[Kneser 1925, p. 221]

24The information in this section was drawn from [Molk 1885], unless stated otherwise.

25¢God created the integers, everything else is the work of man’. Kronecker is said to have made
the remark at a lecture at the Berliner Naturforscher- Versammlung in 1886; cf. [Weber 1891-92,
p- 19].
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and algebra are positive integers and polynomial functions with positive integers
as coefficients on them, which are entities that erist; whereas analysis is about
rational, negative, imaginary, irrational and transcendental numbers, which are
mere symbols. The only symbols that can be transferred from analysis to arithmetic
and algebra are the rational numbers, since these can always be re-written into
integers in a finite number of operations. Others can only serve as a means of
help. To give an example: v/2 is nothing but a symbol; the only thing that is real
about it is the equation 22 = 2 that defines it. In modern terms, this means that
we transfer computations from the polynomial ring Q[x] to Q[z]/(z? — 2). In the
latter v/2 is represented by an z; satisfying 2 — 2 = 0. Thus, e.g., V22 is
represented by z; - 71 = 2?2 = 2, therefore v/2 - /2 = 2.

Connected to this view is Kronecker’s opinion on mathematical definitions.
When defining mathematical objects, Kronecker demands the definition to be not
just logical, but algebraic. The difference, in his view, lies in the fact that an
algebraic definition requires a method that will result in the defined object in a
finite number of steps, whereas logic restrains itself to saying that an object is, or
is not. In modern terms, one could say that the first way of defining an object is
more combinatorial. More specifically, Kronecker requires a definition to show us
how to decide, in every possible situation, whether the definition is fulfilled or not.
If this requirement is not met, he considers the object to be not well-defined.?8

Many authors believe that Kronecker wanted to recast analysis without the
use of the irrational numbers.?” However, he never explicitly stated this intention.
Indeed, seeing the frequent use Kronecker himself made of irrational numbers, it
seems more consistent to assume, as Edwards does, that Kronecker’s main objec-
tion was against the use of an arbitrary irrational number, and against the totality
of irrational numbers. As long as the irrationals were given explicitly and construc-
tively, Kronecker did not object. He uses the same line of thought regarding infinite
mathematical objects: to accept objects that are given constructively, but to reject
any ‘arbitrary’ one.?

Kronecker never described what analysis according to his views would look
like. It seems clear that, following his opinions, Cantorian set theory and the infinite
cardinal numbers would disappear, just as infinite sets as defined by Dedekind,
among other things. It is not clear if Kronecker envisaged anything filling up these
holes.??

A final remark about Kronecker’s stance is that he explicitly wants to have
certain mathematical concepts explained, before starting to work on mathemat-
ics. In Uber den Zahlbegriff, one of the papers in which Kronecker most clearly
formulated his views on the foundations of mathematics, he states it as follows:3"

Auf dem freien Plane philosophischer Vorarbeit, aus welchem man in

26[Edwards 1989, p. 72

27[Molk 1885], [Kneser 1925, p. 221}, [Biermann 1973, p. 507]
28[Edwards 1989, pp. 71-75]

29[Kneser 1925, p. 222]

30[Kronecker 1887, p. 337]
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die eingehegten Gebiete der verschiedenen Wissenschaften gelangt, sind
auch die Begriffe der Zahl, des Raumes und der Zeit zu entwickeln, von
welchen in der Mathematik Gebrauch gemacht wird. Und es erscheint
zweckmassig, die Entwicklung dort so weit zu fithren, dass die Begriffe
schon mit ihren Grundeigenschaften ausgestattet sind, wenn die spe-
cialwissenschaftliche Behandlung beginnt.?!

We will see this view re-appear on the constructivist side.

1.3 The French semi-intuitionists

The French semi-intuitionists, as they were later called,? consisted basically of
three persons: Borel, Baire and Lebesgue. Of these, Borel was the one who ex-
pressed himself most on foundational affairs; therefore, it is mainly his ideas which
are presented below.

Borel Emile Borel (1871-1956) became famous during the last years of the nine-
teenth century. This was mostly due to his work on the foundations of measure
theory, his creation of the theory of divergent series and the so-called quasi-analytic
functions. His name is still remembered in the so-called Heine-Borel theorem. His
proof for Picard’s theorem in 1896 was a real sensation, since it had been pursued
ever since its formulation, some seventeen years before.32 Borel started editing the
famous Collection de monographies sur la théorie des fonctions, known in English
as the ‘Borel Tracts’. Later, Lebesgue and Baire published some of their work in
this series, too. After the First World War Borel turned to probability theory and
politics.3*

Baire René Baire (1874-1932) did not publish much, but what he wrote was
of great value. In his doctoral thesis in 1899 he developed, among other things,
the concept of semi-continuity. The most successful part of his work consisted in
the application of transfinite set theory to resolve problems in function theory.
He created the class of Baire functions, which is explained below, and provided a

314In the open field of preliminary philosophical labour, from which one reaches the fenced-in
domains of the various sciences, the concepts of number, space, and time, which are used in
mathematics, are also to be developed. And it seems expedient to carry the development so far
that, when the treatment in the special sciences begins, the concepts will already have been
equipped with their basic properties.’ English translation cited from [Ewald 1996, vol. II, p. 948].

32Heyting gave them the name in [Heyting 1934]; the term ‘halbintuitionistisch’ also appears
in [Becker, O. 1927, p. 461], but there it is used to refer to Weyl’s Das Kontinuum.

33Picard’s theorem states that any single-valued analytic function of a complex variable as-
sumes any finite complex value, with the possible exception of one value, in an arbitrary neigh-
bourhood around an isolated essential singular point; cf. [Solomentsev 1991, pp. 157-158].

34[Collingwood 1959, pp. 488-492]
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framework for independent research into the theory of functions of real variables.
In this field, he influenced French mathematics profoundly.>®

Lebesgue Henri Lebesgue (1875 1941) acquired a reputation in the field of in-
tegration theory, in which he used works of both Borel and Baire. In his doctoral
thesis in 1902, he presented an integration theory which took into account the
discontinuous functions given by Baire. Later, he completed Borel’s definitions of
measure and used them in order to obtain a generalisation of the Riemann in-
tegral. He also applied these new definitions to mathematical problems. In this
way, he was able to prove, e.g., that the fundamental theorem of the calculus,
f: [(z)dz = f(b) — f(a), to which exceptions were known, holds in general if the
integral is taken in Lebesgue’s sense. Also, he was highly successful in applying
the new integral definition in the theory of trigonometric series. He worked at the
Sorbonne from 1910 on.36

1.3.1 The French semi-intuitionists’ main conflict

As was the case with Kronecker, the French semi-intuitionists, too, were criti-
cal of Cantor’s set theory. At the beginning of the 20th century, Cantor’s name
was well-known in mathematical circles, and the importance of his set theory was
widely acknowledged. In 1897, at the First International Congress for Mathemati-
cians, the important contributions made by applying Cantorian set theory to func-
tion theory were clearly stated in Hurwitz’s opening address.3” More importantly
still, Hilbert, in his famous address at the Second International Mathematicians’
Congress in Paris in 1900, highlighted the continuum problem by presenting Can-
tor’s Continuum Hypothesis together with the well-ordering of the continuum as
the first in his list of unsolved problems.>

At the same time, however, doubts concerning the status of Cantorian set
theory also became more frequent. Following on the Burali-Forti*® and Russell
paradox,*® Kénig launched an attack at the Third International Congress of Math-

35[Costabel 1970]

36[Hawkins 1973]

37[Hurwitz 1898, p. 97

38[Hilbert 1901, pp. 298-299]

39The Burali-Forti paradox comes into being if one allows all ordinals to be joined in a set.
Since the set of all ordinals {2 is a well-ordered set, 2 has an ordinal number o, which by definition
is bigger than all the ordinals in Q. However, since Q is the set of all ordinals, o has to be in Q,
whereby o is bigger than itself.

The paradox was named after Burali-Forti and for decades ascribed to him. However, Burali-
Forti did not conclude that there is a paradox, but that the set of all ordinal numbers is not
well-ordered, cf. [Burali-Forti 1897].

40Russell originally formulated his paradox with regard to Frege’s Grundgesetze der Arith-
metik. Consider the predicate p ‘to be a predicate which does not apply to itself’. Then p applies
to itself if and only if it does apply to itself, hence we have a contradiction. Since p was allowed
in Frege’s system, the paradox destroyed Frege's attempt at a foundation of mathematics. The
Russell paradox can easily be transferred to set theory if one allows sets to have sets as an ele-
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ematicians in 1904. He claimed that the power of Cantor’s continuum was not an
aleph at all. Even though Hausdorff shortly afterwards succeeded in pointing out a
mistake in the proof,*! the general feeling of inconvenience with Cantor’s creation
did not disappear. For it might always turn out possible to find a reparation of
Koénig’s proof. There were only two possible ways of countering this definitively:
either by proving that the continuum could be well-ordered, or by proving that ev-
ery transfinite cardinal number was an aleph. In the same year, Zermelo produced
a proof of the former.4?

Axiom of choice Zermelo’s 1904 paper, which was published in the Mathemati-
sche Annalen, contained a proof for the theorem that every set can be well-ordered,
based on the axiom of choice. The axiom of choice states, in Zermelo's original
formulation, that ‘for every subset M’ [of an arbitrary set M, DH], one imagines
an arbitrary element m/) grouped to it, which appears in M’ and may be designated
the ‘distinguished’ element of M’’.*3 It had been used before quite naturally by
several mathematicians in analytical proofs, but nobody had stated it explicitly
as a principle. Zermelo used the axiom of choice in order to find an ordering
of the entire set by starting from orderings of its subsets. He stressed that the
importance of his result lay in the fact that it was now proved that the power of
every set had to be an aleph. The axiom of choice, however, is purely existential,
and no constructive way of actually finding the well-ordering of a given set was
presented. More specifically, no explicit well-ordering of the continuum was given.
It is questionable whether this satisfied Hilbert’s demand for a direct proof of the
well-ordering. 4

Zermelo’s paper came under considerable criticism. The next issue of the
Mathematische Annalen, in 1905, contained reactions to his usage of the axiom
of choice by Bernstein, Jourdain, Schoenflies and Borel.*® Borel’s paper led to a
correspondence between several French mathematicians, which was published in
the Bulletin de la Société mathématique de France.*® It should be noted that the
title given to these letters, Cing lettres sur la théorie des ensembles (‘Five letters
on set theory’), was rather unfortunate because, as both Hadamard and Lebesgue
remarked, the key issue is mathematical existence rather than set theory.*” Of these

ment. Let U be the universe of all sets. By considering the collection of all sets in U which are
not an element of itself, one obtains a similar paradox.

41 [Hausdorff 1904]

42[Dauben 1979, pp. 241-250]

43¢ Jeder Teilmenge M’ denke man sich ein beliebiges Element m! zugeordnet, das in M’ selbst
vorkommt und das ‘ausgezeichnete’ Element von M’ genannt werden mége.’, [Zermelo 1904, p.
514], cited from [Mehrtens 1990, p. 445].

“4[Dauben 1979, pp. 250-253], [Aspray 1981, pp. 62-65], [Hilbert 1901, p. 299]

45The debate raged further until 1908, and included mathematicians from Britain, France,
Germany, Hungary, Italy, the Netherlands and the United States; cf. [Moore 1982, p. 85].

46 Baire et al. 1905]

4TLebesgue: ‘La question revient & celle-ci, peu nouvelle: peut-on démontrer lezistence d’un
étre mathématique sans le définir?’ (‘The question amounts to the following, not very new one:
can one prove the existence of a mathematical entity without defining it?’), [Baire et al. 1905,
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mathematicians, Hadamard was the only one who defended Zermelo’s position;
the other ones, Borel, Baire and Lebesgue, were sharply opposed to the axiom of
choice.

Borel protested against the absence of even a theoretical means of carrying
out the choice required by the axiom of choice. He claimed that whenever an
arbitrary choice is to be made a non-denumerably infinite number of times, as
is the case for example when ordering the continuum, we have left the domain
of mathematics. The only thing Zermelo, in Borel’s view, had proven was the
equivalence of the following two problems:

1. to well-order an arbitrary set S, and

2. to choose a distinguished element from each non-empty subset of S in a
determined way.

He compared the working of the axiom of choice to the ordering of a set by first
choosing an arbitrary element, assigning it with rank 1, then taking a second one
which gets rank 2, and so on transfinitely many times. Nobody, Borel claimed,
would accept such a reasoning for ordering a set.*®

Baire went further than Borel in his criticism. In his view, if a set is given,
one cannot consider its subsets as given as well. A fortiori, a choice made from all
these subsets is devoid of sense. All mathematics, Baire maintained, should be con-
strained to definable domains. He admitted that Zermelo’s result was consistent,
but he also found it meaningless.*®

Lebesgue objected to the choice function that had not been defined uniquely.
He interpreted the word ‘to choose’ as ‘to nominate’, and required the correspon-
dence to be determined once and for all. Zermelo’s proof did not establish this. In
Zermelo’s way, one could never know if two mathematicians, in using the axiom
of choice, were talking about the same choice set. Furthermore, Lebesgue asked
what it means to make an infinite number of choices. It could not be choosing
one element after the other; thus, it would have to be a law. But then the law
should be given.?® To sum up: Lebesgue found Zermelo’s proof not ‘Kroneckerian
enough’.?!

It should be noted that the discussion was carried out in a very friendly,
reasonable and non-polemical atmosphere. Lebesgue explicitly mentioned that the
debate was in fact about conventions in mathematics.’> Mutual respect can also

p. 265); Hadamard: ‘La question me parait tout A fait claire maintenant (...). De plus en plus
nettement, elle tient tout entiére dans la distinction (...) entre ce qui est déterminé et ce qui
peut &tre décrit.’ (‘The question now seems to me to be very clear (...). It is more and more
clearly completely contained in the distinction (...) between what is determined and what can
be described.’), [Baire et al. 1905, p. 269)

48(Borel 1905, pp. 194-195]

49[Baire et al. 1905, p. 264]

50[Baire et al. 1905, p. 268]

51[Dauben 1979, pp. 253-259], [Bockstaele 1949]

52[Baire et al. 1905, p. 265
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be found in the following words by Hadamard:53

Ce sont deux conceptions des Mathématiques, deux mentalités qui sont
en présence. Je ne vois, dans tout ce qui a été dit jusqu’ici, aucun motif
de changer la mienne. Je ne prétends pas 'imposer.?*

This pragmatic tone was in sharp contrast to the way in which the foundational
debate in the 1920s was conducted.®

One last aspect of the French semi-intuitionists’ attitude should be pointed
out. Moore showed that the pervasiveness of the axiom of choice was far greater
than generally perceived: all of the semi-intuitionists had implicitly used it in their
earlier research, often in crucial parts of proofs. Baire once even explicitly stated
that he thought it beside the point to ask oneself whether a correspondence that he
had proved in a non-constructive way could be established effectively.®® Whether it
was Zermelo’s explicit formulation of the axiom of choice that made them change
their point of view remains unclear. Even after the debate some of them continued
using it.57

In 1908, after the whole discussion, Zermelo published a new proof of the well-
ordering theorem based on his axiomatisation of set theory. This time, he refrained
from mentioning the human activities of thinking and ordering, and replaced them
by abstract notions. His new formulation of the axiom of choice read: ‘A set S,
which consists of a set of disjoint parts A, B, C, ..., which all contain at least
one element, has at least one subset S; which has exactly one element in common
with each of the considered parts A, B, C, ...".58 Thus, he hoped to avoid the
psychologistic interpretations that had been put forward in the debate.??

1.3.2 The French semi-intuitionists’ views

Borel, Baire and Lebesgue can be grouped together as the French semi-intuitionists
because they share the same, what we would now call, constructivistic ideas about

53[Baire et al. 1905, p. 270

54‘These are two opposing conceptions of mathematics, two opposing mentalities. In all that
has been said up to this point, I do not see any reason for changing mine. I do not mean to
impose it.” English translation based on the translation in [Ewald 1996, vol. II, p. 1084].

558ee 3.3.2.

56[Moore 1982, pp. 64-70]

57[Moore 1982, p. 103]

58:Bine Menge S, welche in eine Menge getrennter Teile A, B, C, ... zerfillt, deren jeder
mindestens ein Element enthdlt, besitzt mindestens eine Untermenge S1, welche mit jedem der
betrachteten Teile A, B, C, ...genau ein Element gemein hat.’, [Zermelo 1908, p. 110], cited
from [Mehrtens 1990, p. 453].

59[Moore 1982, p. 143]. For a more detailed discussion of Zermelo’s two formulations of the
Axiom of Choice, the reader is referred to [Mehrtens 1990, pp. 445-453].

During the foundational debate in the 1920s, Zermelo mostly remained silent. Actually, he
published not a single paper between 1914 and 1927. The story goes that this was because he
could not expect to offend anybody any more, [Fraenkel 1967, p. 149]. However, his bad health
must have played a role, too, [Pinl 1969, p. 221]. Zermelo did publish some papers related to
foundational questions from the end of the 1920s on, but he did not react to intuitionism publicly.
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the foundations of mathematics. However, it should be remarked that none of them
formulated a coherent philosophy of mathematics. Their comments were rather
piecemeal observations.®® The more important pieces are described below.5!

Mathematics In Borel’s view, the only real science is subjective science; that is
to say: knowledge that we can accumulate and express. All the rest is metaphysical
abstraction. Applied to mathematics, this means that the only important part for
us is that part which we can think of, can execute and know well enough to be able
to treat it without fear for error. We should also be sure that other mathematicians
think the same, when talking about the same object. This last demand can make
the situation change over time: mathematical concepts which were considered too
vague, can become accepted after clarification.

Thus, in Borel’s view mathematics is not a formal matter, but a human
mental activity, expressed in some language. Therefore, both contents and form
are relevant. Borel attaches more value to the role of language than Brouwer was
to do later.52

Effective realisability and calculability are key notions in Borel’s view on
mathematics. To him, this shows that mathematics is linked to concrete things.
He describes the general tendency in his mathematical work as follows:®?
Je tache d’y montrer que les Mathématiques ne sont pas un jeu pure-
ment abstrait de l’esprit, mais sont, au contraire, en étroite connexion
avec la réalité concrete.5

Logic Borel remarks that logic supplies us with an unlimited number of possi-
bilities, but that those form nothing but the material from which to select. When
discussing mathematical proofs, he writes:%°

(...) on est obligé d’avouer que le seul role de la logique (...) a
été d’en fournir les matériaux, et 'on ne confond pas le tailleur avec
I'architecte.%®

One can compare the role of logic to that of nature in physics: it supplies the
physicist with material, but that material itself is not physics.

Lebesgue seems to precede Brouwer in his criticism of the principle of the
excluded middle. In his letter to Borel he writes:®’

60 Moore 1982, p. 92]

61Unless stated otherwise, information in this section was drawn from [Bockstaele 1949].

628ee 2.2.4 and 2.3.1.

63 [Fréchet 1965, p. 25]

641 attempt to show from it that mathematics is not a purely abstract mind game, but, on
the contrary, that it is in close connection with concrete reality.’

65Borel 1907, p. 279]

66¢(...) one has to admit that the role of logic (. .. ) has been limited to supplying the material
for it, and one does not confuse the mason with the architect.’

7[Baire et al. 1905, p. 269
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Bien que je doute fort qu'on nomme jamais un ensemble qui ne soit
ni fini, ni infini, 'impossibilité d’un tel ensemble ne me parait pas
démontré.%8

Mathematical existence All mathematicians taking part in the discussion
agree that consistency is a necessary demand for mathematical existence; whether
it is sufficient is a different question.

An argumentation with the negative property of being free from contradic-
tions does not necessarily have mathematical contents. What is needed, in Borel’s
view, is that it be supported by the deeper mathematical reality. What exactly
that is, Borel most often leaves to philosophers. Sometimes he describes the extra
demand as intuition, meaning experiencing a mathematical object as a concrete
mental reality. That is to say: the criterion Borel uses is that we should know
some essential properties of it, so as to be able to distinguish it from all other
mathematical objects.

More specifically, Borel regards the works of mathematicians such as Cantor
and Zermelo as logically possible. However, the question that remains to be an-
swered is: do the objects which they defined bear any relation to traditional parts
of mathematics?%® Commenting on Hilbert’s axiomatic way of doing mathemat-
ics, Borel writes, in a way that resembles Brouwer’s words from about the same
period: 70

Cette maniére de procéder est évidemment légitime, en ce sens que
I’on a toujours le droit de créer un vocabulaire et de construire avec ce
vocabulaire un édifice logique; mais I’absence de contradiction logique
ne suffit pas & caractériser la construction scientifique.”*

In Borel’s view, the criterion for existence is the question whether one knows
the object one talks about completely and whether one can calculate with it or
not; only then, the definition can be accepted. Also, a mathematical object should
be what he calls effectively definable; i.e., the definition should be possible with a
finite number of words. If not, it is to be considered non-existent. As an example
of a non-existent number, Borel treats the case in which a denumerable number of
persons one after the other choose a digit. The number that is thus made cannot be
defined in a finite number of words; for therefore one should have to describe the
denumerable number of choices. Thus, the number cannot be considered realised,

68¢Although I strongly doubt that one could ever name a set which is neither finite nor infinite,
T do not consider the impossibility of such a set to have been proved.’

59Borel 1914, pp. 176-177]

70[Borel 1914, p. 175]; on Brouwer, see 2.3.1.

71¢This way of proceeding is evidently legitimate, in the sense that one always has the right to
create a vocabulary and to construct a logical building with that vocabulary; but the absence of
a logical contradiction does not suffice to characterise the scientific construction.’
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and therefore it does not exist.”> Lebesgue is less demanding than Borel and just
wants the mathematical object to be defined.™

The demand of using only a finite number of words in a definition does not
mean that words such as ‘always’, ‘infinite’, etcetera, are forbidden in defining
mathematical objects. The important thing, Borel claims, is that, even if a defi-
nition includes an infinite number of operations, these should be clearly described
by a law in a finite number of words, together with the order in which to execute
them. Only in this way can mathematicians be sure to be talking about the same
object. The desired description can only be reached, Borel maintains, by using in-
finite sets or infinite numbers of operations that are effectively enumerable. That
is: there should be a one to one correspondence between the given set and the set
of natural numbers, and this correspondence should be effectively known to us.

It is also in these terms that Borel explains Richard’s paradox. Richard’s
paradox is the following. Take all the decimal numbers that can be defined by
a finite number of words, and provide them with an ordering. The ordering can
be made by first taking all the definitions that take exactly n words; within this
group, one uses the alphabetical order. Then, all the groups of definitions of length
n are ordered in order of rising n. This automatically gives rise to an ordering
on the collection of the thus defined decimal numbers, a. denumerable sequence
a1,02,03, . ..,0n,. .. referred to as (a). Now define the decimal number « as follows:
the nth decimal of « is defined as n’ + 1 mod 10, where n’ is the nth decimal of
the nth number in the sequence (a). It is immediately clear that « is different
from all numbers in the sequence (a); nevertheless, we have just defined it in a
finite number of words, therefore, by definition, it should belong to (a). Borel
explains this in the following way: the set (a) is denumerable, but not effectively
denumerable, and therefore it can never be seen as completely defined. Since (a)
is needed in order to define «, this is were the problem arises.

Natural numbers Borel accepts both the concept of a natural number and the
set of natural numbers as notions claires (‘clear notions’). When asked why these

notions can be accepted, he answers: "

Nous n’avons pas a résoudre ces questions difficiles; il nous suffit de
constater 'accord pratique des mathématiciens dans I'usage qu'ils font
de ces notions.”

Borel does not want to go too deeply into the question why this notion is so clear
to mathematicians; in his view, this is the work of philosophers and psychologists.
The certainty to know that it is an intuitively clear notion suffices.

72[Borel 1928, p. 154]. The example resembles the construction of a choice sequence, the concept
of which was crucial in de development of Brouwer’s intuitionism, with the important difference
that a choice sequence is constructed by one individual; see 2.6.

73[Baire et al. 1905, p. 265]

74[Borel 1914, p. 179)

75‘We do not have to resolve these difficult questions; for us it suffices to note the practical
agreement among mathematicians in the use of these notions.’
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Baire disagrees with Borel on this point. He does not consider the term
‘denumerable infinite’ to be well-founded; in his view, mankind can never know
more than finite systems. Everything that goes beyond that stage is virtual and
consists of nothing but conventions.

Set theory Borel was one of the first mathematicians to show the success with
which set theory can be applied in function theory and measure theory. Also, the
definition of what we nowadays call a Lebesgue integral relied heavily on Cantor’s
work.””

Borel admits that he had at first been seduced by reading Cantor’s work on
set theory. But, he adds, he had always thought of it not as a goal in itself, but
only as a means.”® For Borel, a set can be seen as existing only if a correspondence
can be defined between this set and an already known set. Then the question arises
which are the sets one starts from. For Borel these are not only the set of natural
numbers, but also the continuum. As a justification for this position, he again uses
the argument that mathematicians seem to agree on what they are talking about
when they mention the continuum. This, he claims, can be explained by using the
geometrical intuition.”® Note that the justification here is a different one from the
one used for the natural numbers. There, each element was accepted separately,
and the set of natural numbers as its collection; the continuum is seen more as a
whole.

Borel does see the weakness of his position. Therefore, he defines what he calls
the practical continuum, which consists of all real numbers that can be defined
finitely. Contrary to the geometrical continuum, the practical continuum is denu-
merable. This shows that there are elements in the geometrical continuum that
cannot be defined. The practical continuum, Borel claims, is what mathematicians
really use; the theoretical continuum is nothing but a metaphysical concept.

As to the usefulness of reasonings on non-definable entities, for instance trans-
finite sets, Borel makes the following remark. The value of these reasonings can
be compared to that of theories in mathematical physics. By those, we do not
claim to express reality, but they rather serve as a guide by which we can find new
phenomena. The question why these reasonings fulfil this task would require an
amount of work that would, Borel maintains, be out of proportion to the answer
found.?0

So, in the end, Borel does not accept any other sets than the denumerable
ones, since they are the only ones that can be really defined. These, he claims, are
the only reality that we can reach.®!

76[Baire et al. 1905, p. 263]

77[Schoenflies 1922, pp. 102-103]

78 [Fréchet 1965, p. 25

79At the same time, however, he warns against relying too much on this intuition; cf.
[Borel 1914, p. 177].

80[Baire et al. 1905, p. 273)

81[Fréchet 1965, pp. 34-35)
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Baire, Borel and Lebesgue give a construction of well-ordered sets, from which
they derive the transfinite numbers as mere symbols. Of all the transfinite numbers
in the second number class, only a small number can be defined, so that the phrase
‘the set of all transfinite numbers of the second number class’ is without meaning.

Higher analysis The semi-intuitionists try to build up higher analysis by what
can be called a constructive method. That is to say: only certain methods, that
are considered to be well-known, are used in the creation of mathematics. We will
now briefly look at how they applied this view to analysis.

For this purpose, Borel studies a certain type of sets. He starts with sets
{z1,22,...,2,} in [0,1]" of the form a; < z; < bj,a3 < 25 < bo,...,ap < zp <
b,,.82 To these sets, he applies the two following operations a finite or denumerably
infinite number of times:

1. take the difference between two sets S; and S,, where Sy C Sy;
2. join a finite or denumerably infinite number of already defined, disjoint sets.

He calls the sets obtained in this way measurable; since Lebesgue we know them
as B(orel)-measurable sets. Note that the definition is given constructively.

Lebesgue thought that with these B-measurable sets the goal of a closed area
within mathematics, from which one cannot depart by means of the normal math-
ematical construction methods, had been reached. However, Lusin and Souslin
proved this to be wrong: applying a projection to a B-measurable set does not, in
general, lead to another B-measurable set.

Baire presents a constructive approach to the role of functions in mathematics
which is as follows. Let C' be a closed set in the n-dimensional space, and let
fi, f2,---y fm,.-. be functions on C. Then we call a function F the limit of the
sequence fi1, fa,..., fm,- .., if for any point p in C limy, e fm(p) = F(p). With
this limit concept, Baire’s class of functions is defined as follows. We define a
correspondence between classes of functions and ordinal numbers of the first or
second number class (starting with zero) as follows:

1. a continuous function belongs to class zero;

2. a function belongs to class a (a > 0) if it is the limit of a sequence of
functions of lower classes, and if it does not belong to any previous class.

An interesting connection between these two constructive areas of analysis, point
sets and function theory, was given by Lebesgue. In order to understand it, we need
one more definition. Let B be the collection of B-measurable sets, and let f(z) be
a function R — R. Then f(z) is called B-measurable if the inverse image under

82[Borel 1898, p. 46]. Borel does not specify whether the interval [0, 1] should be seen as part
of the geometrical or of the practical continuum; it is not necessary to do so, since the definition
can be applied in both cases.
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f of a B-measurable set is again a B-measurable set.’? What Lebesgue proved
is that the functions of Baire’s class are identical to the B-measurable functions.
Therefore, the classifications in both sections run parallel.®4

1.4 Poincaré

Jules Henri Poincaré (1854-1912) was a mathematician of universal abilities. His
mathematical activities cover a wide range of fields, including the theory of func-
tions, Lie groups, algebraic topology, algebraic geometry, non-Euclidean geometry,
differential equations, number theory, mathematical physics and celestial mechan-
ics. From 1881 on, he worked as a professor of mathematics at the university of
Paris. As his international recognition increased, he began to discuss mathematics
for a wider audience.®

1.4.1 Poincaré’s conflicts

Poincaré was involved in several conflicts, the main ones being about set theory,
about the nature of mathematics, and about impredicative definitions.

Set theory Poincaré sharply criticised Cantorian set theory for its use of im-
predicative definitions®® and of the actual infinite.8” One of Poincaré’s famous
remarks which echoed through the history of mathematics is that set theory is
a disease, from which mathematicians would later consider themselves recovered.
However, as Jeremy Gray showed, the ascription of the remark to Poincaré is the
result of several small mistakes, as well as of historians not checking their primary
sources. Most probably, Poincaré never made the remark, and his attitude is better
represented by the statement that set theory was a ‘beautiful pathological case’®?
which would bring joy to the doctor who followed it.39

Nature of mathematics The best-known fight in which Poincaré got involved
was the discussion with Bertrand Russell on the nature of mathematics. In a series
of papers published between 1905 and 1912 in the Revue de Métaphysique et de
Morale and other journals, they debated the nature of mathematical reasoning.”®

83[Kolmogorov & Forin 1975, pp. 279-280]

84For more details, cf., e.g., [Halmos 1950].

85[Dieudonné 1975, p. 60], [Ewald 1996, p. 972]. The information in this section was drawn
from [Bockstaele 1949)], unless stated otherwise.

8 An impredicative definition is a definition in which the object to be defined is defined in
terms of the collection of all the elements of a certain kind, of which the object to be defined
itself is one.

87Dauben 1979, p. 266]

88<un beau cas pathologique’, [Poincaré 1909, p. 182]

89(Gray 1991]

The papers were later brought together in [Heinzmann 1986].
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Russell believed in the complete reduction of mathematics to logic, something
to which Poincaré was strongly opposed. One of the focal differences of opinion
was the question whether mathematical reasoning was analytic or synthetic in
character.®! Poincaré, a neo-Kantian, stressed the synthetic character of mathe-
matics, and he specifically put forward the principle of mathematical induction as
showing the non-analytic character of mathematical reasoning.®? Russell, though
in word also advocating the synthetic character of mathematics, broadened the
definition of synthetic so much that it included all kinds of reasoning that would
normally be considered analytic. Moreover, the way in which Russell tried to dis-
credit Poincaré’s views would never work. What Russell showed was that logical
inferences existed for intuitive reasoning. This was a valid argument for someone
taking the logicist view that mathematical reasoning is completely deductive. But
Poincaré saw mathematical reasoning as something with deeper epistemological
contents than its logical counterpart. Therefore, Russell’s argumentation could
not possibly make Poincaré change his point of view.”?

Impredicative definitions The third conflict that should be mentioned is the
one between Poincaré on the one hand and especially Zermelo on the other on the
issue of impredicative definitions. This one took place between 1906 and 1909. It
started with Poincaré’s rejection of the logicists’ definition of a finite number. In
this definition, a number is classified as finite if it belongs to every inductive set,
that is to say, to every set that contains the element 0 and, for every n in the set,
contains the element n + 1. In predicate logic this would read: a number f is finite
fvW:0eVineV=n+1e€V)= feV.Poincaré now claims that, in order
to avoid a vicious circle, the collection of inductive sets that is used in defining a
finite number may not contain sets that are defined by means of the set of finite
numbers, since the latter is the set to be defined. In other words, Poincaré wants
to restrict the scope of the ‘for all’ quantifier in the definition so as to exclude
sets that make use of the set that is to be defined by it. Only by this restriction,
he argues, can logical proofs be seen as one big tautology in which the conclusion
follows necessarily from the premises. However, once this restriction is adopted,
mathematical induction cannot be proved for the finite numbers thus defined, and
therefore the logicist definition fails.%

The main objection of Zermelo against this point of view is his claim that
the definition of the vicious circle principle itself is impredicative, so it fails to
meet its own requirements. For take as a formal definition of the vicious circle
principle the requirement that the class of P is the class of all objects that satisfy
P, but that do not presuppose the class of P for its definition or for checking

91An analytic judgement is a judgement that is necessarily true on purely logical grounds,
because the meaning is already implicit in the subject; a synthetical judgement gets its meaning
from non-logical sources as, e.g., experience.

92Gee 1.4.2.

93[Detlefsen 1993], [Dauben 1979, pp. 266-267]

94{Goldfarb 1988, pp. 72-73]
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whether they satisfy P. As one can see, in order to define the class of P without a
vicious circle, one has to use exactly the class of P in its definition. Therefore, this
clearly is an impredicative definition. Furthermore, Zermelo argues, if one would
accept this restriction, important parts of mathematics would have to be given up,
e.g. the fundamental theorem of algebra. This argument is extremely useful against
Poincaré, since he had claimed that foundational arguments would not make math-
ematicians abandon their results. Therefore, Poincaré replies by sketching a proof
of the fundamental theorem which does not make use of impredicative definitions.
In the end, Zermelo completely rejected the vicious circle principle.%®

1.4.2 Poincaré’s views

Mathematical existence Poincaré claims that existence is freedom from con-
tradiction and nothing else, especially in the case of indirect definitions:%

Il ne faut pas oublier que le mot existence n’a pas le méme sense quand
il s’agit d’'un étre mathématique et quand il est question d’un ob-
jet matériel. Un étre mathématique existe, pourvu que sa définition
n’implique pas contradiction, soit en elle-méme, soit avec les proposi-
tions antérieurement admises.®”

Even within the ‘existence is freedom from contradiction’ group, however, one
should distinguish between two points of view. One holds that, once a definition
concerning a class of objects has been proved free from contradiction, every object
belonging to that class has its existence proved. The other one, and that is the
one Poincaré belongs to, demands that every individual mathematical object has
to have its definition proved non-contradictory in order to be considered existing.
For what is needed is not only a definition of the whole class, but also a means of
distinguishing between the different objects in that class. Moreover, the definition
should be possible in a finite number of words.%

Poincaré also treats more philosophical questions concerning mathematical
existence. In his book Science et méthode (‘Science and method’), he complains
about the formal character of Hilbert’s definitions, where it does not become clear
what the ‘things’ one reasons about are and where one is not even allowed to try
to find this out.?®

95(Goldfarb 1988, pp. 73-75]

96 Poincaré 1902, p. 70 (1968 ed.)]

97¢One should not forget that the word ‘existence’ does not mean the same thing when dealing
with a mathematical object and a material object. A mathematical object exists provided that
its definition does not imply a contradiction, be it in itself, be it with propositions that have
been accepted before.’

98[Goldfarb 1988, p. 78]

99[Mehrtens 1990, pp. 245-246]; on Hilbert’s early view on the existence of mathematical ob-
jects, see 4.2.2.
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Logic and intuition In La valeur de la science (“The value of science’), Poincaré
compares the work of a logician to that of a physiologist. What logic does is
decomposing mathematical proofs into elementary operations, but the sequence of
elementary operations one thus obtains is not the whole proof. The same happens
to the physiologist who studies an elephant by means of a microscope, but by
doing so does not know the whole animal sufficiently.!%°

In Poincaré’s view, one cannot construct mathematics without mathematical
intuition. That is to say: in mathematics principles are needed which cannot be
based on logic. In Sur la nature du raisonnement mathématique (‘On the nature
of mathematical reasoning’), the first major exposition of his philosophical views,
he writes:10!

Le syllogisme ne peut rien nous apprendre d’essentiellement nouveau
(...). Il faut bien concéder que le raisonnement mathématique a par lui-
méme une sorte de vertu créatrice et par conséquent qu'il se distingue
du syllogisme.!0?

He clarifies this by pointing out that logic can never conclude a general statement
from a particular one; whereas in mathematics one can prove that a +b =056 +a,
by starting from a + 1 = 1 + a. Therefore, he concludes, mathematics can never
be reduced to logic. What is needed, apart from logic, is above all the principle
of complete induction, or, in other words, the intuition of the sequence of natural
numbers. Only by using this principle can mathematics make the step from the
particular to the general case, which is the basis of all science.

Poincaré describes this as the main synthetical judgement a priori in the Kan-
tian sense.'®® Therefore, he calls it ‘le raisonnement mathématique par excellence’
(‘the pre-eminent mathematical argument’).10

Furthermore, Poincaré claims a special status for the principle of complete
induction on the basis of his theory of mathematical existence. In Poincaré’s view,
mathematical existence requires a proof of the freedom from contradiction of the
system in question. Such a proof will generally involve an infinite number of state-
ments, of which one has to prove that none of these contradict each other. The
only way in which such a general proof can be given is by means of the principle
of complete induction.!%> Therefore, the principle of complete induction can never
be postulated as a mere axiom, because also then a proof for the freedom from
contradiction should be given, which would again involve the same principle of
complete induction.

100[Poincaré 1905, pp. 35-36]

101[Poincaré 1894, pp. 371-372]

102¢The syllogism cannot teach us anything essentially new (...). It must be conceded that
mathematical reasoning has of itself a sort of creative virtue, and consequently differs from the
syllogism.” English translation partially cited from [Ewald 1996, vol. II, p. 974].

103 A synthetical judgement a priori is a fundamental and true judgement of our mind, that
cannot be proved analytically nor be derived from experience.

104[Poincaré 1902, p. 19]

105Note that, at the time, model theory was non-existent.
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Poincaré distinguishes between three different meanings given to the term
‘intuition’. Sometimes it is seen as a sensory intuition, sometimes more as a gener-
alisation of sensory intuition by a kind of induction. Neither of these offer any help
in the search for mathematical certainty and exactness. What does work, however,
is intuition seen as a purely mental understanding of some fundamental principles
or relations. Without these, Poincaré claims, mathematics is impossible.

Poincaré uses two arguments to support his claim. In the first place, even
though all theorems in mathematics are proved by logical deductions starting from
the axioms, one can still ask why exactly these axioms were chosen. In Poincaré’s
view, this cannot be explained otherwise than by an appeal to intuition. The second
argument is that, with logic alone, one could make heaps of new mathematical
proofs, most of which, however, would be worthless to mathematics. Logic points
out a million possible ways that can be followed; but in order to know how to
obtain our goal in the far distance, we need our intuition to show us the way. Even
the understanding of an already given proof is impossible without the intuition,
because only in that way we can see the different steps in the proof as a whole.
By reducing mathematical thought to its logical form, as the logicists do, one
mutilates it, so Poincaré claims.!?®

Thus, logic and intuition have their own role, and both are needed in math-
ematics. As Poincaré himself says:107
La logique qui peut seule donner la certitude est l'instrument de la
démonstration: l'intuition est l'instrument de 'invention.'%®

Natural Numbers Poincaré regards the natural numbers as part of the basis
of mathematics. He points out that expressions like ‘in no case’ or ‘a class with
one member’ are used in the Peano-style definitions of the natural numbers. What
then, he asks, is the progress? He calls this kind of reasoning a petitio principii: the
objects that are to be defined are used in the definition itself. The logicists look at
it differently, since they see the numbers to be defined as formal objects, which are
defined by means of words. For Poincaré, however, there is no difference between
the numbers used in defining the numbers and the numbers defined. This is part of
his psychologicistic attitude towards mathematics. He describes the Peano method
as defining the clear by the obscure.!%?

Impredicativity and set theory When the paradoxes had become known in,
among other things, set theory, mathematicians’ attention was drawn to the so-
called impredicative definitions. Especially Poincaré thinks these definitions are to
blame for the antinomies in set theory. He also points out that this kind of definition

106[Goldfarb 1988, pp. 63-64]
107 [Poincaré 1905, p. 37)
108<Logic, which can by itself give certainty, is the instrument of proving; intuition is the instru-

ment of inventing.’
109[Goldfarb 1988, pp. 65-67]
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is only possible if one accepts the actual infinite; for only then can one consider the
whole collection as already existing before one has defined all its elements. If one
rejects the actual infinite and sees infinite collections as never completely realised,
as Poincaré does, it is quite clear that one cannot accept impredicative definitions.

Poincaré spells out his opinion on the impredicativity of a definition by look-
ing at Richard’s paradox.''® The error, Poincaré claims, lies in the fact that the
sequence (a) is used in order to define «, while at the same time « belongs to (a).
In his view, a definition of a sequence is only correct if it does not have recourse to
the sequence itself. Poincaré extends his argumentation on this so-called vicious
circle principle to explain the set theoretical paradoxes. In this way, he uses it as
a universal restriction on definitions in set theory.!!!

For Poincaré, an infinite set only means a collection to which always new
elements can be added; the actual infinite does not exist. In particular, the contin-
uum cannot be seen as a closed whole. The only things that exist are the general
definition of a real number, and the real numbers that have been finitely defined.

As to the axiom of choice, Poincaré admits that mathematicians are inclined
to follow their own intuition. He judges it to be a synthetical judgement a priori
and thus seems to accept it.'12

1.5 Conclusion

The general picture arising from the above description is the following. During the
period from the 1870s until the First World War, the foundations of mathematics
were never beyond doubt. The use of set theory, logic and impredicative definitions
was criticised, and more stress was laid on intuition and procedures which can be
effectively realised. Moreover, the criticism did not come from some remote corner
of philosophy, but it was spread by mathematicians of fame like Kronecker, Borel
and Poincaré. Their fame had been achieved outside foundational matters, in the
area of mathematics proper. In these respects, what Brouwer was to do did not
constitute a new contribution, and can be seen as a continuation, even if a more
radical one, of this critical constructivist attitude. A difference with respect to
the three mathematicians mentioned here is that Brouwer explicitly acknowledged
Borel and Poincaré as earlier intuitionists,'!® whereas Kronecker was presented as
a prominent forerunner of intuitionism primarily by Hilbert.!14

It should also be noted that the above-mentioned criticism was directed pri-
marily against new concepts in mathematics. Apart from the Kroneckerian criti-
cism of the irrational numbers, which was not taken too seriously, what Kronecker,

110Richard’s paradox is explained in 1.3.2.

H1Goldfarb 1988, pp. 71-72]

112[Bockstaele 1949, p. 99]

113See 2.5.

114Gee 6.2.1; Weyl made the same comparison, but he did not stress the point, [Weyl 1921, p.
223].
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Borel and Poincaré denounced were concepts such as Cantorian set theory and Zer-
melo’s axiom of choice — subjects which were new to mathematics at the end of
the 19th, beginning of the 20th century. Moreover, the alternative they offered
(and which they never fully worked out) was nothing more than a restriction
of mathematics as it then existed.!!® In these respects, it must be stressed that
Brouwer’s attitude was completely different. Brouwer attacked principles that had
been accepted in mathematics since Antiquity, and he put forward an alternative
mathematics based on new principles. How he developed these views is shown in
the next chapter.

1151t was this aspect that caused Mehrtens to use the term Gegenmoderne for these mathema-
ticians. On Mehrtens, see 6.7.



Chapter 2

The genesis of Brouwer’s
intuitionism

Ik heb dat vak lief, en waarom het dan niet dienen ook in de samenle-
ving; wat is een God zonder altaren op aarde? En als ik meer philosoof
[sic] dan mathematicus mocht zijn, dan zal het ook door die dwangbuis
nog wel heenbreken.!

L.E.J. Brouwer?

2.1 Introduction

In this chapter, I treat Brouwer’s intuitionism as it developed over the years. The
starting point is formed by Brouwer’s earlier, more philosophical writings around
the turn of the century. I stop roughly in 1933, since I also treat the foundational
debate up until that year.? As a rule, I follow Brouwer’s original descriptions; only
occasionally I felt it necessary to provide modern explanations.

Readers looking for a more modern explanation of intuitionism could con-
sult Dummett’s Elements of intuitionism,? which includes the philosophical ideas
of intuitionism and should be comprehensible to a wide audience. Other useful
sources include Troelstra and Van Dalen’s Constructivism in Mathematics,® which

LI cherish that subject, so why not serve it also in society; what is a God without altars on
Earth? And if [ would be more of a philosopher than a mathematician, then it will probably
break through that straitjacket as well.’

?Letter to Adama van Scheltema, 24/06/1908; cited from [Van Dalen 1984A, p. 85] Brouwer
wrote this to his friend Adama van Scheltema when his teachers Korteweg and De Vries were
trying to get him accepted as privaat-docent at the university of Amsterdam.

3See 3.1.

4[Dummett 1977]

5[Troelstra & Van Dalen 1988]

D. E. Hesseling, Gnomes in the Fog
© Birkhauser VerLag 2003
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is broader and more technical, and Heyting’s somewhat older Intuitionism, an in-
troduction.® Many details of Brouwer’s life and work covered in this chapter were
taken from Van Dalen’s Brouwer biography Mystic, Geometer, and Intuitionist,
and the Dutch, more popular version L.E.J. Brouwer. Een biografie,” which any
interested reader should consult.

2.2 The early years

2.2.1 Brouwer’s youth

Luitzen Egbertus Jan Brouwer was born in Overschie, close to Rotterdam, on
February 27, 1881. His family was of Frisian origin, and he had two brothers.
Brouwer’s talent became clear at an early age. When Brouwer was nine, he had
already completed primary school in Medemblik, North-Holland, which children
normally leave at the age of twelve. He then attended the HBS,? first in Hoorn, later
in Haarlem, where he scored top grades despite his age. Before finishing secondary
school, his parents and teachers agreed to transfer him to the gymnasium, since
this was the standard way to enter university afterwards. In the meantime, a
special programme enabled him to finish the HBS as well, which he did at the age
of fourteen. A scholarship he obtained from the St. Job’s foundation, which was
directed at students of Frisian descent, provided financial support and continued
to do so until the end of his university studies. When Brouwer was sixteen, he
obtained both the diplomas Gymnasium « and § (the literary and the science
part), two years ahead of other youngsters, who normally leave school with only one
of these. In 1897, he entered the Gemeente Universiteit (‘Municipal University’)
of Amsterdam to study mathematics and science.®

2.2.2 Brouwer’s profession of faith

Intuitionism as we now know it was not developed until the end of the first World
War. However, there is a constant line in Brouwer’s thought, which dates back
to his earliest, more philosophical writings. In this section, the idealistic roots of
Brouwer’s philosophy of mathematics which were present in his early work are
pointed out.

One of the first completed writings of Brouwer we have is his profession of
faith. The declaration, written in 1898 at the age of seventeen, was made upon
demand of the Remonstrant Church.!’ It marks Brouwer as an exceptional per-

S[Heyting 1956]
7[Van Dalen 1999A] and [Van Dalen 2001], resp.
8The Hogere Burgerschool (‘Higher Citizen’s School’), a secondary school type created by the
Dutch 1863 educational reform, focused on middle class youngsters.
9[Van Stigt 1990, pp. 21-23]
10The Remonstrant Church was a liberal break-off from mainstream Calvinism which came into
being in the northern Netherlands in the beginning of the 17th century. The Grand Pensionary
Johan van Oldenbarnevelt had adopted the case of the Remonstrants, [Van Dalen 1999A, p. 17].
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sonality already at that age, since he refused to follow the order in which he was
asked to write the profession, and even dismissed many of the questions put to
him as irrelevant.!!

In the profession, we can clearly recognize the metaphysical idealism Brouwer
would stick to all his life.!? At the beginning of the declaration, Brouwer writes:!

(...) het eenige ware voor mij is mijn eigen ikheid van het oogenblik,
omgeven door een schat van voorstellingen waaraan de ikheid gelooft,
en die haar doen leven. Een vraag of die voorstellingen ‘waar’ zijn heeft
geen zin, voor mijn ikheid bestaan alleen de voorstellingen en zijn als
zodanig reéel; van een tweede, onafhankelijk van mijn ikheid, daaraan
beantwoordende realiteit is geen sprake.!*

Thus, Brouwer professes a form of idealism generally described as ontological solip-
sism: the self is the only existing entity, all the rest are images.'® In this way, the
world is seen as essentially spiritual. This idea is not far removed from the mystic
conception of the basic unity of the world.

Already in this writing, Brouwer criticises what he sees as the inadequacy
of language, claiming that language is ‘too clumsy an instrument’ to describe the
feeling of God. This feeling, in Brouwer’s view, cannot even be thought, let alone be
written down.! Later, Brouwer was to expand upon this remark several times.!”

Brouwer did not study full time. In July 1898, he joined the Dutch army as a
volunteer. Van Dalen conjectures that he did so in order to get rid of his army

11{Van Stigt 1990, pp. 387-389]

12Kreisel argued, not without reason, that such a firm position was an advantage: ‘It is (...)
highly likely that, at an early stage, his [Brouwer’s, DH] own work benefited greatly from two very
usual consequences of any doctrinaire position. He was able to develop his ideas vigorously, first
because he had put out of his mind all but the matter in hand; and second because weaknesses of
a position are less ‘disturbing’ if (one thinks) there is no alternative.’ [Kreisel & Newman 1969,
p. 41]

13[Van Stigt 1990, pp. 387-388]

14¢(...) the only thing that is real to me is my own self at this moment, surrounded by a
wealth of images in which the self believes and which make the self live. The question whether
these images are ‘factual’ is devoid of meaning: for my self only the images exist and are, as
such, real. A second reality, independent of my self and corresponding to these images, is out of
the question.’ This translation, which is my own, differs from the one given by Van Stigt, who
translates ‘het eenige ware’ by ‘the only truth’, [Van Stigt 1990, p. 391]. In Dutch, however, the
word ‘waar’ can mean both ‘true’ and ‘real’. It is important to know in which sense Brouwer
used the word, since the first meaning would point at an epistemological stance, whereas the
second is about metaphysics. Since Brouwer speaks about reality in the second Dutch sentence
quoted here, I think the latter is the more appropriate translation.

15 Mittelstral 1980-96, Band 3, p. 389]. The most positive judgement Mittelstra is willing to
give to this form of solipsism, ‘absurd, but unrefutable’, marks the resistance that this stance
still meets. Later, Heyting somewhat relaxed the metaphysical character of intuitionism and put
more stress on epistemological questions; see 4.4.1.

16[Van Stigt 1990, pp. 388-389]

17See 2.2.4, 2.3.1 and 2.3.2.
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obligations before his real career took off.!® He first spent more than half a year
in the service, then alternated military life with his studies. In December 1900,
he received his candidaats degree, concluding the first part of his academic study,
cum laude. Until January 1903, Brouwer would spend many a university holiday
in the army. The most lasting effect of his military training was that it ruined his
health and his nerves.!?

2.2.3 Mannoury

Gerrit Mannoury (1867-1956) was probably one of the persons who influenced
Brouwer most in developing ideas towards intuitionistic mathematics. Brouwer
met Mannoury, a self-taught Dutch mathematician, at the Amsterdam Mathemat-
ical Society. Mannoury had obtained his teacher’s diploma, which normally took
four years, in only three months. The mathematics professor Korteweg recognised
Mannoury’s gifts and for some time gave him private tutorials at home.?® In 1903
Mannoury became privaat-docent?! in the logical foundations of mathematics at
the university of Amsterdam and thus was allowed to teach. Brouwer was one of the
first to attend his lectures.?? Mannoury’s lectures were probably on the borderline
between mathematics and philosophy, as can be seen from his published lectures in
Methodologisches und Philosophisches zur Elementar-Mathematik (‘Methodologi-
cal and philosophical remarks on elementary mathematics’).2? Brouwer, in retro-
spect, declared that what had strongly attracted him in Mannoury’s lectures was
that mathematics had acquired a new character:

De ondertoon van Mannoury’s verhandelingen had namelijk niet ge-
fluisterd: ‘Ziehier eenige nieuwe aanwinsten voor ons museum van on-
wrikbare waarheden’, maar ongeveer het volgende: ‘Ziehier wat ik voor
u gebouwd heb uit de structuurelementen van ons denken. (... )%

Even if we keep in mind that Brouwer gave this description in the laudatio at
the occasion of Mannoury’s honorary degree and that Brouwer might, in retro-
spect, describe his reaction more in line with his own later work than it may have
been at the time, the citation makes it clear that Brouwer’s intuitionistic view on
mathematics was strongly stimulated by Mannoury’s lectures.

18 At the time, the Netherlands had a system of conscription in which a lottery was used to
determine which persons had to fulfil their military service.

19[Van Dalen 1999A, pp. 22-27]

20[Van Dalen 1999A, pp. 43-45]

21A privaat-docent (as a Privatdozent in Germany) did not receive a salary, but was allowed
to lecture at the university and obtain fees from the students who attended.

22[Brouwer 1947A, pp. 474-475)

23[Mannoury 1909)

24[Brouwer 1947A, p. 193]

25‘For the undertone of Mannoury’s argument had not whispered: ‘Behold, some new acquisi-
tions for our museum of immovable truths’, but approximately the following: ‘Look what I have
built for you out of the structural elements of our thinking. (...)"’
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In the laudatio, Brouwer refers to three French papers of Mannoury he had
read at the time in the Nieuw Archief voor Wiskunde.?6 Of these, I find Lois cyclo-
matiques (‘Cyclomatic laws’), the paper that introduced topology in the Nether-
lands, the most telling. This is the paper that differs most from classical mathemat-
ical papers, mainly, one might say, in style. In the paper, one frequently encounters
such expressions as ‘I have called these numbers’, ‘one can choose’, ‘one can estab-
lish’, ‘we only have to add’, etc.?” At the time, mathematicians tended to prefer
more impersonal expressions, such as ‘these numbers are called’ or ‘it is possible
to establish’. One might be inclined to think that Mannoury diverged from the
stylistic norm because he was a self-taught man. However, if we look at other writ-
ings of Mannoury, it is probable that the difference was more than mere style.?
In Methodologisches und Philosophisches zur Elementar-Mathematik, Mannoury
speaks about a mathematical object ‘which can only be a product of our mind’.?°
Thus, it seems that the way in which Mannoury wrote mathematics reflects his
view on the ontological status of mathematical objects.

To Brouwer, too, Mannoury’s ‘style’ meant more. As Brouwer later called it,
he owed ‘the awakening of [his] mathematical consciousness’" in a large degree to
Mannoury’s lectures. Mannoury’s descriptions revealed to him what mathematics
really was: not a realm which already existed independently of human beings, but
a human creation. This was in accordance with Brouwer’s general idealistic philos-
ophy. Also Mannoury’s habit of being critical of established principles must have
appealed to Brouwer’s non-conformist character. It should be noted, however, that,
despite this general agreement, Brouwer and Mannoury held different opinions on
various — if not most — questions concerning the philosophy of mathematics.
Brouwer therefore used to refer to Mannoury as his ‘dialectic partner’.3!

In the case of Brouwer and Mannoury, it is very hard — if not impossible —
to tell who influenced whom on any specific point. What may seem a reaction to
Brouwer in one of Mannoury’s works may well be an old point which Mannoury

26[Mannoury 1898-99], [Mannoury 1900A] and [Mannoury 1900B].

27[Mannoury 1898-99, pp. 126-128]

28Later, Mannoury explicitly attacked the classical style in mathematics. In his inaugural
lecture QOver de sociale betekenis van de wiskundige denkvorm (‘On the social significance of the
mathematical way of thinking’), delivered on October 8, 1917, which still makes good reading
today, Mannoury said: ‘En wiskunst is gevoelloos, is onwezenlik, is dood. Wil het althans zijn,
en verbant daartoe zoveel doenlik uit haar woordeboek al wat aan de waarneming ontleend is,
wat aan waarneming herinnert, en gevoelt zich het veiligst als zij zich in letters en in cuyjfers
uitdrukt.” (‘And the art of mathematics is insensitive, is inessential, is dead. At least it wants to
be so, and therefore it banishes from its dictionary as much as possible all that is derived from
observation or that reminds of observation, and it feels safest when it expresses itself in letters
and numbers.’) [Mannoury 1917, p. 8]

A modern echo of the criticism of the use of objectivistic language in scientific reports can
be found with Rupert Sheldrake, [Sheldrake 1994, pp. 154-155], whose critical remarks are in
general more valuable than the alternative he offers.

29¢welche doch nur ein Produkt unseres Geistes sein kann’, [Mannoury 1909, p. 8]

30‘mijn mathematische bewustwording’, letter from Brouwer to Mannoury, 30/3/1917,
[MI Brouwer, CB.GMA.7]

31 [Brouwer & Mannoury 1946, p. 3]
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restated, and which had been taken up by Brouwer. Nevertheless, I chose to take
Mannoury’s comments to Brouwer’s work at face value, which means that most of
them are classified as reactions to Brouwer and therefore appear in later chapters.

In 1904, Brouwer finished his studies, again with a cum laude degree. He decided
to stay at the university of Amsterdam to write a dissertation on the foundations
of mathematics. His supervisor was Diederick Korteweg (1848-1941), an applied
mathematician specialised in fields suchs as algebra, geometry, the theory of os-
cillation, voting theory, and electricity. Korteweg was a student of Van der Waals,
and held the chair of mathematics, mechanics and astronomy at Amsterdam uni-
versity.3? Brouwer’s choice of supervisor was not a difficult one: the alternative was
Van Pesch, who was not exactly at the cutting edge of contemporary research.®3
In the same year, Brouwer married Elizabeth (Lize) de Holl. She was eleven
years his senior and was divorced from Hendrik Peijpers, a former army doctor
whom she had married when she was a young girl. This first marriage was far from
happy; Peijpers forced Lize to have an abortion whenever she became pregnant.
Lize had managed to stay out of her husband’s control only once, and a child,
Anna Louise, was born in 1893. Lize and Brouwer had known each other for two
years when they got married. Lize was to take over her father’s pharmacy, first
managing it by contracting a provisor (a licensed pharmacist), which only worsened
their financial situation, but later, after she had finished her special pharmacists
exam in the end of 1907, as a fully licensed pharmacist herself. The whole situation
— a divorced woman with a child, a marriage in which the woman was substantially
older than the man, and without all the normal financial precautions — was quite
exceptional at the time, but that presumably did not worry Brouwer too much.3

2.2.4 Brouwer’s mysticism

During the first years of the 20th century, Brouwer sought solitude in walks. He
‘pilgrimaged’ to Italy three times, walking all the way to Florence and Rome. In
this way, he could ‘turn into himself’.3°

In 1905, at the age of 24, Brouwer published a monograph under the title
Leven, kunst en mystiek (‘Life, Art and Mysticism’). It contained the lectures he
had given in Delft the same year in reply to lectures the Dutch Hegelian Bolland
had delivered there.?® Compared to Brouwer’s profession of faith, the tone of the
monograph is distinctively more pessimistic, with chapter titles such as ‘The sad

32 A short biographical sketch can be found in [Willink 1998, pp. 81-88].

33[Van Dalen 1999A, p. 86]

34[Van Dalen 1999A, pp. 52-55; 199]

35[Van Stigt 1990, p. 26]

36Brouwer was invited to lecture by the Society of Free Study, after having established himself
as a main challenger of Bolland through a series of articles in the well-known student magazine
of Amsterdam University Propria Cures, [Van Stigt 1996, p. 386].
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world’ and ‘Man’s downfall caused by the Intellect’.>” However, one should not
exaggerate this negative, romantic tendency. The negative view applies primarily
to the outer world, where Brouwer fulminates against the artificiality and mean-
inglessness of many human activities and the servility with which many people
continue carrying them out. Opposed to this, Brouwer places the inner strength
of the self:38

Ge voelt u almachtig, want ge wilt alleen, wat in de Richting ligt, en
daarbij zullen de bergen voor u wijken (. ..).%

Looking at the history of the foundational debate that was to follow, it is not
exaggerated to assume that Brouwer here described a strong feeling within himself.

Characteristic of Leven, kunst en mystiek, save its disdain for women,* is
Brouwer’s rejection of the intellect and his adherence to mysticism.*! In those
days, mysticism was a popular current, even though many took it in a wide sense
as a general love for the mysterious.*? Brouwer was a mystic in a stricter sense,
where an awareness of unity takes a central place.

The main reason for Brouwer’s dislike of the intellect seems to be that it
hinders introspection.*3 The intellect renders people the ‘devil’s service’** of link-
ing the means and the end. In this way, they are enabled to strive for fulfilling
their lusts. But many people know something originally intended as a means only
as an end in itself, and since most people only imitate others, the whole human
enterprise soon looses sense.

Brouwer’s mysticism followed in the footsteps of a number of Christian, Bud-
dhist and Hindu mystics whom Brouwer admired for their reliance on their personal
experience and their acceptance of an ‘inner vision’ as their supreme authority.*®

37De droeve Wereld’, ‘De val door het Intellect’, [Brouwer 1905, p. 5; p. 17]. The former is a
play of words on Van Eeden’s ‘Joyous World’.

38 Brouwer 1905, p. 16]

39¢You feel all-powerful, for you only desire that which follows the Direction, and in that the
mountains shall make way for you (...).’; translation based on [Brouwer 1996, p. 394].

40 ¢4¢ vrouw, die zonder den man niet kan, wier voldongen Karma in niets is dan haar sekse,
266, dat tusschen de intiemste natuur van een vrouw en een leeuwin minder verschil is, dan
tusschen twee tweelingbroeders, die mannen zijn.’, (‘the woman, who cannot be without the
man, whose accomplished Karma is nothing but her sex in such a way that there is less difference
between the most intimate nature of a woman and a lioness than between two twin brothers,
who are male.’) [Brouwer 1905, p. 52]. In practice, however, Brouwer valued women highly; for
example, he was one of the first Dutch mathematicians to employ a female assistant in the 1920s,
cf. [Van Dalen 1999A, p. 74].

411 treat Brouwer’s mysticism only superficially here. The best introduction to Brouwer’s mys-
ticism for non-mystics I know is [Heyerman 1981).

42[Van Nes 1901, pp. 1-12]

43For example, Brouwer writes: ‘Het hooggeschatte Intellect dan is tegelijk het vermogen en de
dwang, om dddr te leven in Begeerte en Vrees, en niet uit heilzame verlegenheid tot Zelfinkeering
terug te vluchten (... ).” (‘The highly esteemed Intellect, then, has both enabled and forced man
to continue living in Desire and Fear, rather than — from a salutary sense of timidity — take refuge
in self-reflection (...).”), [Brouwer 1905, p. 18]. Cf. [Heyerman 1981, p. 30]

44<duivelsdienst’, [Brouwer 1905, p. 17]

45[Van Stigt 1996, p. 385]
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He frequently cites and refers to mystics such as Meister Eckehart, Jakob Bhme
and the Bhagavad Gita. To those who do not feel an affinity with mysticism, it
is hard to give meaning to these parts of Leven, kunst en mystiek. Brouwer rec-
ognizes the limited scope of his writing and acknowledges that the mystical parts
will not make any converts.*8

Leven, kunst en mystiek clearly shows Brouwer’s concern with living a mean-
ingful life:*”

Van al de boomen zien de menschen der cultuur het bosch niet meer,
nee, weten niet eens meer dat er een bosch is; wie vraagt, waarvoor hij
eigenlijk leeft, wordt in het practische leven, waar die vraag eigenlijk
juist alleen zin heeft, voor gek versleten (... ).

It was the same concern that made him appreciate intuitionistic over formalistic
mathematics.

Language Certain elements of Brouwer’s thought identified earlier, recur in
Leven, kunst en mystiek. Thus, Brouwer confirms his metaphysical idealism.*?
In the meantime, his attack on the value and usefulness of language has become
stronger and more elaborated. The chapter devoted to language opens with the
following words:5%

Het intellect gaat direct vergezeld van de taal. Met het leven in het
intellect komt de onmogelijkheid, om zich op directe wijze — door
gebaar en blik van oogen instinctief, of nog materieloozer, door alle
afstandsscheidingen heen — met elkaar in betrekking te stellen, en gaan
ze®! zich en hun nakroost dresseeren op een teekenverstandhouding
door grove klanken, moeitevol en — vrij machteloos, want nooit nog
heeft door de taal iemand zijn ziel aan een ander meegedeeld; alleen een
verstandhouding, die toch reeds is, kan door de taal worden begeleid

(...)52

46 Brouwer 1905, pp. 75-77]

47[Brouwer 1905, p. 21]

48These cultured people cannot see the wood for the trees anymore, worse, they have forgotted
that there is such wood; anyone who raises the question of the real meaning of life is declared
insane in our practical life, the only place where the question actually makes sense.’; translation
based on [Brouwer 1996, p. 397].

49[Brouwer 1905, p. 16]

50[Brouwer 1905, p. 37]

51Brouwer does not mention who ‘they’ should be.

52‘Language is the direct companion of the intellect. By living in the intellect it becomes im-
possible to communicate directly with each other — by gesture and look of the eyes, instinctively,
or even more spiritually, through all spatial separation. People then drill themselves and their
offspring in sign understanding by means of crude sounds, strenuously and — quite powerlessly,
for nobody has ever communicated his soul to someone else by means of language. Only an
understanding, that already is, can be accompanied by language (...).’
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Only in very restricted areas, Brouwer continues, can people communicate reason-
ably well. But even in mathematics and logic, ‘which in fact cannot be separated
sharply’,> no two persons will think the same when using basic concepts. The role
of logic is as restricted as that of language in general:>*

(...) ridicuul wordt het gebruik van de taal, waar wordt gehandeld
over fijne wilsschakeringen, zonder dat er in die wilsschakeringen wordt
geleefd; zoo, als zoogenaamde wijsgeeren of metaphysici handelen onder
elkaar over moraal, over God (...); menschen, die elkaar niet eens
liethebben, (...) ja die soms elkaar zelfs niet persoonlijk kennen; ddn
praten ze of langs elkander heen, of ze bouwen een logisch systeempje,
dat alle verband met de werkelijkheid mist; want logica is leven in
de hersenen, begeleiden kan ze het leven daarbuiten, richten uit eigen
kracht nooit.?®

Brouwer was later to specify his criticism of logic and point to parts of classical
logic which, in his view, were not universally valid.%¢

Finally, Brouwer points out that language should always be linked to (ex-
pressions of) life:%7

Een taal, die geen vastheid aan den wil ontleent, die op zichzelf wil
voortleven in het reine ‘begrip’, is een onding; een tijdlang door te
kunnen spreken, en te worden betrapt noch op tegenstrijdigheden, noch
op stilzwijgenden, in den wil wortelende, vooronderstellingen, is een
groote kunst, (...) maar te schatten op de waarde van een acrobaat.>®

Here, Brouwer speaks about language. Later, he was to develop a similar idea on
the use of axiomatic systems in mathematics, when he claimed that consistency
does not suffice to establish a mathematical system.>®

Mathematics only figures marginally in Leven, kunst en mystiek. The most
important thing Brouwer has to say about it is that he considers it unimportant.®®

53«dje eigenlijk niet scherp te scheiden zijn’, [Brouwer 1905, p. 37]

54[Brouwer 1905, p. 38]

55¢(...) the use of language becomes ridiculous when subtle nuances of the will are being
treated, without living in these nuances; for example, when so-called philosophers or metaphysi-
cians deal among themselves with morality, with God (...); people, who do not even love each
other, (...) who sometimes do not even know each other personally. Then they are either talking
at cross-purposes, or they are building a little logical system that lacks any relation with reality.
For logic is life in the brains, it may accompany life outside it, but never direct it by itself.’

56See 2.3.2.

57[Brouwer 1905, p. 40]

58¢A language which does not derive its solidity from the will, which wants to live on by itself
in pure ‘understanding’ (the word ‘begrip’ could also mean ‘concept’, DH), is an absurdity; to
be able to continue speaking for a while, without being caught in contradictions or in tacit
presuppositions rooted in the will, is definitely an art, (...) but to be appreciated only as one
appreciates an acrobat.’

598ee 2.3.1.

50 [Brouwer 1905, p. 18]
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Leven, kunst en mystiek certainly appealed to some people. The author Fred-
erik van Eeden was impressed, and the Dutchman Giltay wrote to Brouwer that
the work was always on his desk. The latter considered it ‘the most formidable
accusation against our ‘civilization’ written in the Netherlands.’®! However, in
general the work remained unnoticed, apart from a rather negative review in one
of the daily newspapers.®?

Summarizing, one could say that in his early writings Brouwer put forward two
main ideas on the value of language. Firstly, its usefulness as a means of commu-
nication is played down. In Brouwer’s view, language can only function in very
restricted areas, such as mathematics and logic, and even there it will never func-
tion perfectly. Secondly, Brouwer maintains that language by itself is of no sig-
nificance. Language, and logic as a special case, cannot by itself create anything
new, even if its use does not lead to contradictions, but can only accompany what
already is there. Thus, we see a great stress on the individual person and his or
her pre-linguistic thoughts.

It is interesting to note that Brouwer later did not do, the precise thing he in this
work claimed should be done. The last words of the book seem to be inspired by
Schopenhauer and read:%3

Maar alleen, die weet, niets te bezitten, niet te kunnen bezitten en geen
vastheid bereikbaar, en in berusting zich overgeeft, die alles opoffert,
die alles geeft, die niets meer weet en niets meer wil en niets meer
weten wil, die alles laat gaan en verwaarloost, hem wordt alles gegeven
en opent zich de wereld van vrijheid, van pijnlooze contemplatie, van
— niets.%¢

What Brouwer proclaims is that one should not claim any knowledge, nor strive to
achieve things, but accept what contemplation would bring. What Brouwer was to
do, however, was to claim that he knew what real mathematics was, and to strive
for the world to accept it.

2.3 The first act of intuitionism

In 1905, Brouwer moved to ‘de Hut’, a cottage that Rudolf Mauve, a friend of
Brouwer and son of the famous painter Anton Mauve, built for him on a strip of

61‘niemand in ons land heeft ziilk een geweldige aanklacht tegen onze ‘beschaving’ doen hooren’,

letter from Giltay to Brouwer, 19/12/1925; [MI Brouwer]

62[Van Dalen 1999A, p. 76|

63 Brouwer 1905, p. 99]

64But only he who knows that he does not own anything, that he cannot own anything and
that no solidity is attainable, who surrenders in acceptance, who sacrifices everything, who gives
everything, who no longer wants and no longer knows and no longer wants to know, who lets
everything go and neglects everything, to him everything shall be given and another world shall
open itself, the world of freedom, of painless contemplation, of — nothing.’



2.3. THE FIRST ACT OF INTUITIONISM 35

land Brouwer owned in Blaricum, in the region t Gooi (situated between Amster-
dam and Utrecht).%% At the time, the region was a popular place for painters, poets
and idealistic cummunes called ‘colonies’, such as Frederik van Eeden’s ‘Walden’.5°
Brouwer, however, preferred being alone. Now, he could work on his thesis without
being disturbed.

In his 1927 Berlin lectures,®” Brouwer distinguished between two so-called acts
(‘Handlungen’) in the development of intuitionism: one, the separation between
mathematics and mathematical language, and two, the construction of sets.®® I
follow Brouwer’s distinction, since it is an appropriate way of presenting the his-
torical development of intuitionism.

2.3.1 Brouwer’s dissertation

On February 19, 1907, Brouwer defended his doctoral dissertation. This was a
small miracle, considering the fact that by September 1906 he had not written any
part of the dissertation worth mentioning.®® Although he had planned to write
it on ‘The value of mathematics’, his thesis bore the more neutral title Over de
grondslagen der wiskunde (‘On the foundations of mathematics’).™

Brouwer’s objective was not to describe various views on the foundations of
mathematics or to provide foundations for mathematics as it was then practised,
but to work out his own ideas in the philosophy of mathematics. This becomes
clear from a letter Brouwer sent to Korteweg in 1906. In the letter, Brouwer writes
that he still adheres to his convictions from two years ago, but that he is glad to
find that he can now support them better with mathematical arguments.”* Thus,
Brouwer started from his own ideas and looked for mathematics that fitted in,
instead of working the other way round. At the same time, the period the letter
refers back to is the time when Brouwer was working on both his dissertation
and on Leven, Kunst en Mystiek, suggesting that the former was developed out
of the same ideas as the latter.”? Already at that time, Brouwer did not tolerate
different forms of mathematics, claiming that ‘no mathematics can exist, which
has not been constructed intuitively’.”

As happens more often with dissertations, Brouwer’s original set-up was more
extended than the one that was published. In the end, Brouwer reduced the struc-
ture of his work to three chapters: ‘The construction of mathematics’, ‘Mathe-
matics and experience’, and ‘Mathematics and logic’. The second chapter was the
one about which Korteweg was most critical. He and Brouwer differed on the is-

65[Van Dalen 2001, p. 30]

%6 Named after Thoreau’s experiment.

67See 2.7.1.

98 Brouwer 1992, pp. 21-23]

69[Van Dalen 1999A, p. 90]

70[Van Dalen 1981, p. 2]

" Letter from Brouwer to Korteweg, 7/9/1906; cited from [Van Dalen 1981, p. 5]

72Cf. [Heyerman 1981, p. 36]

T3¢geen wiskunde, die niet (...) intuitief is opgebouwd, kan bestaan’, [Brouwer 1907, p. 118]
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sue to what extent a mathematical dissertation could contain more philosophical
material.”* As a consequence, Brouwer had to leave out some parts of this sec-
tion. These were mainly about items such as causality, mysticism, language, space,
time, and science,” and would also nowadays generally be considered outside the
domain of mathematics.

Chapter 1: The building of mathematics

When Brouwer wrote his dissertation, he did not yet use the word ‘intuitionism’.
In a letter to Korteweg, he characterised his view on mathematics as opbouwende
wiskunde (‘constructive mathematics’).”® Beginning the dissertation with a chap-
ter on the construction of mathematics is therefore only natural.

Brouwer constructs mathematics in the following way. He starts with the
sequence of natural numbers, which in his view is intuitively clear. It should be
noted that Brouwer presents the natural numbers as a sequence characterised by a
law, not as an infinite set. From the natural numbers, he constructs the negative,
the rational and the irrational numbers. By speaking about the stock of known
numbers being denumerable ‘at any point of the development’,”” Brouwer indi-
cates that the construction of these mathematical entities takes place in time. The
continuum is introduced by a special continuum intuition. On this, a measurable
continuum is defined, the individual points of which can only be approximated
by an approximating sequence, which is ever unfinished. The approximation takes
place by means of a so-called dual scale, i.e., a system of finite sequences of ra-
tional numbers written in binary form. Since the scale thus constructed need not
be everywhere dense, Brouwer contracted ‘by brute force’ segments in which there
was no point of the scale: two points are seen as distant if their dual approximation
differs after a finite number of digits.”®

Brouwer frequently uses the term bouwen (‘to build’, ‘to construct’), and
also variations, such as opbouwen (‘to build up’) and bijhouwen (‘to add on’).™
Contrary to what the English translation might suggest, these expressions would
not remind the (Dutch) reader of geometry. In that field, the word ‘construeeren’
(‘to construct’) would have been used in Dutch, t00.3° Thus, Brouwer used terms

74This becomes clear from the remaining part of the Brouwer-Korteweg correspondence, pub-
lished in [Van Dalen 1981]. Probably, Brouwer and Korteweg also differed on what to consider
philosophy; Brouwer claimed that in the dissertation he remained on grounds that ‘in my own
view are constantly mathematical’ (‘dat in mijn eigen oogen voortdurend wiskundig is’), letter
from Brouwer to Korteweg, 7/11/1906, [Van Dalen 1981, p. 11].

75The original unpublished fragments were published by Van Dalen in a re-edition of Brouwer’s
dissertation, [Van Dalen 1981, pp. 25-35]; an English translation without the Dutch original can
be found in [Van Stigt 1990, pp. 405-415].

"8Letter from Brouwer to Korteweg, 16/10/1906; [Van Dalen 1981, p. 6]

77¢op elk punt van ontwikkeling’, [Brouwer 1907, p. 48]

"8[Brouwer 1907, pp. 44-52], [Van Dalen 19994, p. 102]

0Cf., e.g., [Brouwer 1907, p. 105

80Sometimes, Brouwer did use ‘construeeren’ as an alternative for ‘bouwen’, but he clearly
preferred the latter, which implies more a buidling upwards from the ground; cf. [Van Stigt 1998,
p. 7).
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which seem to serve mostly as metaphors for mental constructions.

At one place in the chapter, Brouwer seems to anticipate the idea of a choice
sequence, which was to play a fundamental role in his second act of intuitionism.8!
Choice sequences had been considered before by Du Bois-Reymond and Borel.5?
Discussing possible point sets, Brouwer arrives at the question whether the point
set in an arbitrary segment of the continuum is dense or not. The technicalities
are not of interest to us here. In answering the question, Brouwer uses a dual (i.e.,
binary) scale in which each time either the next dual number is determined by
the preceding one, or there is a choice between two dual numbers. In the case of
a choice, Brouwer speaks about a ‘multiplying bifurcation’.®® The main difference
with a choice sequence is that with the latter, the choice is exclusively put with
the mathematician constructing the choice sequence. The drawing Brouwer makes
to illustrate the dual scale is exactly the one used later for choice sequences.

Brouwer concludes the chapter by stating that mathematics has to be con-
structed from basic ‘mental elements’®® by juxtaposition or by making sequences
of certain types. This is the only possible foundation of mathematics, Brouwer
maintains. Still, in the construction process one should each time strictly check
what intuition allows one to do and what not.5¢

Chapter 2: Mathematics and experience

Brouwer opens the second chapter of his thesis with a sketch of mathematics.
In Brouwer’s view, seeing things in a mathematical way means seeing things as
repetitions of causal systems in time. Thus, Brouwer’s idea of mathematics is much
broader than the traditional account and seems to include all sorts of theoretical
reasoning based on causal systems. Since seeing things in a mathematical way
turned out to be useful and gave man power, Brouwer maintains, man developed
pure mathematics, thus having mathematical systems available to be projected
upon reality whenever this seemed functional .8

Brouwer returns to some of the themes he had treated in Leven, kunst en
mystiek.5® However, this time the tone is much more neutral, due to Korteweg’s
intervention. For example, Brouwer simply notes that many people prefer to con-
centrate on what he calls (without further explanation) ‘observed’ mathematical
sequences instead of ‘experienced’ ones.®? There is only an undertone of the au-
thor having more esteem for the latter, which he associates with instinct, than

813ee 2.6.

82[Du Bois-Reymond, P. 1882, pp. 89-92] and [Borel 1912, pp. 309-310]; on Borel, see 1.3.2.
83¢zich vermenigvuldigende tweevertakking’, [Brouwer 1907, p. 106]

84[Brouwer 1907, pp. 105-106]

85voorstellingseenheden, [Brouwer 1907, p. 118]

86 Brouwer 1907, p. 118]

87[Brouwer 1907, pp. 122-124]

88Gee 2.2.4.,

89‘waargenomen’, ‘gevoelde’, [Brouwer 1907, p. 122]
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for the former, made by the intellect. In this context, Brouwer speaks about ‘in-
tuitive mathematics’. In a footnote, he adds that in fact the building of intuitive
mathematics as such is ‘an act, and not science’.%°

The goal of this chapter, Brouwer writes, is to rectify Kant’s view of the a
priori. This had become necessary because of the introduction of non-Euclidian
geometries, which clearly did not fit into the Kantian a priori. In Brouwer’s opinion,
the creation of the image of space is a free act of the intellect, and thus cannot
be part of the a priori.”! The only a priori element in science is the intuition of
time, by which it becomes possible to see, in Brouwer’s words, ‘repetition as ‘thing
in time and thing again’ (...) and by which life moments fall apart as sequences
of qualitatively different things’.9% Since the primordial intuition coincides with
becoming aware of time as change ‘by itself’,%3 Brouwer concludes that the only a
priori element in science is time.%?

Finally, Brouwer maintains that the only synthetical judgements a priori are
the ones that can be seen as construction possibilities following from the primordial
intuition. Among these, he reckons the principle of complete induction, just as
Poincaré had done.%®

Chapter 3: Mathematics and logic

The third and last chapter of Brouwer’s dissertation is the one that most points
the way towards the further development of intuitionism. Here, Brouwer takes a
consistent stand on the relationship between mathematics, mathematical language
and logic, and uses this to criticise the ideas of such famous colleagues as Cantor,
Russell and Hilbert.

Mathematics, mathematical language and logic Brouwer starts by stating
that his goal in this chapter is to show that mathematics is independent of ‘the
so-called laws of logic’.%% In order to support this claim, he presents a logician who
maintains that in doing mathematics, one has to use logical principles. Whereupon
Brouwer replies:?”

De woorden van uw wiskundig betoog zijn slechts de begeleiding van
een woordloos wiskundig bouwen (... ).%8

9een daad, en geen wetenschap’, [Brouwer 1907, p. 139

91[Brouwer 1907, pp. 154-156]

92¢herhaling als ‘ding in den tijd en nog eens ding’ (...) en op grond waarvan levensmomenten
uiteenvallen als volgreeksen van qualitatief verschillende dingen’, [Brouwer 1907, p. 122]

93‘z0nder meer’, [Brouwer 1907, p. 140]

94 Brouwer 1907, pp. 139-140]

95Gee 1.4.2.

96‘de zoogenaamde logische wetten’, [Brouwer 1907, p. 164]

97Brouwer 1907, p. 166]

98‘The words of your mathematical discourse are merely the accompaniment of wordless math-
ematical building (...).’
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Thus, Brouwer makes it clear that to him, the activity of mathematical construc-
tion should be separated from the language in which the activity is described
afterwards. Logicians only speak about the latter, whereas it is the former that
constitutes real mathematics. The mental constructing of mathematics is a lan-
guageless activity.%® This is what Brouwer later was to identify as the ‘first act of
intuitionism’.1%0 Already in Leven, kunst en mystiek Brouwer had argued against
an overestimation of the role of language in human communication, claiming that
‘only an understanding, that already is, can be accompanied by language’.!%* Now,
he argues that only mathematics that has already been constructed, can be ac-
companied by mathematical language.

Therefore, it is not surprising that Brouwer inverts the relationship: it is not
mathematics that is dependent on logic, but logic is dependant on mathematics.
Mathematical language follows upon mathematical activity, and logic consists of
looking at that language in a mathematical way. Brouwer uses a comparison to
clarify what he means: the language of logical argumentation is just as little an
application of theoretical logic as the human body is an application of anatomy.
It is a description of regularities in the language, and hence follows afterwards.%?

In the dissertation, Brouwer’s description of logic is still quite neutral, but
behind it was a deep resentment against logic. In a letter to Korteweg, written
shortly before the defence of his thesis, Brouwer expresses his rejection of logic in
a more pronounced way:1%

De theoretische logica leert in de tegenwoordige wereld niets, en men
weet dit, tenminste de verstandige menschen; zij dient nog alleen voor
advocaten en volksleiders, om andere menschen niet te beleeren, maar
te bedriegen, en dat dat kan, komt, doordat het vulgus onbewust re-
deneert: die taal met logische figuren is er, ze zal dus ook wel bruik-
baar zijn, en zoo zich er gedwee mee laat bedriegen; zooals ik verschei-
dene menschen hun jeneverdrinken hoorde verdedigen met de woorden:
‘waarom is de jenever er anders?’!04

9Tt is hard to tell whether this was, at the time, a position that Brouwer shared with
many other mathematicians, or that it was a solitary one. In 1912, the journal L’Enseignement
mathématique published the results of a questionnaire on the working methods of mathemati-
cians. Answers had been sent in by more than one hundred mathematicians from various parts
of the world. One of the questions put to them was which internal images or which forms of in-
terior speech (parole intérieure) one used. Unfortunately, only 26 mathematicians answered this
specific question, which, according to the organizers, was excusable since it was the last question
in a list of thirty. The answers that were given do not reveal much about general attitudes held
towards this issue by mathematicians, since they vary quite a lot. Some mathematicians describe
mathematics as pure thought, whereas the most popular internal image mentioned is a visual
one. [Fehr, Flournoy & Claparéde 1912, pp. 119-120]

100[Brouwer 1992, p. 21]

1015ee 2.2.4.

102[Brouwer 1907, pp. 166-170)

103  etter from Brouwer to Korteweg, 23/01/1907; [Van Dalen 1981, p. 23]

104¢Theoretical logic does not teach anything in the present world, and one knows this, at least
sensible people do; it only serves lawyers and public leaders, not to instruct other people, but to
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Brouwer applies his position of the separation between mathematics and
mathematical language to four areas, all of which are criticised for not conform-
ing to this idea: the axiomatic foundations of mathematics, Cantor’s theory of
transfinite numbers, Peano’s and Russell’s logistics, and Hilbert’s logical founda-
tions of mathematics.!%> Before discussing the parts that are most relevant to us,
I turn to what Brouwer wrote on what were to become the two central themes of
the foundational debate: the principle of the excluded middle and the question of
mathematical existence.

The principle of the excluded middle While discussing the relationship be-
tween mathematics and logic, Brouwer touches upon the status of the principle
of the excluded middle.!°¢ His exposition is rather brief. The theorem ‘either a
function is differentiable or it is not differentiable’, Brouwer maintains, does not
express anything; it is equivalent to ‘if a function is not differentiable, it is not
differentiable’,'1%7 which is a tautology. Although Brouwer thus denies any value
to this logical principle, he does not reject it in his dissertation.

It is not clear where this early conclusion came from. Van Dalen’s conjecture
that Brouwer obtained it from Bellaar-Spruyt, an Amsterdam philosophy lecturer,
is the best answer available.'%® Later, Brouwer was to push his criticism of the
principle of the excluded middle further, and claim that it could not be used
unrestrictedly in mathematics.1%?

On a different level, Brouwer is more critical of the principle of the excluded
middle. Countering a statement of Hilbert, Brouwer maintains that it is not cer-
tain whether every mathematical problem either has a solution, or can be proved
to be unsolvable.!1% In his famous address at the 1900 International Mathemati-
cians’ Conference in Paris, Hilbert had claimed that every mathematician was
convinced of the truth of this disjunction,!!! now known as Hilbert’s Dogma.!!?
Later, Brouwer was to use this observation in the construction of his counter-
examples against the principle of the excluded middle. At the time, however, he
apparently saw no link between this statement and the status of the principle of
the excluded middle.

deceive them. And this is possible because the mob unconsciously reasons: that language with
its logical figures exists, hence it will probably be useful, and in this way docilely lets itself be
deceived; just as I heard several people defend their drinking gin with the words: ‘why else would
gin exist?’’

108[Brouwer 1907, p. 172]

106 Generally, this principle is referred to as the law of the excluded middle. As far as I know,
Brouwer was the first to label it a principle.

107[Brouwer 1907, pp. 170-171]

108{Van Dalen 1999A, pp. 106-107]

109ee 2.3.2.

110[Brouwer 1907, p. 181]

111 Hilbert 1901, p. 297]

112[Van Dalen 19994, p. 105]; Hilbert called it the ‘axiom of the solvability of every problem’
(“‘Aziom von der Losbarkeit eines jeden Problems’).
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Mathematical existence The other subject that was to become dominant in
the foundational debate, the question of mathematical existence, figures in the dis-
sertation, too. However, Brouwer does not put forward his view on pure existence
statements prominently. In discussing the axiomatic foundations of mathematics,
he remarks that''3

(...) nergens bewezen [wordt, DH], dat als een eindig getal aan een
stelsel voorwaarden moet voldoen, waarvan bewezen kan worden, dat
ze niet contradictoir zijn, dat dan dat getal ook bestaat.!!*

Although Brouwer did not specify the concept of the non-contradictoricity of a set
of conditions (containing a free variable), one can try to formulate his assertion in
modern terminology. As Van Dalen pointed out to me, translating the assertion
into formal predicate calculus leads to the following. If we label the conditions C;
(for i € {1,...,n}), denote C1(z) A Ca(z) A ... A Cph(z) by C(z) and use —¢ as
a shorthand for ¢ — 1, the assumption that the conditions can be proved non-
contradictory can be stated as ¥ V(z)-C(z). We can then describe what Brouwer
questions as whether the conclusion

¥V (z)-C(z) =F JzC(x)

is legitimate. In reading this, we should keep in mind that Brouwer had just be-
fore defined the ‘interpretation’ of an axiomatic system as the construction of a
mathematical ‘edifice’ satisfying the demands of the system.!!® Although he does
not state so explicitly, it seems reasonable to assume that he had the same ‘con-
structivistic’ idea about the existence of a mathematical object as about axiomatic
systems.

This interpretation of Brouwer’s statement is in accordance with a conse-
quence one can draw from Godel’s second incompleteness theorem.!'%

Brouwer only describes his alternative in general terms: to exist in mathe-
matics means to be constructed intuitively.!!”

Brouwer dismisses the idea that consistency proofs play an important role
in mathematics. He does so by again emphasizing the separation between mathe-
matics and the mathematical language:''®

113[Brouwer 1907, pp. 180-181]

114¢(_ .} it [has, DH] nowhere been proved that if a finite number must satisfy a set of conditions,
which can be proved to be non-contradictory, that then this number actually exists.’

15¢vinden we vervolgens een wiskundige interpretatie voor de axioma’s (die dan natuurlijk
bestaat in den eisch, een wiskundig gebouw te construeeren met aan gegeven wiskundige relaties
voldoende elementen)’, [Brouwer 1907, p. 180]

116Take Prov(wz,[0 = 1]) for C(z). From the second incompleteness theorem follows that
Vz-Prov(z, [0 = 1]) is not provable in PA (Peano Arithmetic), since otherwise the consistency
of PA would be provable in PA. Thus, ~ p4 Yz—Prov(z, [0 = 1]). However, JzProv(z, [0 = 1]) is
not provable in PA. For Gédel’s second incompleteness theorem, see 5.4.2.

H7¢bestaan in de wiskunde beteekent: intuitief zijn opgebouwd’, [Brouwer 1907, p. 216]

118 Brouwer 1907, p. 171]



42 CHAPTER 2. THE GENESIS OF BROUWER’S INTUITIONISM

En wanneer het gelukt taalgebouwen op te trekken, reeksen van vol-
zinnen, die volgens de wetten der logica op elkaar volgen, uitgaande
van taalbeelden, die voor werkelijke wiskundige gebouwen, wiskundige
grondwaarheden zouden kunnen accompagneeren, en het blijkt dat die
taalgebouwen nooit het taalbeeld van een contradictie zullen kunnen
vertoonen, dan zijn ze toch alleen wiskunde als taalgebouw en hebben
met wiskunde van buiten dat gebouw, bijv. met de gewone rekenkunde
of meetkunde niets te maken.*!?

Note that this is the same position that Borel was to take a few years later.!?°

The reader is reminded of the words Brouwer wrote in Leven, kunst en mystiek
on the subject of consistency. There, he had claimed that ‘to be able to continue
speaking for a while, without being caught in contradictions, is definitely an art,
but to be appreciated only as one appreciates an acrobat.’’?! Now, Brouwer ap-
plies this idea to mathematics. Even if it is proved that no contradiction will occur
in a mathematical linguistic system that could accompany mathematical construc-
tions, the proof would be of limited value. It would only tell us something about
the mathematical language, looked upon in a mathematical way, but not about
mathematics proper. Brouwer uses the same argumentation to protest against the
central role which Hilbert ascribes to a consistency proof.'??

In this case, too, Brouwer turns the argumentation round. Not only is a
consistency proof of limited value to the mathematician, in the cases that matter
it is not even needed. If we have a set of logical axioms, Brouwer argues, and we can
point out a mathematical system of which the logical axioms can be considered to
express properties, we know that no contradiction can occur, because a constructed
mathematical system cannot contain a contradiction. In Brouwer’s view, Hilbert’s
idea of securing the foundations of mathematics has to fail. Hilbert denies value
to intuitive mathematics, and he considers a consistency proof to be the only
way to secure mathematical existence. Besides the fact that in Brouwer’s view a
consistency proof is not sufficient, he notes that Hilbert is now caught in an infinite
regress. For he again has to secure the mathematical existence of the system in
which he proved the consistency, which, following his own criterion, can only be
done by giving a consistency proof, etc.!?®> At that time, Hilbert had not yet
introduced the meta-mathematical level in which the consistency proof had to be
given.

119¢<And if one succeeds in constructing linguistic buildings, series of sentences that follow each
other according to the laws of logic, originating from linguistic images, that could accompany
fundamental mathematical truths in case of real mathematical constructions, and these linguistic
buildings turn out never to show the linguistic image of a contradiction, then still these are
only mathematics as a linguistic building and have nothing to do with mathematics outside the
building, such as normal arithmetic or geometry.’

120Gee 1.3.2.

1215ee 2.2.4.

122[Brouwer 1907, pp. 210-211]

123[Brouwer 1907, p. 176]
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Cantorian set theory Regarding Cantorian set theory, Brouwer remarks that
we can indeed posit new ordinal numbers after the (standard) natural numbers and
in this way obtain arbitrarily large denumerable ordinals.!?* But by then defining
the second number class, as Cantor does, as the totality of all ordinal numbers
thus made, one loses mathematical ground. Brouwer claims that a totality made
by an ‘etcetera’ can only be thought of mathematically if the ‘etcetera’ applies
to an order type wg!?® of the same procedure that is iterated. In the case of the
second number class, there are two procedures that are iterated.!?® In Brouwer’s
opinion, the only thing Cantor could have done was to introduce all transfinite
numbers as a purely logical concept, devoid of mathematical contents. But then
he should have given a consistency proof, which he did not do either.!?” Note that
Brouwer does recognize the value of consistency proofs in the case someone would
like to act inside a purely logical system.'?® Only, Brouwer does not consider this
interesting, since he wants to have mathematical constructions.

Brouwer reproaches Cantor for having introduced meaningless objects. Can-
tor and his followers postulated ever bigger ordinal numbers, and in the end they
defined the totality of all ordinal numbers. Then, they discovered the Burali-Forti
paradox.'2? This should not come as a surprise, Brouwer claims, for the Cantorians
had already long before left the domain of mathematics. If one only makes logical
constructions without mathematics, the construction made could a priori just as
well be consistent as contradictory.3°

The only cardinalities Brouwer accepts are the finite ones; the denumerable
infinite; the denumerable unfinished infinite; and the continuum. By ‘denumerable
unfinished’ Brouwer means a set of which only a denumerable part is well-defined,
to which part always new elements which belong to the set can be added following

124For an explanation of Cantor’s transfinite numbers, see 1.1.1.

125Brouwer uses ‘w’ where we speak about ‘wp’.

126 Cantor used two so-called principles of generation in defining the transfinite ordinals: adding
a unit to produce a new number and postulating a new number bigger than all numbers in a
sequence with no biggest element, [Cantor 1883, pp. 104-105]; see 1.1.1.

127 [Brouwer 1907, pp. 183-185)

1281t is worth noting that Hilbert had criticised Cantor with the very same argumentation: ‘(... )
System aller Mdchtigkeiten uberhaupt oder auch aller Cantorschen Alephs, fir welches, wie
sich zeigen laft, ein widerspruchsloses System von Aziomen in meinem Sinne nicht aufgestellt
werden kann, und welches daher nach meiner Bezeichnungsweise ein mathematisch nicht ex-
istierender Begriff ist.” (‘(...) the system of all cardinal numbers or of all Cantor’s alephs, for
which, as may be shown, a system of axioms, consistent in my sense, cannot be set up. Either of
these systems is, therefore, according to my terminology, mathematically non-existent.’ English
translation cited from [Ewald 1996, vol. II, p. 1105]).

129The Burali-Forti paradox comes into being if one allows all ordinals to be joined in a set.
Since the set of all ordinals Q is a well-ordered set,  has an ordinal number o, which by definition
is bigger than all the ordinals in Q. However, since € is the set of all ordinals, o has to be in €,
whereby o is bigger than itself.

The paradox was named after Burali-Forti and for decades ascribed to him. However, Burali-
Forti did not conclude that there is a paradox, but that the set of all ordinal numbers is not
well-ordered, cf. [Burali-Forti 1897].

130 [Brouwer 1907, pp. 186-191]



44 CHAPTER 2. THE GENESIS OF BROUWER’S INTUITIONISM

a fixed procedure.!®!

It is interesting to note that Brouwer does accept the actual infinite, albeit not
in Cantor’s form. In Brouwer’s view, one should restrict oneself to the intuitively
constructable, and not attempt at enlarging this by logical combinations. Finally,
Brouwer joins Borel in rejecting Zermelo’s axiom of choice.!3?

Logistics Brouwer uses the same argumentation to criticise logistics. Here, too,
people work with word systems, using such terms as ‘propositional function’, ‘all’,
etcetera, and apply logical principles, without caring about whether there is a
mathematical system underlying these words or not. Again, the fact that they
find contradictions in their system need not come as a surprise. Brouwer attacks
Russell’s suggestion that one should reject the notion of ‘all things’, while retain-
ing ‘any arbitrary thing’. The reason Russell gave was that at least the logical
principles are valid for any arbitrary thing. That logical principles should hold
for any arbitrary thing, Brouwer maintains, is exactly where logistics goes wrong;:
logical principles only hold for words that have mathematical meaning. 133

Hilbert’s foundations of mathematics In the final part of chapter three,
Brouwer directs his criticism towards Hilbert’s view on the foundations of math-
ematics. In doing so, Brouwer bases his opinion mainly on Hilbert’s views as
expressed in his 1904 Heidelberg lecture. In this lecture, Hilbert had sketched
his axiomatic method, with the consistency proof as one of its characteristics.'34
Brouwer again asserts that nothing of mathematical value is obtained if a consis-
tency proof is given. But he sees Hilbert’s method as even worse than the logistic
one. In order to clarify this, Brouwer analyses in various stages what happens in
doing axiomatic mathematics. Brouwer sees this process as stages of ‘linguistic
engineering’,'3° the first of which are:

1. pure construction of intuitive, languageless mathematical systems;

2. the introduction of a language that accompanies the pure mathematical con-
struction;

3. looking at that language in a mathematical way and observing certain reg-
ularities, so-called logical principles;

4. ignoring the contents of the elements of the language and using the thus
obtained empty terms to reconstruct languagelessly the logical figures that
occurred in phase two, by means of a new mathematical system (of the

131 Brouwer 1907, pp. 187-188]

132[Brouwer 1907, p. 215; pp. 191-192]; the discussion on Zermelo’s axiom of choice is treated
in 1.3.1.

133 [Brouwer 1907, pp. 198-202]

134 Hilbert 1905A, p. 273]. Hilbert’s early view on mathematical existence is discussed in 4.2.2.
135[Van Stigt 1998, p. 10]
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second order); as soon as one starts generalising at this level, contradictions

become possible;!36

5. the language that accompanies the second construction;
6. looking at that language in a mathematical way.'>”

For Brouwer, only the first level constitutes real mathematics, whereas the sec-
ond cannot be missed for practical purposes. All the other levels lie outside the
domain of mathematics.!3® Brouwer’s scheme is clearer than Hilbert’s 1904 lec-
ture, where Hilbert had not even indicated what one could use in order to give a
consistency proof; Hilbert’s own examples were proved in a more or less informal
way. Furthermore, it clarifies the substantial difference between Brouwer’s view
on mathematics and a purely formalistic one, even before the foundational debate
had started.

Summary

The summary of the thesis only deals with foundational issues. Brouwer starts
by stating that mathematics is a free creation, developed from the primordial
intuition and independent of experience. In Brouwer’s view, mathematical systems
are projected on experience, where one system may turn out to be more useful than
another. The primordial intuition may be described as permanence in change or
unity in multitude.!3%

Brouwer’s moral point of view asserts itself when he treats the question of
mathematical definitions. In Brouwer’s opinion, mathematical definitions should
not be looked upon in a mathematical way, but should only be used as a support
for our memory. Basic concepts, such as ‘continuous’, ‘once again’, ‘etcetera’, have
to be irreducible.

A logical construction of mathematics, Brouwer concludes, is impossible —
the only thing one can obtain is this way is a linguistic construction, which is always
separated from real mathematics. What is needed is the mathematical primordial
intuition.!40

The rejected parts

Although the parts of Brouwer’s dissertation rejected by Korteweg were mainly
outside the domain of mathematics, they do offer important information on the
way in which Brouwer looked at mathematics. In Leven, kunst en mystiek Brouwer

136This is where, in modern terms, we would say a formalistic conception of mathematics starts.

137 This is the level later called meta-mathematics.

138 [Brouwer 1907, pp. 208-214]

1390n this basis, Heyerman conjectured that Brouwer’s mathematical experience has its place
in the process of turning into oneself, between the experience of the multitude of the outer world
and the mystical experience of unity, [Heyerman 1981, p. 40].

140[Brouwer 1907, pp. 217-218]
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only treated the subject of mathematics marginally. He placed mathematics in the
intellect, which he generally regarded with distaste.!! In the parts intended for
the dissertation, Brouwer is more specific.

Here, Brouwer maintains that one can focus intellectual observation'*? on
sequences as such, independently of feelings of lust or fear. This opens up new
possibilities, since Brouwer disliked the means the intellect provided for fulfilling
lusts and thus the obstacle it meant for turning inward. Now, Brouwer states that
mathematics, if done for its own sake, can obtain the same harmony as music and
architecture. Only when mathematics is applied to the outer world, it appears as
something inferior, far removed from wisdom or religion.*3

The defence When Brouwer defended his dissertation, seconded by his ‘para-
nimfs’ Adama van Scheltema and Rudolf Mauve 44 Mannoury and Barrau carried
out the opposition from the floor. Both of them were later to play a role in the
foundational debate as well. Especially Barrau’s criticism is interesting. He sug-
gested that, since Brouwer only wanted to work with discrete sets, he should drop
the continuum intuition and accept that, from his own point of view, the whole of
mathematics should be constructed from the basic idea of ‘two distinct points’.}4?
Later, Brouwer indeed dropped the continuum intuition, when he executed the
so-called second act of intuitionism.!46

The quality of Brouwer’s dissertation was recognized by awarding it the de-
gree cum laude.'*?

2.3.2 The unreliability of the logical principles

The year after he obtained his Ph.D., Brouwer published a short paper in a Dutch
philosophical journal on the ‘unreliability of the logical principles’. In this paper,
Brouwer expands upon his earlier thoughts on the relationship between mathe-
matics and logic, and draws a far more radical conclusion concerning the principle
of the excluded middle.

The paper was not accepted for publication easily. Most members of the
editorial board of the Tijdschrift voor wijsbegeerte (‘Journal of Philosophy’) stated
that they ‘hardly understood anything’'® of the article, and they could only be
convinced to accept the paper by the promise that Brouwer would explain his
views in a series of papers in a more readable way later.'4°

141Gee 2.2.4.

1425 anschouwing’, [Van Dalen 1981, p. 26)

143[Van Dalen 1981, pp. 30-34]; cf. [Heyerman 1981, pp. 38-39)

144[Van Dalen 2001, p. 97

45T etter from Brouwer to Korteweg, 16/2/1907; [Van Dalen 1981, p. 24]

1468ee 2.6.

147[Van Stigt 1990, p. 44]

148460 goed als niets’, letter from Kohnstamm to Brouwer, 3/1/1908, [MI Brouwer, CB.AKO.1]

149 As far as T know, Brouwer never published such a series. The fact that Brouwer and Mannoury
had, upon request of Maas & Van Suchtelen, the publisher of Brouwer’s dissertation, tried to set
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After a philosophical introduction which, for the uninitiated reader, rather
obscures than clarifies his views, and in which he frequently refers to Leven, kunst
en mystiek, Brouwer asks whether logic is secure for mathematical systems. He
repeats the viewpoint expressed in his dissertation, namely that by applying logical
principles one focuses on the mathematical language, whereas it is mathematics
as constructed from the primordial intuition that matters. The paradoxes which
have been constructed recently, Brouwer maintains, come into being'%"

waar regelmatigheid in de taal, die wiskunde begeleidt, wordt uitge-
breid over een taal van wiskundige woorden, die geen wiskunde begeleidt

(...).81

Then Brouwer asks where exactly the mistake comes from. When is it allowed to
move in the linguistic building, using only the logical principles, relying on the
assumption that mathematical constructions can be made to which the linguistic
forms will fit? Brouwer’s answer is that this is allowed for the principles of syllogism
and contradiction, but not for the principle of the excluded middle.!52

Rejection of the principle of the excluded middle Brouwer’s argumenta-
tion for rejecting the principle of the excluded middle goes as follows. In Brouwer’s
interpretation, the principe of the excluded middle is equivalent to asserting that,
as he calls it, every supposed fitting into each other of systems in a certain way
can either be finished or be proved impossible. Thus, it expresses that there are no
unsolvable problems. This interpretation is in accordance with Brouwer’s idealistic
philosophy, in which the human mind is the central feature of the world, thus also
of truth. As Brouwer had remarked in his dissertation, there is not even a hint of
a proof for the solvability of every mathematical problem. Therefore, the principle
of the excluded middle is as yet not reliable. It can only be used as a reliable tool
in finite systems, where every possibility can, at least in principle, be checked by
means of a finite process.'%

However, Brouwer continues, by using the principle of the excluded middle
in infinite systems one will never find out that the arguments used are not correct
by getting caught in a contradiction. For if we assume that the principle of the
excluded middle leads to a contradiction, this means that neither a certain proposi-
tion nor its negation holds. But then the negation of this proposition and its double
negation would hold, which is ruled out by the principle of contradiction.>*

up a philosophical journal and that the Tijdschrift voor Wijsbegeerte was founded by professional
philosophers as a reaction to that, may have played a role in the negative judgement as well;
[Van Dalen 1999A, p. 108].

150[Brouwer 1908, p. 256]

151¢where regularities in the language which accompanies mathematics, are extended over a
language of mathematical words which does not accompany mathematics (...).’

152[Brouwer 1908, pp. 255-256]

153 Brouwer 1908, p. 257]

154[Brouwer 1908, p. 258]. In modern notation: assume (¢ V ) — L, then =(¢ V —¢), which,
by De Morgan’s law, is equivalent to —p A =—p.
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Brouwer finishes the paper by mentioning a mathematical theorem that, in
his view, has to be regarded as not proved, because it illegitimately relies on the
principle of the excluded middle: the statement that every ordinal number!®® is
either finite or infinite. Brouwer argues that this theorem states that for every
number <y either a mapping can be constructed from v onto a finite part of the
natural numbers, or onto the whole sequence of natural numbers. It is clear that
we do not possess such a general procedure. As a consequence, one cannot be sure
whether questions such as ‘Is there an infinite number of pairs of successive equal
digits in the decimal development of 77’ have a solution.!56

The reader may have noticed that there is another novelty in Brouwer’s pa-
per, which, however, is more hidden: the way he interprets the negation. Opposed
to the classical idea, where the negation of a proposition is seen as the mere impos-
sibility of proving the proposition, Brouwer posits the notion that the negation of
a proposition means that an actual contradiction can be derived from the propo-
sition. This interpretation of negation would later be called the strong negation.

Thus, Brouwer’s objections against the universal validity of the principle of
the excluded middle as expressed in the paper are mostly a matter of principles.
Brouwer interprets the logical principle in a constructive way, and then concludes
that it cannot hold generally in infinite systems. Later, Brouwer was to work
out more concrete mathematical counter-examples against the principle of the
excluded middle.!57

1908 was also the year of Brouwer’s first international conference. Brouwer lec-
tured on Hilbert’s fifth problem (the treatment of Lie groups without the differ-
entiability conditions) and on cardinal numbers in constructive mathematics at
the International Conference for Mathematicians in Rome. Most mathematicians
who were to play a role in Brouwer’s later career were present there, amongst
others Borel, Bernstein, Blumenthal, Carathéodory, De Donder, Hahn, Hardy,
Levi-Civita, Koebe, Hadamard, Hilbert, Poincaré and Zermelo.!%8

2.4 Topology

In 1909, Brouwer was accepted as privaat-docent at the university of Amsterdam.
In his first public lecture, entitled Het wezen der meetkunde (‘The nature of ge-
ometry’), Brouwer combines philosophical concerns with topological interests. He
argues that geometry has no right to the a priori status it had in the past; the
only a priori in mathematics is the intuition of time. Even though geometry is not
singled out by an a priori position, there is a mathematical way of distinguishing

1550r possibly cardinal number; Brouwer only speaks about a number in transfinite number
theory.

156(Brouwer 1908, pp. 258-259]

157See 2.6.2 and 2.7.1.

158[Van Dalen 19994, p. 204
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geometry from other areas of mathematics. One of the characteristics of geometry,
Brouwer maintains, is that one classifies spaces according to their transformation
groups, as stated in Klein’s Erlangen program.!5° Brouwer sees a role for ‘topology’
in the foundation of parts of mathematics:!6°

Zoo zullen (...) ook uit andere theorieén, als het gelukt ze op de
analysis situs!®! te grondvesten, codrdinaten en formules niet geheel
verbannen hoeven te worden, maar de formulelooze, de ‘meetkundige’
behandeling zal het uitgangspunt vormen, de analytische wordt een
ontbeerlijk hulpmiddel.162

One can again note Brouwer’s preference for languageless, or at least formulaless,
mathematics, this time expressed in the claim that by using topological methods
one can dispense with analytical formulas. Seen in this light, Brouwer’s preference
for topology was not far removed from his philosophical inclination.

In the summer of 1909, Hilbert and Brouwer met in the dunes of the Dutch beach
resort Scheveningen.'®® During one of their meetings that summer, Brouwer told
Hilbert about the difference between what he called first-order and second-order
mathematics;!%¢ Hilbert later was to label the latter meta-mathematics.

In the first years as a privaat-docent, Brouwer worked out the problems mentioned
in his public lecture. The period 1908-1912 was one of extreme activity, during
which he published over 40 papers in topology. These papers, some of which were
of a ‘startling originality’, ‘completely transformed’ the new area of topology and
showed Brouwer’s ‘almost prophetic insight’.1%% His most important results include
the example of a curve that divides the plane into three parts in such a way that
every point on the curve is a boundary point of all three parts;'%¢ a proof of a

159 Brouwer 1909, pp. 9-15]. In general, a transformation group (G, S) consists of a group
G and a set S such that the elements of G act on S and preserve the structure of S,
[Hazewinkel 1988-1993, vol. 9, p. 242]. In topology, one usually works with continuous trans-
formations that preserve the topological structure of the space they act on. In fact, Brouwer
later moved away from such a transformational viewpoint in topology, [Johnson 1987, p. 74].

160 Brouwer 1909, p. 23]

1611n those days, ‘analysis situs’ was the name used for what we now call ‘topology’.

1624y this way (. ..) coordinates and formulas will not have to be banned completely from
other theories either, if one succeeds in grounding them in analysis situs. But the formula-free,
‘geometric’ treatment will form the starting-point, the analytical one becomes a dispensable tool.’

163 etter from Brouwer to Adama van Scheltema, 9/11/1909; in: [Van Dalen 1984A, p. 100

164 Brouwer 1928, p. 410)

165[Kreisel & Newman 1969, pp. 46-53]

166[Brouwer 1910C, p. 355; p. 359
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generalisation of Jordan’s theorem;!%” the invariance of dimension;'%® and several

fixed-point theorems.!®® In doing so, Brouwer almost singlehandedly developed
new methods and concepts that were to determine the course of topology, such as
the definition of an n-dimensional manifold, the concept of degree of a continuous
mapping, and the simplicial method.!7®

Unity or disunity in Brouwer’s work Brouwer’s topological results differ
markedly from the more philosophical declarations he had made in earlier papers,
mainly regarding the permissibility of the use of the principle of the excluded
middle. The standard interpretation has it that Brouwer’s scientific work falls into
two separate parts: his intuitionistic work and his work in topology. Thus, in the
introduction to Brouwer’s Collected Works, Heyting speaks about two ‘almost
disjoint parts’ in Brouwer’s work.'”! However, in his joint paper with Freudenthal
on Brouwer’s life, Heyting conjectures that it was ‘the same mental disposition,
that drove him [Brouwer, DH] on the one hand into constructive methods [in
topology, DH], on the other hand into a constructivist philosophy’.!7?

When one reads Brouwer’s topological papers, one notices characteristics such
as the frequent use of drawings and the description of procedures that can actually
be carried out. At the same time, there is a certain tendency towards intuitive and
constructive mathematics in a broad sense. However, Brouwer did use the principle
of the excluded middle also in infinite sets, which is strange if we keep in mind
that he had already published De onbetrouwbaarheid der logische principes,'™ in
which he rejected its unlimited use. Thus, there are elements which seem to divide
Brouwer’s topological work from the intuitionistic part, while they also seem to
share certain characteristics.

Regarding this contrary evidence, Koetsier and Van Mill argued that the
main dividing line in Brouwer’s work does not run through his topological work
on the one hand and his intuitionistic work on the other, but rather separates his

167[Brouwer 1910E]. Jordan’s theorem states that any plane simple closed curve decomposes the

plane 72 into two connected components and is their common boundary, where a closed curve
is defined as the image of a continuous map from the circle. Brouwer generalised the theorem to
arbitrary dimension n, [Hazewinkel 1988-1993, vol. 5, pp. 241-242].

168 [Brouwer 1911C]. In this paper, Brouwer proved that it is impossible to construct a one-to-
one and continuous mapping (i.e., a homeomorphism) between an m-dimensional manifold and
an m + h-dimensional manifold, for A > 0.

169Brouwer’s most famous fixed-point theorem states, in modern terms, that for any continuous
map f from the full circle C to itself there is a point (z,y) € C such that f((z,y)) = (z,y),
[Kahn 1975, p. 139]. The theorem for the sphere is in [Brouwer 1910F, pp. 247-248].

170[Van Stigt 1990, pp. 51-56], [Freudenthal & Heyting 1967, p. 337], [Johnson 1987, p. 88].
Brouwer’s ideas in topology were further developed by mathematicians such as Alexander,
Schmidt, Hopf and Alexandroff. A more detailed account of Brouwer’s topological work can
be found in [Van Dalen 1999A, pp. 122-196] and, for the early period, in [Johnson 1987].

171 [Heyting 1975, p. XIIT]

172[Freudenthal & Heyting 1967, p. 339]. Dubucs argued, though not convincingly, that Brouwer
attempted to obtain results which showed the importance of combinatorial notions in topology,
[Dubucs 1988, p. 143].

173¢The unreliability of the logical principles’, see 2.3.2.



2.4. TOPOLOGY 51

pre-1917 work, whether topological or intuitionistic, from his post-1917 achieve-
ments.!” Van Dalen goes further and claims that Brouwer’s experience in topology
paved the way for his idea of dealing with the infinite constructively by means of
choice sequences. A person without Brouwer’s penchant for topology, Van Dalen
conjectures, would probably have embraced a more combinatorial or finitist con-
structivism, like Kronecker’s.!”®

Koetsier and Van Mill’s argumentation about the basic unity in Brouwer’s
pre-1917 work rests on two arguments. Firstly, Brouwer’s dissertation was not
purely foundational in the philosophical sense — it contained many subjects which
are more topological. For example, Brouwer defined arithmetical operations on the
(measurable) continuum by means of group theory and topological notions, and
he defined different geometries by placing topological restrictions on the group of
one to one continuous mappings on the measurable continuum. Thus, already in
his thesis Brouwer used topology in order to provide a foundation for mathemat-
ics. Brouwer was to work out these ideas in his topological papers.!™ Secondly,
by the time Brouwer published his topological work, his intuitionism was only
halfway developed. The ‘second act of intuitionism’, the introduction of construc-
tive set theory based on choice sequences, was not conceived until 1917.177 The
later intuitionism, Koetsier and Van Mill maintain, was definitely in contrast with
Brouwer’s topological work — as it was with his dissertation.!”®

I agree with Koetsier and Van Mill that there is more that links Brouwer’s pre-
1917 intuitionistic work to his topology than separates it. However, Van Dalen’s
conjecture about Brouwer’s intuitionism being ‘a topologist’s constructivism’ is
one of the best explanations available of the genesis of Brouwer’s intuitionism,
notably regarding the inclusion of choice sequences after 1917. In this way, the
unity in Brouwer’s work is stressed even more.

Thus, Brouwer’s dissertation and his topological work mostly follow natu-
rally from the same basic principles. The only variance that can be found lies in
his opinion on the principle of the excluded middle. This may be explained by
Brouwer’s then still quite pragmatic stance. His pragmatism is clear from what he
wrote in 1917:17°

Inderdaad heeft men op het intuitionistische standpunt (.. .) het recht,
zoodanige onderstellingen, als ter wille van de levensvatbaarheid der

theorie wenschelijk zijn, in de constructieprincipes geimpliceerd te den-
ken. 180

174[Koetsier & Van Mill 1997, p. 160]

175[Van Dalen 19994, p. 383]

176[Koetsier & Van Mill 1997, pp. 142-145]

177GSee 2.6.

178[Koetsier & Van Mill 1997, pp. 145-146]

179Brouwer 1917A, p. 263]

180‘Indeed, from the intuitionistic point of view (...) one has the right to consider presupposi-
tions desirable for the viability of the theory implied in the construction principles.’
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This is the main argument I found in the sources which could explain Brouwer’s
use of the excluded middle in topology while he had rejected it in one of his
intuitionistic writings. It implies that, if Brouwer saw no other way for keeping
topology as a viable theory than by using the principle of the excluded middle,
this was his argument to justify its use. It is a weak argument for someone who
adheres to a single philosophical conviction, but it is a most reasonable argument
for the working mathematician who wants do develop the subject further.!8!

Brouwer’s work in topology brought him international recognition. In 1911, he
visited Gottingen, the mathematical Mecca, for the first time. He remained a reg-
ular visitor as one of the ‘extra-territorial’ members of the Gottingen group, often
combining a visit to Gottingen with a few weeks in the nearby Harz mountains,
where he later bought a house.!8?

2.5 Intuitionism and formalism

In 1911,'®3 Brouwer introduced two terms that were to dominate the foundational
debate: intuitionism and formalism. He did so in a review of Mannoury’s book
Methodologisches und Philosophisches zur Elementar-Mathematik (‘Methodologi-
cal and philosophical remarks on elementary mathematics’). Brouwer distinguishes
between two visions presented in Mannoury’s work: the formalistic one, defended
by the author as well as by Russell, Hilbert and Zermelo, and the intuitionistic
one of Poincaré and Borel. Brouwer also describes a proof he himself had given as
intuitionistic. He characterises formalism by its identification of mathematics with
mathematical language, a theme familiar from Brouwer’s dissertation. Following
Poincaré, Brouwer argues that formalists cannot do without the intuitive use of
the principle of complete induction, whereby they strengthen intuitionism rather
than formalism.!84

Contrary to what the review may suggest,'3> Mannoury did not use the terms
‘intuitionism’ and ‘formalism’ in his book. Instead, he described the two groups
as Kantianismus and Symbolismus.'8 Thus, the question arises how Brouwer
came to employ these names. In general, it seems that the term ‘formalism’ had a
negative connotation,'®” which obviously served Brouwer well. As to the choice of

1817 ater, Brouwer claimed that he had tried to derive only such results in his topological works
as he could hope to keep within the intuitionistic framework, [Brouwer 1919D, p. 231].

182[Van Dalen 19994, p. 213; 252]

183 As pointed out by Mancosu, [Mancosu 1998, p. 180].

184[Brouwer 1911A, pp. 199-200]

185and to what Mancosu concludes, [Mancosu 1998, p. 180].

186[Mannoury 1909, pp. 139-149; 272]

187Cf., e.g., Rickert: ‘mégen manche Philosophen auch noch so sehr auf den Formalismus schel-
ten’, (‘even if many philosophers may denounce formalism strongly’), [Rickert 1921, p. 351]; in
Gottingen, one argued against the appointment of Nelson to a chair in philosophy by pointing to
his ‘repulsive formalism’ (‘abstofenden Formalismus’, [Dahms 1987B, p. 171]); others, however,
used formalism in a more or less neutral sense, as e.g. Scheler in [Scheler 1913].

Frege, in his discussion with Thomae in the Jahresbericht der deutschen Mathematiker-
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the name ‘intuitionism’, I see three possible explanations for Brouwer’s adoption.
The first one is that Brouwer made the name up himself. Kant and Schopenhauer
are authors who might have influenced him in this respect. Also Poincaré, who
stressed the role of intuition in mathematics,'®® may have been influential. The
second one is that he took the term from someone else. Felix Klein and Henri
Bergson are the most natural persons to think of.!®¥ Van Stigt maintains that there
is no doubt about Brouwer’s familiarity with the latter’s philosophical ideas.!%
The third possibility relies on Brouwer’s interest for theories on morality. In a letter
to his friend the Dutch poet Adama van Scheltema in 1905, Brouwer wrote that he
was working on a book on morality.!* In morality theory, the word ‘intuitionism’
had been used already. Clauberg and Dubislav’s Systematisches Wérterbuch der
Philosophie (‘Systematic dictionary of philosophy’) was published in 1923 and
can therefore be considered as a reasonable knowledge base for the preceding two
decades. In it, the term ‘intuitionism’ is used only in one context: ethics. There,
not only intuitionism is described, but also ‘formal’ currents in ethics, including
one called ‘logicism’. The ethical definitions given there correspond quite well with
the ones used in the foundations of mathematics. Especially in the case of a formal
theory the resemblance is striking. Clauberg and Dubislav’s description is:!2
Eine Lehre der Ethik heifit eine ‘formale’, der zufolge das ethisch Ge-

sollte nur durch allgemeine Normen, nicht aber durch Bezeichnung der

Gegenstinde, welche begehrt werden sollen, bestimmt werden kann.1%3

This is exactly what Brouwer wanted to express with the name formalism: it
proceeds only formally, without paying attention to the contents of the concepts
involved.

One of the sub-categories of the class of formal theories in ethics is logicism,
described as a doctrine for which consistency of motives is sufficient to ensure
ethical value. In mathematics, this is normally seen as a characteristic of formalism
in general, not specifically of logicism.

Finally, intuitionism in ethics is designated as a current according to which
ethical norms are not acquired, but innate. This could be related to Brouwer’s
intuitionism by means of the primordial intuition, from which mathematics is
constructed. The strong point in this explanation, therefore, is that it not only
accounts for Brouwer’s choice of the name ‘intuitionism’, but also of ‘formal-

Vereinigung, argued strongly against Thomae’s views, using words such as ‘formal’ and
‘Formalarithmetiker’, but he did not coin Thomae’s view ‘formalism’; cf. [Thomae 1906A],
[Frege 1906] and [Thomae 1906B]. A similar remark applies to Frege’s criticism in the Grundge-
setze der Arithmetik of Thomae’s view; cf. [Frege 1893, pp. 96-139].

188566 1.4.2.

189See 6.3.2.

190 [Van Stigt 1990, p. 114]

191  etter from Brouwer to Adama van Scheltema, 7/4/1905; in: [Van Dalen 1984A, pp. 58-59]
192[Clauberg & Dubislav 1923, p. 161]

193¢An ethical theory is called ‘formal’ if it considers that what ethics prescribes can only be
determined by general norms, not by describing the objects that should be desired.’
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ism’. However, I have not found any explicit reference to intuitionism in ethics
in Brouwer’s writings.

Whatever the origin of the names may be, it is a fact that in the 1920s people
involved in the foundational debate saw the terms ‘intuitionism’ and ‘formalism’
as coined by Brouwer. Bernays, looking back at the debate from the 1970s, even
claimed that all three terms—intuitionism, formalism and logicism—originated
from Brouwer.!%4

In April 1912, after a successful campaign by Korteweg, Brouwer was elected mem-
ber to the Dutch Academy of Scieces. Three months later, at the age of 31, he was
offered a chair at the university of Amsterdam. At first, it was a position as asso-
ciate professor (ertra-ordinarius), but within half a year this was changed into a
full professorship (ordinarius) under pressure of an offer to Brouwer from the uni-
versity of Groningen. The official description of his chair was ‘set theory, function
theory and axiomatics’. Brouwer’s fast rising to the position of full professor was
established mainly because of the ongoing efforts of Korteweg, who recognized
Brouwer’s extraordinary talent. From 1909 on Korteweg had campaigned inter-
nationally for a position for Brouwer, collecting impressive support from world
famous mathematicians such as Hilbert, Klein, Poincaré and Borel. In the end,
Korteweg even vacated his own chair in favour of Brouwer.!®® On October 14,
1912, Brouwer delivered his inaugural address Intuitionisme en formalisme (‘In-
tuitionism and formalism’).1%7

In his oration, Brouwer mainly follows the line set out in his dissertation.
He characterises science as the ordering of nature by means of causal sequences.
He modifies Kant by dispensing with the spatial intuition, while keeping the intu-
ition of time. He stresses that the correctness of a mathematical theory cannot be
assured by a consistency proof.

Brouwer again presents his distinction between two parties, intuitionists and
formalists, but this time he explains in more detail how he sees both currents. The
former were mainly French, the latter mainly German. Brouwer traces intuitionism
back to Kant; he calls the altered position, where the spatial intuition is abandoned,

‘neo-intuitionism’. 98

From the text one can infer that Brouwer considers Poincaré and Borel to be
intuitionists, Cantor and Zermelo formalists. Hilbert is not mentioned explicitly,
but the way in which Brouwer refers to the first of Hilbert’s 23 problems makes

194[Bernays 1971, p. 171]. The claim for logicism seems to be incorrect; it probably originates
from Carnap in 1929.19% This indicates that Klein’s Evanston lectures were little known; see
6.3.2.

196[Van Stigt 1990, pp. 58-60], [Van Dalen 1999A, pp. 216-226]. Korteweg retired in June 1913.
Brouwer was to hold the chair until 1951.

197n publications from this period, one often finds the Dutch word ‘“ntuitionisme’ spelled
without the diaeresis.

198[Brouwer 1912, p. 7]. Brouwer had abandoned the spatial intuition in his dissertation, see
2.3.1.
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it quite clear that he is to be included in the formalists.!®® The basic difference
.200

between intuitionism and formalism is, in Brouwer’s view, a matter of ontology:
Op de vraag, waar de wiskundige exactheid (...) bestaat, antwoor-
den beide partijen verschillend; de intuitionist zegt: in het menschelijk
intellect, de formalist: op het papier.?0!

He further describes the formalistic position as follows:20?

Weliswaar leiden wij uit axiomatisch vooronderstelde relaties tusschen
wiskundige entiteiten, volgens vaste wetten andere relaties af in de
overtuiging, dat op die manier door logische redeneering uit waarheden
andere waarheden worden afgeleid, doch deze onwiskundige waarheids-
of echtheidsovertuiging mist elke exactheid en is niets anders dan een
vaag lustgevoel, teweeggebracht door het bewustzijn der doelmatigheid
van de projectie der genoemde relaties en redeneerwetten op de erva-
ringswereld. De wiskundige exactheid ligt dus voor den formalist uit-
sluitend in de wijze van ontwikkeling der relatieserién, en is onafhanke-
lijk van de beteekenis, die men aan de relaties of aan de daardoor
verbonden entiteiten zou willen toekennen.203

Brouwer reproaches formalists for leaving to psychologists the question why we
believe in certain logical systems and not in others.2%4

I have quoted Brouwer at length because, in describing the formalistic posi-
tion as completely dispensing of contents in mathematical reasoning, he shows an
early understanding of where formalistic ideas ultimately would lead to. It was to
take others much longer to come to the same conclusion.

Brouwer’s distinction between intuitionism and formalism was not completely new.
In 1900, Hilbert had already described a similar division, although on a less fun-
damental level. In a paper for the Jahresbericht der deutschen Mathematiker-
Vereinigung Hilbert distinguished between two currents: a genetic and an ax-
iomatic one. When using the genetic method, mathematical concepts have to be

1991Brouwer 1912, p. 23]

200Brouwer 1912, p. 7]

201¢Phe question where mathematical exactness (...) exists is answered differently by both
parties; the intuitionist says: in the human intellect, the formalist: on paper.’

202[Brouwer 1912, p. 8]

203t is true that from certain relations among mathematical entities, which we assume as
axioms, we deduce other relations according to fixed laws, in the conviction that in this way we
derive truths from truths by logical reasoning; but this non-mathematical conviction of truth or
reality has no exactness whatever and is nothing but a vague sensation of delight arising from
the awareness of the efficacy of the projection onto the world of experiences of these relations
and laws of reasoning. For the formalist, therefore, mathematical exactness consists merely in the
method of developing the series of relations, and is independent of the significance one might want
to give to the relations or the entities which they relate.” Translation based on [Brouwer 1913].

204 Brouwer 1912, pp. 9-10]
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generated. Following to the axiomatic method, however, one postulates the exis-
tence of certain elements, then uses axioms in order to characterise the relations
between these elements, and finally one needs proofs for consistency and complete-
ness.?%> Hilbert added that, despite the high pedagogic and heuristic value of the
genetic method, he preferred the axiomatic method in order to secure logically ‘the
contents of our knowledge’.2"® At the time, Hilbert probably still thought that he
could handle meaningful mathematical concepts by the axiomatic method. In this
respect, Brouwer saw clearer than Hilbert what the consequences of the latter’s
view on the foundations of mathematics were.27

The opposition between intuitionism and formalism is posited by Brouwer as a
strong one. He speaks about two parties that are ‘fighting each other’, and about
a ‘fundamental matter of controversy, that divides the mathematical world’.2
This seems somewhat exaggerated, if we consider the number of people actually
involved in the discussion concerning, mainly, set theory and the status of logic.?"?
Brouwer finishes his address with the prophetic words:2!?

Tot beide partijen behooren geleerden van den allereersten rang, en
de kans, dat men het in afzienbaren tijd eens zal worden, is vrijwel
uitgesloten. Om met Poincaré te spreken: ‘Les hommes ne s’entendent
pas parce qu'ils ne parlent pas la méme langue et qu’il y a des langues
qui ne s’apprennent pas.’2!!

Brouwer should be given credit for having been the first person to clearly dis-
tinguish between two concepts of mathematics and describing them in nuce. The
fact that he described the difference between the two as unsurpassable fits into
the picture that, at least in the beginning of the debate, people observed a huge
rift between them.?!2

Brouwer’s position [ should like to point out that, strange as it may seem to
us today, Brouwer does not explicitly take position in his address. To the listener

2051t is interesting to note that, if one uses this definition, Cantor would have been on the
genetic side.

208 ‘des Inhaltes unserer Erkenntnis’, [Hilbert 1900, p. 181]. Hilbert did not mention anything
about a meta-mathematical level at which the consistency proof should be given.

207Mehrtens draws the same conclusion, [Mehrtens 1990, p. 188]. Hilbert’s view on mathematical
existence and its consequences for the contentual character of mathematics is discussed in 4.2.2.

208¢¢]kaar bestrijdende theorieén’, ‘fundamenteele strijdvraag, die de wiskundige wereld verdeeld
houdt’, [Brouwer 1912, p. 5; p. 29]

2095ee 1.3.1 and 1.4.1.

210[Brouwer 1919B, p. 29

211¢There are eminent scholars on both sides and the chance of reaching an agreement within
the foreseeable future is practically excluded. To speak with Poincaré: ‘People do not understand
each other because they do not speak the same language, and there are languages that cannot
be learned.’’ Translation, except for the French citation, based on [Brouwer 1913, p. 96].

212This did not stop later participants to the debate to see possibilities for a compromise, see
3.3.2.
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who did not know any of Brouwer’s writings before, the oration must have sounded
as a more or less neutral description of two currents in the foundations of math-
ematics.?!® Brouwer frequently splits mathematics into different parts, especially
in the case of set theory. Parts of set theory may be important for the formalist,
while the intuitionist regards them as devoid of meaning. Only the more critical
attitude towards formalistic practices may have hinted at Brouwer’s preference for
intuitionism.

To the informed listener, on the other hand, it must have been clear that
some of the characteristics Brouwer mentioned as neo-intuitionistic were actually
his own. This applies, for example, to the modification of Kant’s position and the
rejection of consistency proofs as a means of assuring a mathematical theory. On
the latter point, Brouwer explicitly disagrees with both Poincaré and Borel:214

Nimmer mag dan ook de intuitionist de juistheid eener wiskundige
theorie verzekerd achten door waarborgen als het bewijs harer niet-
contradictoriteit, de definieerbaarheid harer begrippen door middel van
een eindig aantal woorden, of de practische zekerheid, dat zij in de
verstandhouding der menschen nooit tot misverstand aanleiding zal
geven.?1?

However, the criticism of set theory and the intuitive acceptance of the principle of
complete induction are characteristics which were defended by Borel and Poincaré
respectively.2!® Thus, intuitionism as presented here by Brouwer is a mixture of
his own ideas and those of mainly Borel and Poincaré.

With regard to terminology, it is worth noting that by now Brouwer has re-
placed the word opbouwen (‘building up’), which appeared frequently in his disser-
tation, by construeeren (‘to construct’), constructief (‘constructive’), constructie
{‘construction’), etc. It is not clear why he did so. Possibly, Brouwer wanted to stay
closer to the French terms, since he had described intuitionism as mainly French.

The two dominant themes of the foundational debate after 1921, the question
of mathematical existence and the status of the principle of the excluded middle,
play only a marginal role in the address. The former is not even mentioned; the
latter figures only in a footnote in the very end of the oration. This makes it clear
that the opposition between formalism and intuitionism was not defined in the
terms that were to play a dominant role in the debate; in Brouwer’s address, the
opposition was more a matter of principle (the question of mathematical exact-

213Cf. Holder, who on the basis of Brouwer’s address maintained that he went further than
Brouwer by not seeing formalism and intuitionism as equally justified views, claiming instead
that formalism should be rejected as a foundation of mathematics, [Holder 1924, p. 277).
214Brouwer 1912, pp. 13-14]

215For this reason the intuitionist may never feel assured of the exactness of a mathematical
theory by such guarantees as the proof of its being non-contradictory, the possibility of defining
its concepts by a finite number of words, or the practical certainty that it will never lead to a
misunderstanding in human relations.” Translation based on [Brouwer 1913, p. 86].

2163ee 1.4.2 and 1.3.2.
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ness), and it was applied mainly to set theory. This was to change mainly because
of Hermann Weyl’s intervention.?!”

Finally, it should be mentioned that Brouwer again touches upon the subject
of a ‘choice sequence’. Interestingly, he places choice sequences at the formalist side
of mathematics. In his view, real numbers in the intuitionistic sense can only be
constructed by means of finite generating laws. Formalistic real numbers, however,
can be determined by fundamental sequences of free choices of numbers, forming
a sequence of decimals.?!® In 1917, he was to present a modification that placed
choice sequences at the intuitionistic side.?!®

Brouwer’s inaugural address was his first foundational contribution that was trans-
lated. It appeared in 1913 in English in the Bulletin of the American Mathematical
Society.?20

Brouwer’s professorship not only brought him recognition and a decent salary,
but also extra tasks. He complained about the teaching load and other academic
demands, which, together with the referecing work he did for the Mathematische
Annalen, left him little time for doing research. Since Brouwer’s professional con-
tacts were to a large extent with Gottingen, this problem was more or less solved
automatically by the outbreak of the war in 1914.%2!

2.6 The second act of intuitionism

During the ‘Great War’ (1914-1918), international communication became much
more difficult and mathematical activities at the German centres diminished. Visa
regulations severely restricted international travelling. Brouwer shifted his atten-
tion to significs, the establishment of an International Academy for Philosophy,
university politics, and the development of his intuitionistic thoughts starting from
set theory.

In 1914, Brouwer published a review of Schoenflies and Hahn’s Die Entwickelung
der Mengenlehre und ihrer Anwendungen (‘The development of set theory and its
applications’) in the Jahresbericht der deutschen Mathematiker- Vereinigung, which
he used mainly to put forward the intuitionistic view on set theory. Brouwer ‘re-
minds'?2? the reader that for an intuitionist, only well-constructed infinite sets?2®

217See 4.2.1 and 5.2.1.

218[Brouwer 1912, pp. 22-24]

219Gee 2.6.

220[Brouwer 1913]

221[Van Dalen 1999A, pp. 227-229]

222 terinnere ich daran’, [Brouwer 1914, p. 79]; Brouwer uses this word despite the fact that I
found no indication that he had ever before published the statement he made here.

223Brouwer wrote ‘species’, because he used ‘species’ for what we nowadays call ‘set’, and ‘set’
for what is now called a ‘spread’. Since it would be confusing to take over Brouwer’s terminology,
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exist, which can be put together from two parts. The first of these is a fundamental
sequence;2?* the second makes use of ‘a sequence of choices among the elements of
a finite set or of a fundamental sequence’.?2> Apparently, Brouwer had changed his
idea about choice sequences, since he now places them on the side of intuitionism.
Brouwer again states, but now with more stress than in his inaugural address, that
for an intuitionist the principle of the excluded middle cannot be accepted. Also,
he points out that several parts of set theory as treated in Schoenflies’ book are
meaningless for the intuitionist.??%

In the same year, Felix Klein offered Brouwer a position at the editorial board of
the Mathematische Annalen. This was probably the most prestigious mathematical
journal at the time; Brouwer accepted.?%7

In the Netherlands, too, Brouwer strengthened his position. He became president
of the Dutch Wiskundig Genootschap (‘Mathematical Society’), and he used an
offer for a chair in Leiden to get his friend Mannoury appointed in Amsterdam.

During this period, Brouwer was mainly interested in what was called significs.
This was a socio-philosophical enterprise that pleaded for investigations into the
different uses of language and for linguistic changes for the benefit of society.
Thus, Brouwer argued against the ‘anarchy in the formation of words’ in order to
eradicate the injustice defended by words-of-power such as ‘fatherland’.?2® Apart
from Brouwer, the people involved were the author and first Dutch psychiatrist
Frederik van Eeden, H. Bloemers, a sociologist, H. Borel, a sinologist, the physicist
Leonard Ornstein and the poet and lawyer Jacob Israel de Haan. This Signific
Circle published a manifesto, with the idea that the movement should become an
international one. Peano was one of the people who was invited to join the group.
However, the Circle was never really to expand beyond a small group of interested
academics in the Netherlands, and was finally dissolved in 1926.22°

Partly overlapping in time and persons was the attempt to establish an Inter-
national Academy for Philosophy. From September 1915 on, Brouwer headed a
committee with the task of founding such an academy. Van Eeden, Henri Borel
and Bloemers also took part in the enterprise, along with people from outside

I as a rule adhere to the modern terms. These concepts are explained in 2.6.

224Brouwer did not explain what he meant by a ‘fundamental sequence’. In most cases, as
presumably here, he meant a lawlike sequence; cf. [Brouwer 1918, p. 161].

225¢¢ine Folge von Auswahlen unter den Elementen einer endlichen Menge oder einer Funda-
mentalreihe’, {Brouwer 1914, p. 140]

226[Brouwer 1914, pp. 141-142]

227[Van Stigt 1990, p. 63

228<anarchie in de woordvorming’, ‘vaderland’, [Brouwer 1917D, p. 110]

229[Van Stigt 1990, pp. 65-68; pp. 77-78], [Van Dalen 1999A, pp. 243-250; 372]; Brouwer’s
role in the signific movement, and significs in the Netherlands in general, is discussed in
[Schmitz 1990].
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the signific circle. By December 1916, the group around Brouwer and Van Eeden
had split from the others and set up statutes for their own academy. Brouwer got
Mannoury to join their group, who subsequently took organisational matters in
hand. The goal of the Academy was the ‘renewal of the valuation of the elements
of life of the individual and society’. The International Institute for Philosophy, as
it was by then called, was finally established in 1918. It functioned for some time,
though never internationally and never as flourishing as its founders had hoped,
and was dissolved in 1922.2%0

Around 1914, Cor Jongejan, a fellow-student of Lize’s daughter Louise at the
domestic science school,??! joined the Brouwer household. She became Brouwer’s
assistant and an intimate friend, often accompanying him on his travels.?*?

2.6.1 Intuitionistic set theory

In 1918, Brouwer published a paper which he later considered to mark the ‘second
act of intuitionism’.%® The paper was published as Begrindung der Mengenlehre
unabhdngig vom logischen Satz vom ausgeschlossenen Dritten (‘Foundation of set
theory independent of the logical theorem of the excluded middle’) in the Dutch
Academy’s KNAW Verhandelingen. Contrary to what the title might suggest, it
contained no polemical attack against the principle of the excluded middle, nor
any reference to Cantorian set theory, as Brouwer had done in earlier publications.
In fact, both these subjects were not even mentioned in the main text of the paper.
Instead, Brouwer mainly gave definitions of his own set theoretical concepts.

The opening line of the paper is puzzling. In it, Brouwer maintains that
the basis of set theory is formed by an ‘unbounded sequence of signs’.23* One
wonders why Brouwer used the term ‘signs’ to indicate the basis of set theory,
where he had before taken the view that signs are nothing but a linguistic de-
scription of mathematics, at best. Brouwer himself later commented on this issue
that ‘[bJecause mathematics is independent of language, in this definition the word
sign (Zeichen) (...) must be understood in the sense of mental signs, consisting
in previously obtained mathematical concepts.’?>® Perhaps it was also an attempt
to keep all polemics out and conform to mathematical practice with the purpose
of getting his new theory accepted.?3® A similar remark can be made for the term
‘there exists’, which Brouwer uses various times in the classical sense.

230[Van Dalen 1999A, pp. 258-270; 334]

231 huishoudschool

232[Van Dalen 1999A, pp. 250-252]

233 [Brouwer 1992, p. 23]

234¢eine unbegrenzte Folge von Zeichen’, [Brouwer 1918, p. 150]

235¢[w)egens de taalloosheid der wiskunde behoort in de genoemde definitie bij het woord teeken
(Zeichen) (...) gedacht te worden aan gedachtenteekens, bestaande in reeds verkregen mathe-
matische denkbaarheden.’, [Brouwer 1947B, p. 339); English translation based on the translation
in [Brouwer 1975-1976, vol. 1, p. 477].

236] found no instances in the secondary literature where this point is discussed. The only
person during the debate who criticised Brouwer on his ‘quibbling with words’ was Bentley, cf.
[Bentley 1932, pp. 153-155].
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Brouwer introduces the main novelty in the second paragraph. In order to re-
create the impression it might have made on the reader at the time, the paragraph

is cited here in full:237

Eine Menge ist ein Gesetz, auf Grund dessen, wenn immer wieder ein
willkiirlicher Ziffernkomplex der Folge ¢ [N, DH] gewihlt wird, jede
dieser Wahlen entweder ein bestimmtes Zeichen, oder nichts erzeugt,
oder aber die Hemmung des Prozesses und die definitive Vernichtung
seines Resultates herbeifiihrt, wobei fiir jedes n nach jeder ungehemm-
ter Folge von n — 1 Wahlen wenigstens ein Ziffernkomplex angegeben
werden kann, der, wenn er als n-ter Ziffernkomplex gewahlt wird, nicht
die Hemmung des Prozesses herbeifithrt. Jede in dieser Weise von der
Menge erzeugte Zeichenfolge (welche also im allgemeinen nicht fertig
darstellbar ist) heisst ein Element der Menge. Die gemeinsame Entste-
hungsart der Elemente einer Menge M werden wir ebenfalls kurz als
die Menge M bezeichnen.?3®

The description would not win the prize for didactical clarity. Apart from the style,
which makes it difficult to read, there are some other aspects that do not foster
understanding. In the first place, Brouwer uses a term, ‘set’, to define something
quite different from what was then (and now) called a ‘set’. It would have helped
if he had chosen a new name for his new concept. Secondly, another concept
is hidden in the definition, one that Brouwer had before placed at the side of
formalism: that of a choice sequence. In the sentence following the citation just
given, Brouwer speaks about a ‘Wahlfolge’, but he does not give a definition.

Indeed, many people complained about Brouwer’s writing style. The German
geometer Study commented on this definition as follows:239

Alles, was ich hiervon zu begreifen vermag, ist, dass ‘ein Sack Kartof-
feln’, da er bestimmt kein Gesetz ist, nach Brouwer keine ‘Menge’ von
Kartoffeln sein kan.?40

The historian of mathematics and science Dijksterhuis later asked Heyting
regarding this paper of Brouwer’s:?4!

237 [Brouwer 1918, p. 150]

238¢A spread [literary: set, DH] is a law on the basis of which, if an arbitrary digit complex is
chosen from the sequence ¢ [, DH]| over and over again, each of these choices generates either
a specific sign, or nothing, or causes the blocking of the process and the definite destruction of
its result, where for every n after each non-blocked sequence of n — 1 choices at least one digit
complex can be indicated which, if chosen as the n-th digit complex, does not lead to the blocking
of the process. Each sequence of signs generated in this way by the spread (which therefore in
general cannot be presented as finished) is called an element of the spread. We will also denote
the common mode of generation of the elements of a spread M as the spread M for short.” English
translation based on the translation in [Van Stigt 1998, p. 24].

239 Prolegomena zu einer Philosophie der Mathematik (‘Prolegomena of a philosophy of math-
ematics’), unpublished manuscript, p. 18, [BMIM Study]; on the Prolegomena, see 6.2.1.

240¢<Al] that I can understand of this is that ‘a sack of potatoes’, as it definitely is not a law,
cannot be a ‘set’ of potatoes according to Brouwer.’

241 Letter from Dijksterhuis to Heyting, 21/12/1927; [TLI Heyting, B dijk1-271221]
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(...) schrijft Brouwer werkelijk zoo hoogst onduidelijk of lijkt dit alleen
maar zoo, zoolang men niet voldoende intuitionistisch denkt?242

Whereupon Heyting answered diplomatically:24?

Hoewel het tegen Prof. Brouwer herhaaldelijk gerichte verwijt van on-
duidelijkheid niet geheel gegrond is, daar ieder van zijn zinnen zijn
bedoeling volkomen weergeeft, zijn zijn geschriften door den uiterst
gedrongen zinsbouw, die bij het lezen groote concentratie op ieder wo-
ord eischt, als inleiding minder geschikt.244

Van der Waerden voiced the same complaint about the ‘unhealthy concentration
of attention’?4® required for reading Brouwer’s papers.

Although Du Bois-Reymond and Borel had discussed choice sequences before,
Brouwer was the first to actually make use of them in mathematics. He probably
got this most powerful insight during the lecture course he gave in 1915-1916,
notes of which have survived.?% In order to clarify Brouwer’s spread definition, I
give a modern explanation of choice sequences.?4”

One of the easiest ways to understand choice sequences is by reflecting upon
what kind of sequences are used in classical (i.e., non-intuitionistic) mathematics.
In classical mathematics, a sequence is usually defined by a law. The law deter-
mines the elements of the sequence ad indefinitum. Sequences of this kind are
hereafter called lawlike sequences. If one would like to broaden the concept of a
mathematical sequence, the opposite concept is a sequence which is not bound by
any law at all. In intuitionistic mathematics, this means that we allow for sequences
the elements of which are determined by the mathematician who is constructing
the sequence mentally. This kind of sequence is called a lawless sequence.?®® A
lawless sequence is thus never completely determined; however, one always knows
an initial segment and, if necessary, the segment can be extended. This means that
mathematical operations can be carried out on the known part of the sequence,
which suffices for treating them as mathematical concepts. For example, the stan-
dard way of defining the sum of two (lawlike) sequences is by means of the sum

242¢(_..) does Brouwer really write so extremely unclear, or does it only seem that way as long

as one does not think intuitionistically enough?’

243Letter from Heyting to Dijksterhuis, 10/1/1928; [TLI Heyting, B dijk1-280110%]
244¢Although the repeatedly uttered reproach of unclarity directed against Prof. Brouwer is
not completely grounded, since each of his sentences represents his intention completely, his
writings are less suited as an introduction, because of the extremely terse sentence structure,
which demands great concentration on every word when reading.’

245¢ongezonde aandachtskoncentratie’, letter from Van der Waerden to Heyting, 28/5/1925;
[TLI Heyting, B wae-250528]

246[Van Dalen 1999A, pp. 240-241]

247The explanation was based on [Heyting 1934], [Troelstra 1969], [Troelstra 1977] and
[Troelstra & Van Dalen 1988]. A justification for Brouwer’s choice sequences based on Husserl’s
transcendental phenomenology is given in [Van Atten 1999].

248The term ‘lawless’ was introduced in print only in the 1960s by Kreisel, following a suggestion
by Godel; [Kreisel 1968], [Van Atten 1999, p. 37].
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of its elements, starting from the first one: let a = (a;), b = (b;) be two arbitrary
sequences, then the sum ¢ = a + b of these sequences is defined as ¢ = (¢;) with
¢; = a; + b; for all 1.24° This means that if we want to know the sequence ¢, we
have to add a; + b; to find ¢, as + by to find ¢y, etcetera. That is, we work on
initial segments of the sequences. The same can be done with lawless sequences.

The concept of a choice sequence covers the whole area from lawlike to lawless
sequences. That is to say: both of these appear as special cases of the general notion
of a choice sequence. It can be defined as follows.

Definition 1 A choice sequence is a sequence of mathematical objects, in which
each time the next element in the sequence is decided upon by the free human
subject who is generating the choice sequence. The choice of the next element may
be limited by a law, which can depend on the choices made earlier. At every moment
in the process, there must be at least one object that can be chosen.

The claim just made that lawlike and lawless sequences are special cases of
a choice sequence can be substantiated by varying the limiting law mentioned in
the definition. If the limiting law is taken so restrictive as to allow for only one
object to be chosen each time, the choice sequence becomes a lawlike sequence.
If the limiting law disappears altogether, the choice sequence becomes a lawless
sequence.

If we look back at the citation from Brouwer’s paper given above, we can only rec-
ognize the making of choices as an indication of the concept of a choice sequence. In
later lectures and publications, too, Brouwer almost invariably either did not men-
tion choice sequences separately, or only in direct connection with spreads. Weyl
and Heyting were more explicit about it and treated them separately. The late
professor De Tongh (1915-1999), a student of Brouwer, stressed that for Brouwer
it was not the concept of a choice sequence that mattered, but the possibility of
speaking about ‘all choice sequences in a spread’.?®? Indeed, in most of Brouwer’s
published works he only speaks of choice sequences in the context of intuitionistic
set theory.

Still, the introduction of choice sequences in intuitionistic mathematics marks
a fundamental change in Brouwer’s views. Before, he had identified infinite se-
quences with algorithms or laws of generation. Now, Brouwer had come to accept
also infinite sequences as processes of generation in progress.?>!

I now continue my explanation of intuitionistic set theory in modern terms. The
basic concept introduced by Brouwer is a ‘spread’.2*?

For the purpose of intuitionistic set theory, it suffices to consider choice se-
quences of natural numbers. It turns out to be helpful to look at these choice

249Cf. [Kreisel 1968].

250 Personal communication to the author, fall 1994.
251[Van Stigt 1998, p. 12]

252The explanation given here was based on [Heyting 1956].
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sequences as branches in the universal tree N<N, consisting of all finite sequences
of natural numbers, as is shown in figure 2.1. It should be noted that this heuristic
is one of classical mathematics, not of intuitionistic mathematics.

Figure 2.1: The choice sequence (2,3,5,...) as a branch in the universal tree

A spread can be defined as follows.2%3

Definition 2 A spread M consists of two laws, a spread law Ay and a comple-
mentary law I'ps.

A spread law Aps is a lawlike characteristic function on N<N, the elements of
which are denoted by (ai,...,a,), such that:

1. For every natural number k, Ap((k)) is decidable,
2. If Ap({a, ..., an,an41)) =1, then Apr({ar, ... a0)) =15

3. If Apr({ai,...,an)) =1, then for every natural number k, Ap({a1,. .., an, k))
is decidable;

4. If Ap({ag, ... an)) = 1, then at least one natural number k can be found
such that Apr({a1,...,an, k)) = 1.

253Following [Heyting 1956, pp. 34-35], with modernised terminology suggested by Van Dalen.
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A complementary law T'y; of a spread M is a rule which assigns a definite mathe-
matical entity to any finite sequence {ay, ..., a,) for which Ap({a1,...,an)) = 1.
A choice sequence {a,} in which, for every n, Ap({a1,...,a,)) =1, is called an
admissible choice sequence for the spread M.

The choice sequence which we get by applying the complementary law I'pr to the
sequences {a1),{ay,az),... of an admissible choice sequence {a,} of M is called
an element of the spread M.

So, speaking in terms of trees, a spread consists of a method for determining
a subtree (without terminating branches) of the universal tree, together with a
method for assigning mathematical objects to each initial part of the subtree.
Brouwer gives as an example the spread law which allows all sequences composed
of positive integers, together with the complementary law which assigns to the
sequence (ai,as,...,a,) the element -1 + Lo + ... + sz as shown
in figure 2.2. In this way, one can generate all real numbers between 0 and 1
(including 1, excluding 0).254

O Cow D <
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Figure 2.2: The spread with complementary law Tpr({a1, a2, . .., an)) = 537 + 2—11+—GQ +

254 Brouwer 1918, p. 156]
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Because of the uniqueness of every path in the universal tree, one can depict
the mathematical object assigned to the initial part of the subtree from the top to
a certain node a in the node a. The choice sequences which we get by going through
the determined subtree and taking the assigned mathematical objects instead of
the natural numbers are the elements of the spread.?®® The spread could be called
the intuitionistic counterpart of the classical set: it does not collect mathematical
objects that may or may not have been created before, but instead gives a common
mode of generation for its elements. This finishes the explanation in modern terms;
I now return to Brouwer’s paper.

The next concept Brouwer introduces is one which does collect mathematical ob-
jects made beforehand: a species. A species (of the first order) is a property which
only mathematical entities can be supposed to possess, in which case these entities
are called a member of the species.?6

The paper continues with a multitude of further definitions, many of them re-
finements of classical mathematical concepts. For example, Brouwer distinguishes
between species which are abzdhlbar, zihlbar, auszihlbar, durchzihlbar and aufzdhl-
bar, where some of the distinctions are related to the question of decidability.?>7

One of the applications of Brouwer’s spread definition concerns the contin-
uum. By giving a truly constructive definition of the continuum, Brouwer suc-
ceeded in dropping the continuum intuition he had introduced in his dissertation.
This is one in a series of several changes Brouwer made to intuitionistic math-
ematics while developing it — something that was later sometimes used against
him, when some of his opponents claimed that even Brouwer did not know for
sure what was intuitively clear. Though such changes may seem a weak point, this
need not have disturbed Brouwer. Since Brouwer was a solipsist, the only thing
that mattered to him, philosophically speaking, was his present self. Therefore, he
could dismiss his old ideas and beliefs without straining his own philosophy too
much.

Brouwer presented the intuitionistic continuum in various forms, to various
degrees of explicitness and at various occasions.?*® Since the presentation of the
real numbers given in the Begrindung paper was improved in Brouwer’s Mathe-
matische Annalen paper, I treat the intuitionistic continuum there.?%"

In the second paper on the foundation of set theory independent of the prin-
ciple of the excluded middle, Brouwer further elaborated his set theory in the area

255[Troelstra 1982, p. 471]

256[Brouwer 1918, pp. 150-151]

257 [Brouwer 1918, p. 154]; since these terms have not become commonplace in mathematics, no
English translations are available.

258, for example, [Brouwer 1918, p. 156], [Brouwer 1921A, p. 236], [Brouwer 1925A, p. 251],
[Brouwer 1992, p. 28] and [Brouwer 1930, p. 433]. Bishop, who developed constructivism further,
remarked on this special interest of Brouwer’s: ‘In Brouwer’s case there seems to have been a
nagging suspicion that unless he personally intervened to prevent it the continuum would turn
out to be discrete.’, [Bishop 1967, p. 6].

259Gee 2.6.2.
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of topology.2%°

2.6.2 Further development of intuitionistic mathematics

The years after Brouwer’s second act were his most productive ones for intuition-
istic mathematics. In the period 1923-1928 alone, Brouwer published 27 papers
on intuitionism (translations not included), most of which contained original con-
tributions.261

Brouwer’s development of intuitionism would deserve an extensive treatment
by itself. However, I am here dealing with the genesis of his intuitionism as far as it
is relevant to its reception. Since most reactions did not go deeply inte intuitionistic
mathematics, neither shall 1.252 Instead, I restrict myself to giving an impression
of how Brouwer developed intuitionism by treating the main ideas of some of his
papers. Being aware that only the top of the intuitionistic iceberg is presented here
should suffice to appreciate the gap between intuitionism as Brouwer developed it,
and the reactions to it.

Brouwer’s papers appeared mostly in KNAW?53 publications, in the Jahres-
berichte der deutschen Mathematiker-Vereinigung and in the Mathematische An-
nalen. About two-thirds of his publications were in German, the other third in
Dutch; many papers appeared in both languages. In his titles, Brouwer frequently
used the term ‘intuitionistic’. Until 1923, the principle of the excluded middle fig-
ured prominently in many titles; after that year not anymore, even though Brouwer
did not change his position on the excluded middle. It is not clear why Brouwer
changed this presentation policy.

In 1919, Brouwer was offered a chair at the university of Berlin and that of
Gottingen almost simultaneously. The Berlin call, for Carathéodory’s chair, mo-
tivated the choice for Brouwer by reference to his topological work, and stressed
Brouwer’s originality:26

In der Originalitit seiner Methoden wird Brouwer von keinem Mathe-
matiker der jiingeren Generation erreicht.26®

Although Brouwer valued these universities highly, university salaries in post-war
Germany were very low. Furthermore, there was a lot of political and social unrest
in Berlin. In the end, Brouwer declined both offers. He did buy a house in Berlin

260[Van Stigt 1990, p. 75|

2618t¢ll, his interest was not one-sided: for example, in the period 1919-1921 he published some
14 papers on the topology of surfaces. Furthermore, a lot of his energy was taken up by the
so-called Denjoy conflict from the end of 1920 to the beginning of 1923, [Van Dalen 1999A, pp.
292; 344-356; 367).

262Brouwer’s intuitionistic work is treated in more detail in [Van Dalen 1999A].

263 Koninklijke Nederlandse Akademie van Wetenschappen, ‘Royal Dutch Academy of Sciences’

264 Vorschlag 19/12/1919; cited from: [Biermann 1988, p. 192

265‘No mathematician of the younger generation reaches the same originality of methods as
Brouwer.’
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and remained a regular visitor. Also, he used the offers to obtain extra money
from the university of Amsterdam for books and journals.?%¢ He furthermore cam-
paigned for the establishment of a mathematical centre in Amsterdam, which he
called ‘my Gottingen’.26” One of the subjects to be taught would be ‘epistemo-
logical mathematics’: set theory, analysis situs, axiomatics, and the mathematical
foundation of natural philosophy.2% One again notes that for Brouwer, topology
and foundations were not far removed from each other.

In a 1919 re-edition of his ‘Unreliability of the logical principles’ paper, Brouwer
maintains that he had not changed his point of view, even though there were few
people who supported it.25°

In the same year, Brouwer published his first intuitionistic paper in a non-Dutch
journal after the second act of intuitionism. In the paper Intuitionistische Men-
genlehre (‘Intuitionistic set theory’), which appeared in the Jahresbericht der
deutschen Mathematiker- Vereinigung, Brouwer gave an introduction to his ear-
lier papers on the foundations of set theory independent of the principle of the
excluded middle. An important novelty lies in the use of labels: here, Brouwer for
the first time explicitly calls his own point of view ‘intuitionistic’, and refers to his
set concept as a ‘constructive set definition’.2’® Van Dalen conjectured that the
late use of a label to identify his own view on mathematics stemmed from the de-
sire to reform all of mathematics, instead of claiming a corner of the mathematical
empire for himself.2"!

The two main principles his work rests on, Brouwer claims, are the rejection of
the axiom of comprehension as a basis for mathematics,?”? and the rejection of the
principle of the excluded middle as a mathematical proof tool.?”™ He explicates the
reasoning already implicit in De onbetrouwbaarheid der logische principes®™ that
classical logic was abstracted from finite systems, and that it has illegitimately been
extended to infinite ones. In infinite systems, the principle of the excluded middle
loses its universal validity, since there is no means of checking all possibilities.
Brouwer mentions that some classical theorems, such as Cantor’s main theorem,?”®
are no longer true in their original form in intuitionistic mathematics.?”%

266[Van Dalen 1999A, pp. 300-304]

267[Van Dalen 2001, p. 228]

268[Van Stigt 1990, pp. 68—69; 80-84]

269[Brouwer 1919B]

270¢konstruktive/n] Mengendefinition’, [Brouwer 1919D, p. 230]

271[Van Dalen 1999A, p. 281]

272The axiom of comprehension states that all things which have a certain property can be
united into a set.

273Brouwer mentions it as strongly as it is expressed here, not merely that the principle is not
universally valid.

274Gee 2.3.2.

275Cantor’s main theorem holds that, for any set A4, 24 > A.

276[Brouwer 1919D, pp. 230-233]
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Brouwerian counter-examples In September 1920, mathematicians, physi-
cists and medical researchers met at the Bad Nauheim Naturforscherversammlung
(‘Meeting of natural scientists’). The meeting was the German counterpart of the
Allied-dominated mathematical conference organised at exactly the same time in
Strasbourg. The vast majority of the speakers was German; three came from neu-
tral countries, and none from the Allied powers. Some 2500 scientists participated
in the conference. The list of participating mathematicians was impressive and
included Bernstein, Bieberbach, Brouwer, Hausdorff, Koebe, Landau, E. Noether,
Pélya, Schoenflies, Schur, Weitzenbock, and Weyl. 27"

Brouwer lectured on the intriguing question whether every real number has
a decimal expansion.?’® Not surprisingly, Brouwer’s answer is negative. He main-
tains that one can only claim that a number has a decimal development if one
actually has a method for deciding what the decimal development is. The counter-
example he gives against the positive statement is based on our limited knowledge
of the decimal development of 7.27° Since this knowledge can be extended over
time, Brouwer remarks that it is possible that these specific counter-examples ‘are
disposed of’?8 one day. In that case, however, one can always replace them by
others.?®! The time-dependency of mathematics, which is a further elaboration
of Brouwer’s earlier, more philosophical remarks on mathematics as a human,
mental construction, is totally opposed to the dominant Platonistic philosophy of
mathematics and must have seemed strange to a major part of his audience.?8?

In the same paper, Brouwer gives a presentation of the intuitionistic contin-
uum based on nested intervals, as a one-dimensional specification of the nested
quadrats described in his 1919 paper.?83 The intuitionistic contimuum figures
prominently, at the beginning of the paper. Brouwer uses closed intervals A, with

dual fractions = and ”;:2 as end points.?®! Brouwer then defines a point of the

continuum as én unlimited sequence of intervals \,,, where each time the next
interval in the sequence is nested in the former.2%°

As an explanation, I would like to add the following. Firstly, it should be noted
that, since Brouwer speaks about dual fractions, a € Z. Secondly, one can put the
sequence generated here more in explicit accordance with Brouwer’s definition of
an element of a spread.?®® Thus, the choice consists of choosing a pair of numbers

(a,n), with a € Z, n € N. The spread law then generates the interval [5%, “;2], if

277Van Dalen 1999A, p. 325; 342]

278 The contribution was published the following year in the Mathematische Annalen,
[Brouwer 1921A].

2798ee below for more details on Brouwerian counter-examples.

280¢hinfillig werden’, [Brouwer 1921A, p. 245]

281 Brouwer 1921A, pp. 244-245)

282Fven so, the remark only played a minor role in the arguments used against Brouwer’s
intuitionism.

283Brouwer 19194, p. 191]

2841 the paper, the nth power in the first fraction is missing, presumably due to a misprint.
285 [Brouwer 1921A, p. 236]. Brouwer remarks that the word ‘real number’ used in the title of
the paper is used in a wider sense here than in his 1918 Begrindung paper.

286Gee 2.6.1.
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this interval is nested in the previous interval in the sequence; if not, the process is
blocked. In this way, Brouwer gave a constructive procedure for generating points
in the continuum.

At the same Bad Nauheim conference, Brouwer approached Weyl with an offer for
a chair at the University of Amsterdam. This was part of Brouwer’s plan to build
a mathematical institute in Amsterdam comparable to that in Gottingen. Weyl,
however, decided to stay in Ziirich, where the ETH met all his wishes.?87

In 1923, Brouwer lectured in Antwerpen at the Viaamsch Natuur- en Geneeskundig
Congres (‘Flemish Physical and Medical Congress’) and in Marburg at the Jahres-
versammlung der deutschen Mathematiker- Vereinigung (‘Annual meeting of the
German Mathematical Society’) on the role of the principle of the excluded middle
in mathematics, especially in function theory. Both versions were published, the
German one in the Journal fir die reine und angewandte Mathematik.?8® The idea
of using the classical laws of logic to prove the consistency of certain axiomatic

systems is without value, Brouwer maintains:2%°

(...) een door geen weerleggende contradictie te stuiten onjuiste the-
orie is daarom niet minder onjuist, zooals een door geen reprimeerend

gerecht te stuiten misdadige politiek daarom niet minder misdadig
- 290
is.

Here we see Brouwer’s idea re-appear, already expressed in Leven, kunst en mys-
tiek, that the sole consistency of a linguistic system does not guarantee any
value.?9!

In order to substantiate his claim against the universal validity of the principle
of the excluded middle, Brouwer presents a counter-example which hits mathemat-
ics more in the heart than his earlier one. It is an example against the trichotomy
law, which implies that every real number is either greater than zero or less than
zero or equal to zero.?%? In a somewhat more elaborated form, it runs as follows.

Brouwer argues that if the principle of the excluded middle holds, then for
any pair of real numbers a and b, a < b ‘is either valid or impossible’,2%® and the
same goes for a > b. Thus, for all a,b € R, either a < b, or a = b, or a > b. Note
that there exists a procedure to calculate the decimal expansion of 7.2%¢ Let d,,, be

287[Van Dalen 1999A, pp. 306-311]

2881n what follows I cite from the Dutch version, since this was Brouwer’s mother tongue.

289 Brouwer 1923, p. 3]

290¢(_ ..} an incorrect theory, even if it cannot be checked by any contradiction that would refute
it, is none the less incorrect, just as a criminal policy is none the less criminal even if it cannot
be checked by any court that would curb it.’ Translation based on [Van Heijenoort 1967, p. 336].

291Gee 2.2.4.

292Interestingly, Cantor seems to have agreed with Brouwer on this particular subject. Cantor
had admitted that the trichotomy law of cardinals was not proved, and he intentionally refrained
from using it, [Moore 1980, p. 102].

293¢5f geldt of onmogelijk is’, [Brouwer 1923, p. 3]

294 As Brouwer had shown in [Brouwer 1921A, pp. 242-243).
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the mth digit in this expansion. One assigns the value m to the variable k if, at d,y,,
it happens for the first time that the sequence from 0 to 9 appears in the decimal
expansion of m, that is, that dpdmi1 ... dmig = 0123456789.29% At the time, such
a sequence had not been found, nor was there a proof for the impossibility of its

existence.?%6 Define
o= (=1/2)% ifi>k,
Tl (—1/2)F  otherwise.

Note that one can, for any value of i, decide whether ¢ > k by checking if at d;
the sequence 0123456789 does or does not appear (on the assumption that smaller
values of k have been checked earlier in the process). Then the infinite sequence
{(c1,¢2,¢3,...) (as a Cauchy sequence) defines a real number r, for which neither
r < 0, nor r =0, nor r > 0 is valid. Thus the principle of the excluded middle is
not valid.

This kind of examples, of which Brouwer made more in the years to come,?
are called weak counterexamples, because they rest upon our inability to prove
something (in this example: to prove one of the claims » < 0, 7 = 0 or r > 0,
which are normally considered to hold for all real numbers). The inability, in turn,
stems from an unsolved (but not proved unsolvable) problem (in this example: the
problem ‘does there exist a sequence 01...9 in the decimal expansion of 77’). Since
these problems might still prove to be solvable, these specific counterexamples
might disappear. But, since Brouwer did not believe that every mathematical
problem is solvable, it would always be possible to construct new ones. Later,
Brouwer was to make strong counterexamples against the principle of the excluded
middle, too.2%8

Brouwer devoted the remaining part of the lecture to pointing out that certain
classical theorems, such as the Bolzano-Weierstrass theorem and the Heine-Borel
covering theorem, have to be dropped in intuitionism.?%"

97

295The definition is somewhat strange, since it is not clear if k exists. In modern terms, one could
express this by using the existence predicate E, indicating that the object to which it applies
exists. Then, Brouwer’s definition would read: E(k) — k = m (cf. [Troelstra & Van Dalen 1988,
vol. 1, pp. 50-56]).
Brouwer actually uses kn, to denote the nth time that the sequence 01...9 appears in the

decimal expansion of 7, but only k1 is needed in this example.

2960ne has recently found that the sequence does occur in the decimal development of ©. We
now know that we have to assign the value 17,387,594,880 to k ([Borwein 1998]). Thus, since & is
even, the r defined below has become bigger than zero, and this is no longer a counter-example.
Of course, one can always make a new Brouwerian counter-example by choosing a sequence of
which we do not yet know whether it appears in the decimal development of = or not.
297Brouwer later gave the names ‘pendulum number’ (Pendelzahl), ‘fleeing property’ (flichende
Eigenschaft) and ‘solution number’ (Lésungszahl) to c, ‘having (for the first time) the sequence
0-9 as the digits n — n+9 in the decimal expansion of 7’ and k;, respectively, [Brouwer 1929, p.
161]. These counter-examples apply to what Brouwer later called the reduced continuum, made
up of lawlike real numbers; see 2.7.1.

2983ee 2.7.1.

299The Bolzano-Weierstrass theorem holds that every infinite, bounded set has a limit point;
the Heine-Borel theorem states that all closed and bounded subsets of ~ are compact, i.e., if a
closed and bounded subset I of ~ is covered by a collection C' of open sets, then there is a finite
subset of C that covers I.
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In the same year, Brouwer lectured at a meeting of the Amsterdam Academy of
Sciences on the ‘intuitionistic splitting of fundamental mathematical concepts’,
which was published as a short paper. There, Brouwer specifies his criticism of
the principle of the excluded middle. Intuitionism not only rejects its general use,
Brouwer claims, but also the more specific form of the principle of reciprocity.3% In
this form, the principle of the excluded middle allows one to conclude a statement
by the negation of its negation. In a footnote, Brouwer remarks that Bernays
pointed out to him that the principle of the excluded middle is equivalent to the
principle of reciprocity.3°!

As a counterexample against the principle of the excluded middle, Brouwer
again uses the number r defined above by means of the decimal expansion of .
He asks whether r is rational. Note that, if we find a value for k, the sequence
{¢1,¢2,¢3,...) stops at a rational value. Therefore, we cannot claim that r is not
rational, since this would mean that k does not exist, in which case r would be
equal to zero and thus rational. However, we cannot claim that r is rational either,
since we cannot compute two integers p and ¢ of which r is the quotient. Therefore,
we cannot conclude that r is rational from the fact that it is impossible that r is
not rational, and thus the principle of reciprocity fails.

The fact that in intuitionism a double negation does not cancel, does not
mean, however, that one is left with infinite sequences of negations. As Brouwer
points out in the paper, the following theorem, which is given in his formulation,
holds intuitionistically:302

Theorem 1 Absurdity of absurdity of absurdity is equivalent to absurdity.

As Brouwer points out, the theorem is easily proved in the following way:

= If a proposition 9 follows from a proposition ¢, then the absurdity of ¢ follows
from the absurdity of ¢. Thus, since absurdity of absurdity follows from correct-
ness, absurdity of absurdity of absurdity implies absurdity.

<« Since the correctness of any statement implies the absurdity of its absurdity,
especially the correctness of the absurdity of a statement, i.e., its absurdity, implies
the absurdity of the absurdity of its absurdity.

Compared to present-day standards, the absence of logical symbolism in
Brouwer’s writings is striking. At the time, symbolic language for logic was avail-
able, for example in the works of Russell and Whitehead. But Brouwer remained
true to his preference for formula-free writing.3%3

300This is also called reductio ad absurdum. In the formal language of propositional logic it
reads: (—p — 1) — ¢.

301 [Brouwer 1925E, p. 276]

302[Brouwer 1925E, p. 277

303Gee 2.4.
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New Results The year 1924 meant an important breakthrough in the develop-
ment of intuitionistic mathematics.3* In this year, Brouwer was able to harvest
results of the new concepts he had elaborated the years before. In a short paper
published in the KNAW Proceedings,3*® Brouwer proved a positive result that
classical mathematics could impossibly prove: that every full function is uniformly
continuous.?6

In the proof, Brouwer makes use of what is now called a bar.?” In order
to understand what a bar is, one should note that a function f : N — N can
be seen as a path in the universal tree by considering the function as a sequence
(£(0), f(1),...). A bar B can then be defined as a set of nodes in the universal
tree of all finite sequences of natural numbers such that for each function from N
to N there is an initial segment of the function that lies in B. Brouwer used two
fundamental insights in the proof. The first is that for every function F' from the
set of all choice sequences of natural numbers to N there exists a bar B such that
F is determined by the initial segments of the choice sequences in B. The second
is that every thin bar, i.e., every bar of which only the ‘highest’ node in the same
branch is taken, can be defined inductively.30®

Despite the extraordinary power of the uniform continuity result, it is to be
doubted how many people actually were aware of it. Brouwer not only worked
within a set theory that very few people knew about, he also made only limited
use of formalisation and used no drawings at all, features which did not facilitate
understanding the paper.

In the same paper, Brouwer treats another very important theorem, which
he later called the ‘fundamental theorem of finite sets’ (spreads). The theorem,
which became known as the ‘fan theorem’ after Brouwer had re-labelled it in his
post-World War II lectures,3* is, as the name indicates, a statement about finite
spreads or, if we look at sets as trees, about finitary branching trees. It states that
if a natural number n(e) is assigned to every element e of a finite spread, then
one can determine a natural number z such that n(e) is determined by the first 2
choices of e. In others words: if there is a bar B such that every path of the tree is
cut off by B at n(e), then there is a z € N such that for all paths in the tree there
is a natural number & < z such that the path is cut off by B at place z.5'° The
fan theorem is a direct corollary of the bar theorem, and plays a fundamental role
in the development of intuitionistic mathematics. Apparently, Brouwer was not
satisfied with its proof. Van Stigt pointed out that all of Brouwer’s attempts at a
systematic intuitionistic reconstruction of analysis abruptly end at this point.3!!

Also in 1924, Brouwer lectured for the Gottingen Society on the consequences

304Cf. [Van Dalen 1999A, p. 376]

305 Brouwer 1924D2]

306 A full function is a function that is defined everywhere on its domain.

307Tn the original paper, Brouwer does not introduce a name for the concept.

308 A more detailed explanation, in modern notation, is given in [Van Dalen 1999A, pp. 377-381].
309¢fan’ means ‘finitary spread’

310[Brouwer 1924D2, p. 289], [Van Dalen 1999A, pp. 381-382]

3111Van Stigt 1990, p. 93]
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of the intuitionistic point of view in mathematics. After the lecture, Hilbert is
reported to have stood up and proclaimed that the goal is to obtain more, not less
theorems.3!2

In 1925, Brouwer started a series of expository papers on intuitionism in the Ma-
thematische Annalen, which, because of the status of the journal, contributed sub-
stantially to the respectability of intuitionistic mathematics. The first of these, Zur
Begrundung der intuitionistischen Mathematik. I (‘On the foundation of intuition-
istic mathematics. I’), was an updated version of his earlier Begriindung paper. The
most striking differences between the two papers lie in the terminology. The dif-
ference in the titles is clear: the paper is now presented as ‘intuitionistic’, whereas
before stress was laid on the independence of the principle of the excluded mid-
dle. In the paper itself, many of the statements that had before been formulated
in terms of ‘there exists’ are now stated as ‘if one is certain’ or ‘can be pointed
out’. Presumably, Brouwer also wanted to adapt the classical mathematical terms
to his intuitionistic ideas. This reminds one of Mannoury’s more human-oriented
style.313

As one of the examples of intuitionistic set theory Brouwer presents the intu-
itionistic continuum. As a spread law,3'* Brouwer gives the law which generates the
real number ?%1 + zallﬂz + 2a1+§2+a3 + ..., once the natural numbers a1, as,as,...
are chosen. Thus, by choosing each next natural number one further specifies the
real number. In this way, Brouwer claims, one obtains a generating tool for all
dually developable real numbers > 0 and < 1.31° In the 1918 version, Brouwer had
used the same example as generating all real numbers > 0 and < 1.316 Since he
has'widened his concept of real number,3'” however, this example has now come
to indicate only part of the real numbers.

In papers not treated here, Brouwer further elaborated the intuitionistic recon-
struction of mathematics. Among other things, he gave new definitions of common
concepts in analysis and algebra, new proofs of classical theorems, which some-
times had to be re-formulated, and he developed new ordering systems for the
intuitionistic continuum. Brouwer also gave an intuitionistic version of the dimen-
sion concept he had earlier developed in classical topology.®'® Finally, Brouwer
published an intuitionistic proof of the fundamental theorem of algebra together
with his Ph.D. student De Loor.3!?

312[Van Dalen 2001, p. 305]

313Gee 2.2.3.

3148ee 2.6.1.

315[Brouwer 1925A, p. 251]. A real number a is called dually developable if for every finite dual
fraction e the relation a > e, i.e., a is separated from e by a finite dual fraction e; > e, is
decidable.

316[Brouwer 1918, p. 156]

317See 2.6.2.

318CE. [Van Dalen 1999A, pp. 388-392)

319[Brouwer & De Loor 1924]. The fundamental theorem of algebra holds that every complex
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2.7 The Brouwer lectures

In the end of the 1920s, Brouwer gave a number of influential lectures on intu-
itionism.

2.7.1 Berlin

In 1927, Brouwer was invited to give a series of lectures on intuitionism in Berlin.
By that time, Berlin was not only the official capital of Weimar Germany, but it had
also developed into its cultural capital, one of the liveliest and most modern cities in
Europe.3?° Brouwer’s lectures started in January and lasted until halfway March.
They show the extent to which Brouwer, almost single-handedly, had developed
intuitionism.32! Publisher Walter de Gruyter had agreed to publish the lectures,
but although Brouwer worked on the manuscript for many years, the idea never
materialised. 322

The different versions of the manuscript that have been left reflect the chang-
ing way Brouwer looked at intuitionism. In the original version, the opening words
are:3%3

Bevor ich Thnen iber einige Gegensténde der intuitiven oder direk-
ten Mathematik vortrage, will ich einiges tiber die Vorgeschichte des
Intuitionismus auseinandersetzen. Sie ist identisch mit der Geschichte
der Anschauungen iiber den Ursprung der Exaktheit der Mathematik;
ndmlich einerseits liber die Existenz oder nicht-Existenz einer sei es
objektiven, sei es intuitiven oder aprioristischen Grundlage derselben,
— andererseits iiber die Rolle, welche die menschliche Sprache und die
Logik in bezug auf den exakten Charakter der Mathematik spielen.324

In the last version of the manuscript that Brouwer worked on, these words have
been changed into:3%

polynomial equation has a solution in . Weyl gave an intuitionistic proof of it in the same year,
[Weyl 1924], independently of Brouwer and De Loor, as did Skolem, [Skolem 1924].
The peculiar way in which De Loor obtained his Ph.D. is recounted in [Van Dalen 1999A, p.

404).

320[Gay 1969, pp. 134-139)

321The survey presented here was based on the posthumously published version of the Berlin
Lectures, [Brouwer 1992]. This version supposedly reflects the original lectures to a large extent,
since most of the changes Brouwer made in the manuscript were stylistic.

322[Van Dalen 1992, pp. 7-8]

323[Brouwer 1992, p. 59

324Before I lecture to you about some objects of intuitive or direct mathematics, I would like
to explain something about the history of intuitionism. It is identical with the history of the
views on the origin of exactness in mathematics, namely on the one hand about the existence
or non-existence of a beit objective, beit intuitive or a priori foundation of it, — on the other
hand on the role which human language and logic play with respect to the exact character of
mathematics.’

325 Brouwer 1992, p. 19)
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Der Intuitionismus hat seine historische Stellung im Rahmen der Ge-
schichte der Anschauung erstens iber den Ursprung der mathema-
tischen Exaktheid; zweitens tiber die Umgrenzung der als sinnvoll zu
betrachtende Mathematik.326

The second version never reached the public during Brouwer’s life-time,?” but it
does reflect a shift in the presentation of intuitionism that Brouwer had in mind.
In both versions, Brouwer singles out two characteristics in which intuitionism
deviates from classical mathematics. In the original version, these are the view
on mathematical existence and on logic — exactly the two main themes of the
foundational debate. In the later version, Brouwer replaced these by two more
abstract characteristics: the view on mathematical exactness and on the meaning of
mathematics. Indeed, the contentual character of mathematics was a theme which
became more important in the course of the debate.??® It is not clear whether
Brouwer, in changing his characterisation, was following the shifting emphasis of
the foundational debate.

Brouwer starts his lectures with a historical survey of intuitionism, mention-
ing Kronecker, Poincaré, Borel and Lebesgue as ‘pre-intuitionists’. For intuitionism
proper, he distinguishes two main ‘acts’.3?° The first act of intuitionism was the
separation between mathematics and mathematical language.?3° Brouwer char-
acterises mathematics as ‘a languageless construction carried out by the human
mind’.23! Since there is no mathematics outside the human mind, there is no math-
ematical truth outside it either. The second act of intuitionism is its construction
of sets.332

After this, Brouwer repeats some of his earlier set theoretical works, again
with formulations such as ‘if one is sure that’ and ‘if we are in the possession of
a means to'. He defines the mathematical continuum in a way analogous to his
Bad Nauheim paper,333 distinguishing between the (full) continuum made of real
numbers based on choice sequences and the reduced continuum made of lawlike
real numbers,®3* and presents different orderings on it.

Brouwer again explains the fundamental theorem of finitary spreads, and uses

326<The historical position of intuitionism lies in the framework of the history of the views in
the first place on the origin of mathematical exactness; in the second place on the definition of
what mathematics is to be considered meaningful.’

3271t bears some resemblance, however, to the later, again changed presentation which Brouwer
gave in lectures delivered in South Africa in 1952, where he singled out as the two main factors
‘die oorsprong van die matematiese sekerheid’ (‘the origin of mathematical certainty’) and ‘die
begrensing van die objek van die matematiese wetenskap’ (‘the delimitation of the object of
mathematical science’), [Brouwer 1956, p. 186]; English translation cited from [Brouwer 1952, p.
508].

328Gee 3.3.1.

329 ‘Handlungen’, [Brouwer 1992, pp. 21-23]

330This step was carried out in Brouwer’s dissertation; see 2.3.1.

331¢eine vom menschlichen Geiste vollzogen sprachlose Konstruktion’, [Brouwer 1992, p. 21]
332Gee 2.6.

333Gee 2.6.2.

334[Brouwer 1992, p. 28]
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it to prove the indecomposability of the continuum, i.e., the theorem that states
that if the continuum is split into two sets, one of them has to be empty, while the
other is the full continuum.?3® He applies this to do something new: to construct
a strong counter-example against the generalised principle of the excluded middle.
This principle says, in particular, that every real number®3® is either rational or
irrational. Brouwer does not further elaborate this point, but it is clear that if every
number is either rational or irrational, we can split the continuum into two, which
contradicts its indecomposability. Here, for the first time, Brouwer does not give a
weak counter-example, based on our incomplete knowledge, but a strong one. He
explicitly mentions the ‘contradictoricity’>3” of this consequence of the principle
of the excluded middle, which proves that, for intuitionistic mathematics, this
principle is actually false.338

Brouwer finishes his lectures with some elementary theorems that do not
hold in intuitionistic mathematics. Among these are the theorem of the existence
of a maximum for every full function on the unit interval; the Bolzano-Weierstrass
theorem; the fundamental theorem of algebra; and Brouwer’s own topological fixed-
point theorem.33

2.7.2 Amsterdam

In December 1927, Brouwer lectured before the Koninklijke Nederlandse Akademie
van Wetenschappen (‘Royal Dutch Academy of Sciences’) about ‘intuitionistic re-
flections on formalism’.34? In the lecture, which was published both in German
and, in a summarized form, in Dutch,3*! Brouwer tries to build a bridge to for-
malism:342

Die Richtigkeitsdifferenzen zwischen der formalistischen Neubegriin-
dung und dem intuitionistischen Neubau der Mathematik werden besei-
tigt sein, und die Wahl zwischen beiden Beschaftigungen sich auf eine
Geschmacksangelegenheit reduzieren, sobald die folgenden in erster
Linie auf den Formalismus beziiglichen, aber in der intuitionistischen
Literatur zuerst formulierten Einsichten allgemein durchgedrungen sein
werden. Dieses Durchdringen ist deshalb nur eine Zeitfrage, weil es sich
um reine Besinnungsergebnisse handelt, die kein diskutables Element

335Van Dalen later proved the stronger result that even a ‘perforated’ continuum is indecom-
posable, cf. {[Van Dalen 1999B].

336Brouwer speaks about every ‘infinite dual fraction’.

337« Kontradiktoritat’

338 [Brouwer 1992, pp. 49-50]

339 Brouwer 1992, pp. 53-57)

340 ‘Intuitionistische Betrachtungen iber den Formalismus’

341The Dutch summary appeared in the KNAW Verslagen 36 (1927), p. 1189. I cite from the
integral German version.

342(Brouwer 1928, p. 375]
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enthalten und zu denen jederman der sie einmal verstanden hat, sich
bekennen muss.343

The statement is rather bold, reminding one of Schopenhauer, one of Brouwer’s
favourite philosophers. He had used a similar reasoning, when he claimed that ¢ ‘ Die
Welt ist meine Vorstellung’ — ist (...) ein Satz, den Jeder als wahr erkennen
mup, sobald er ihn versteht’ >** whereas philosophers had been in dispute over the
question for centuries. Likewise, it is hard to imagine that Brouwer meant these
words seriously, since the four ‘insights’ he mentioned were precisely points that
had been under discussion during the foundational controversy. If he meant them
seriously, it shows that he had little compassion with his opponents, which is not
impossible.

Note the distinction Brouwer makes between formalism, which tries to pro-
vide new foundations for existing mathematics, and intuitionism, which aims at
reconstructing mathematics, implying that the latter leaves its foundations un-
touched.

The four insights The four insights which, in Brouwer’s view, would suffice to
end the foundational debate, are the following.*> Note that, in Brouwer’s presen-
tation, the insights are as much about priority claims as they are about content.

1. In the first place, the recognition that formalism divides mathematics into
an inventory of mathematical formulas and an intuitive or meaningful theory about
these formulas, where the intuitionistic theory of natural numbers is indispensable
for the latter.34® Brouwer claims priority for this ‘insight’, referring to his disserta-
tion, where he had spoken about mathematical language and mathematics of the
second order. In addition, Brouwer states that he had informed Hilbert about this
idea orally as early as 1909. The literature Brouwer refers to, which contains only
writings of himself and of Hilbert, clearly gives priority to Brouwer for the concept.
There is no further evidence of the oral transmission from Brouwer to Hilbert, and
Hilbert has never denied it. Thus, it seems that Brouwer justly claimed priority
for the first insight.

2. Secondly, Brouwer mentions the insight that one should reject the thought-
less use of the principle of the excluded middle, and that its validity in intuitive
mathematics does not extend beyond finite systems. According to Brouwer, this
was recognized for the first time in the formalistic literature in 1922 in Hilbert’s

343The disagreement over which is correct, the formalistic way of founding mathematics anew
or the intuitionistic way of reconstructing it, will vanish, and the choice between the two activities
be reduced to a matter of taste, as soon as the following insights, which pertain primarily to
formalism but were first formulated in the intuitionistic literature, are generally accepted. The
acceptance of these insights is only a question of time, since they are the results of pure reflection
and hence contain no disputable element, so that anyone who has once understood them must
accept them.’ Translation from [Van Heijenoort 1967, p. 490].

344¢“The world is my representation’ — is (...) a proposition that everybody has to recognize
as true, as soon as he understands it’, [Schopenhauer 1844, p. 10]

345[Brouwer 1928, pp. 375-377]

346ndeed, later modifications of Hilbert’s proof theory not only included the intuitionistic
theory of natural numbers on the meta-mathematical level, but even more; see 3.3.2 and 4.4.3.
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Die logischen Grundlagen der Mathematik.*®7 Since Brouwer had already rejected
it in 1908 in De onbetrouwbaarheid der logische principes, he claims priority for
this as well. Again, the priority claim is correct. Whether Hilbert had taken over
this point from intuitionism is another question.?*®¥ Note that this is not what
Brouwer claims; he only maintains that it was formulated first in the intuitionistic
literature.

The first two insights, Brouwer rightly claims, have been taken over by for-
malism. The following two have not.

3. The third insight states that the principle of the excluded middle and the
principle of the solvability of every mathematical problem are one and the same.

4. Finally, Brouwer mentions the recognition that the justification of formal-
istic mathematics by means of a consistency proof contains a vicious circle, since
it rests on the assumption that the correctness of a proposition follows from its
consistency, which is based on the (contentual) correctness of the principle of the
excluded middle.

Brouwer finishes the list with an appeal to formalism:34°

Nach dem Vorstehenden hat der Formalismus vom Intuitionismus nur
Wohltaten empfangen und weitere Wohltaten zu erwarten. Dement-
sprechend sollte die formalistische Schule dem Intuitionismus einige
Anerkennung zollen, statt gegen denselben in héhnischem Ton zu pole-
misieren und dabei nicht einmal die richtige Erwahnung der Autor-
schaft einzuhalten.3%0

However, that was not the way the story would end.

2.7.3 Vienna

In March 1928, on Menger’s recommendation, Brouwer was invited by the Komitee
zur Veranstaltung von Gastvortragen ausldndischer Gelehrter der exakten Wis-
senschaften (‘Committee for the organisation of invited lectures by foreign sci-
entists’) to lecture in Vienna. He delivered two lectures, the first of which was

347Gee 5.2.2.

348Regarding the more general question of Brouwer’s influence on Hilbert’s foundational views,
Sieg argued that ‘Hilbert’s program was not created at the beginning of the twenties solely to
counteract Brouwer’s intuitionism, but rather emerged out of broad philosophical reflections on
the foundations of mathematics and out of detailed logical work’, [Sieg 1999, p. 1]. The parts
of Hilbert’s unpublished foundational lectures that Sieg uses in his argumentation indeed show
a larger concern on Hilbert’s side regarding the foundations of mathematics and a more open
attitude than what is known from his published works. The forthcoming publication of a large
selection of Hilbert’s Nachgelassene Schriften on the foundations of mathematics and natural
sciences should throw more light onto this question.

349 Brouwer 1928, p. 377]

350¢According to what precedes, formalism has received nothing but benefits from intuition-
ism and may expect further benefactions. The formalistic school should therefore accord some
recognition to intuitionism, instead of polemicizing against it in sneering tones while not even
observing proper mention of authorship.’ Translation based on [Van Heijenoort 1967, p. 492]
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called Mathematik, Wissenschaft und Sprache (‘Mathematics, science and lan-
guage’). The address was Brouwer’s first more philosophical one after a series of
mathematical-intuitionistic lectures and papers. Brouwer does not put forward
many new ideas, but gives a refined and more coherent exposition of intuitionism.
He repeats the views on time and causality from his dissertation, he explains the
primordial intuition, he expresses some rudimentary psychological and sociologi-
cal ideas, and he restates his objections against classical logic as mentioned before
in De onbetrouwbaarheid der logische principes. His judgement of formalism is
rather mild: he describes its view on mathematics as one in which ‘the contents of
mathematical concepts and of the relations between these concepts are not further
discussed’.3%!

Intuitionism is introduced as putting forward ‘the extra-linguistic existence
of pure mathematics’.352 Next, Brouwer gives some weak counter-examples to the
principle of the excluded middle. He declares that if intuitionism gains ground,
substantial parts of mathematics will have to be given up while other parts have
to be constructed in a different way.3%3

Towards the end of the lecture, Brouwer relaxes his attitude towards formal-
ism even more. He acknowledges that, on the basis of the intuitionistic insights,
one can not only develop correct theories, without using the principle of the ex-
cluded middle, but also non-contradictory ones, in which the principle of the ex-
cluded middle can be used. In order to do so, one should mechanise the language of
the ‘intuitionistic-non-contradictory mathematics’. However, since there are strong
counter-examples against the unlimited use of the principle of the excluded mid-
dle, one should be cautious in doing s0.3>% These remarks build on the line set
out in Intuitionistische Betrachtungen iber den Formalismus, where Brouwer had
already recognised two forms of mathematics next to each other.3%® In the Vienna
lecture, however, he sees a bigger role for intuitionism in the ‘non-contradictory’
mathematics. This marks that Brouwer had moved further away from his original
position, when he saw the difference between intuitionism and formalism as almost
unsurpassable 356

Brouwer’s second Vienna lecture, Die Struktur des Kontinuums (“The struc-
ture of the continuum’), delivered four days later, was somewhat more techni-
cal. In this lecture, Brouwer first presents the formalistic and ‘old-intuitionistic’
(Poincaré, Borel) views on the continuum, before moving on to intuitionism. It
is worth noting that, in doing so, Brouwer speaks about the ‘discovery’ of non-
Euclidean geometry.3>” The use of this term contradicts his view, which he held
during all his life, that mathematics is a human construction. Brouwer was usually
quite precise in the choice of terms; this may have been a slip of the pen.

351¢Der Sinn der mathematischen Begriffe und Begriffsverkniipfungen wird dabei nicht niher
erértert’, [Brouwer 1929, p. 424]

352¢die aufersprachliche Ezistenz der reinen Mathematik’, [Brouwer 1929, p. 424]

353 [Brouwer 1929, p. 427)

354[Brouwer 1929, p. 428]

355Gee 2.7.2.

3565ee 2.5.

357 [Brouwer 1930, p. 430]
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In intuitionism, Brouwer explains, one should distinguish between the re-
duced continuum and the full continuum. In the definition of the full continuum
Brouwer does not use the word ‘choice sequence’. He claims that the intuitionistic
continuum does justice to the old claim by Kant and Schopenhauer that the con-
tinuum is pure intuition a priori.’*® Brouwer finishes the lecture by mentioning
some results on the ordering of the continuum and its inseparability.35°

Both lectures, thus, contained hardly anything new. However, their influence
on such important thinkers as Wittgenstein and Gédel should not be underesti-
mated.36°

2.8 The Mathematische Annalen and afterwards

The Bolognha Congress The development of Brouwer’s intuitionism was dealt
a definitive blow in 1928 in what Einstein called the Frosch-Mdusekrieg.?6! In
several lectures, starting in 1921, Hilbert had opposed Brouwer’s views in most
polemic terms.36? This was in sharp contrast to the period before, when Brouwer
and Hilbert had had a cordial relationship. Until 1919, Brouwer wrote Hilbert
about the nice walks they had had together in the Dutch dunes, the knowledge
he had obtained from Hilbert, and he assured him of his friendship.?®® In that
year, Brouwer, together with Hk. de Vries and J. de Vries, put forward Hilbert’s
candidacy for the Dutch Academy of Sciences, describing his mathematical the-
ories as adding ‘monuments of crystalline simplicity to the spiritual property of
humanity.’354

The prelude for the final clash between Brouwer and Hilbert lay in the In-
ternational Congress of Mathematicians at Bologna, held in September 1928. In
order to understand the situation, it should be pointed out that after the First
World War an international scientific organisation had been set up which excluded
scientists of certain nationalities. This was the Conseil International de Recherches
(‘International Council of Research’), set up by the Central Powers as a branch

358 Posy put forward an interesting Kantian framework for Brouwer’s intuitionism, in which the
continuum takes a central place, cf. [Posy 1998, pp. 308-314].

359 Brouwer 1930, pp. 432-439)

3603ee 4.4.2 and 5.4.2.

361Letter from Einstein to Born, 27/11/1928; [JNUL Einstein, 8-184]; [Van Dalen 1990, p. 26].
‘The frog and mice battle’ was a Greek parody of Homer’s Iliad. The first public appearance
of this term in the debate is in [Study 1929, p. 4]. I do not know whether Study got the term
from Einstein; they had been in contact since 1918. A full account of the events, based on
correspondence of the people involved, can be found in [Van Dalen 1990]. The report given here
was based on Van Dalen’s paper, unless stated otherwise.

3623ee the following chapters.

363Letters from Brouwer to Hilbert, 28/10/1909, 28/8/1918 and 20/8/1919, [MI Brouwer,
CB.DHL.6, CB.DHI.23, CB.DHI.25]

364 smonumenten van kristallijnen eenvoud aan het geestelijk bezit der menschheid heeft
toegevoegd’, nomination proposal David Hilbert for ‘Buitenlandsch Lidmaatschap der Akademie’
(‘Foreign Membership of the Academy’), [Van Dalen 1999A, p. 305]
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of the League of Nations. The organisation had a statutory boycott of German,
Austrian, Bulgarian and Hungarian scientists.3%®> Thus, Germany was excluded
from international conferences, there was a ban on the German language in scien-
tific discourse, and institutes were reallocated to countries of the allied part of the
world.?% Brouwer had campaigned against this situation at several occasions. In
1926, Germany was admitted as a member of the League of Nations. The Bologna
congress was the first post-war international mathematical conference to which
Germans were admitted. Although they were allowed to give lectures and the like,
their status was that of observers, not of full members. Brouwer had lobbied hard
to obtain full membership for them, but the lobby had failed. In the spring of
1928, he wrote a circular letter to mathematicians planning to attend the Bologna
Congress, calling upon them to reconsider their participation.367

The argumentation Brouwer uses in the letter is based upon the organising
institutions behind the Congress and the intolerant attitude that some mathemati-
cians associated with those institutions had manifested. The 1928 International
Congress of Mathematicians, with Benito Mussolini as one of the presidents of the
honorary committee,%® was organised by the Union Mathématique Internationale,
the mathematical part of the Conseil International de Recherches. However, at the
time there was some unclarity about this situation. As Brouwer states in his letter,
the Union Mathématique Internationale was mentioned in earlier announcements
of the Congress, but left out in later ones. Brouwer reminds his colleagues of the
words Painlevé, a leading mathematician and president of the French Académie
des Sciences, had used to introduce the Conseil International de Recherches in
1919. At that occasion, Painlevé had spoken about science on the other side of
the Rhine as ‘a gigantic enterprise where a whole people, with a patient servility,
was trying to the utmost to produce the most formidable killing machine that had
ever existed’.3%® And these words, Brouwer underlines, have not been withdrawn.
Brouwer finishes his letter with an appeal to the individual responsability of each
mathematician whether or not to attend the Congress.

Bieberbach supported Brouwer in an open letter.?”® Some German and Aus-
trian mathematicians followed Brouwer’s example and stayed away from the con-
ference, and there was no official delegation from Berlin.3"!

365[Van Stigt 1990, p. 85], [Zanichelli 1928, p. 5]

366[Van Dalen 1999A, p. 340]

367The matter will be dealt with in more detail in the second part of Van Dalen’s Brouwer
biography.

368 Zanichelli 1928, p. 23]

369¢yne gigantesque entreprise ol tout un peuple, avec une patiente servilité, s’acharnait a
fabriquer la plus formidable machine & tuer qui ait jamais existé’, letter privately printed by
Brouwer; [MI Brouwer]

370[Siegmund-Schultze 1993, p. 51)

371 At this point, the old Berlin-Géttingen rivalry may have played a role. As an indication of
the powerful position Berlin had had, it may be pointed out that in the 1870s almost all the
mathematical professorships in Prussia were held by graduates of the Berlin school ([Rowe 2000,
p. 56]). By the end of the 1920s, however, Gottingen had achieved fame not only nationally
but also internationally, and a mathematical institute was being constructed, supported by the
Rockefeller foundation.
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Hilbert strongly opposed the boycott. As he wrote in a concept for his circular
Bologna letter, he saw the boycott as a form of political oppression, headed by

Brouwer:372

In Deutschl[and] ist ein polit[isches|] Erpressertum schlimmster Sorte
entstanden[:] Du bist kein Deutscher, der deutsch[en] Geburt unwiirdig,
wenn Du nicht sprichst und handelst, was ich Dir jetzt vorschreibe.
Es ist sehr leicht, diese Erpresser loszuwerden. Man braucht sie nur
zu fragen, wie lange sie im deutschen Schiitzengraben gelegen haben.
Leider sind aber deutsche Mathlematiker] diesem Erpresserthum zum
Opfer gefallen],] z.B. Bieberbach. Brouwer hat es verstanden diesen
Zustand d[er] Deutschen sich zu Nutze zu machen u[nd] ohne (selbst?)
sich im deutschlen] (Schiitzengr[aben]??) sich [sic] zu betétigen, desto
mehr zum Aufhetzen u[nd] zum Zwiespalt der Deutschen zu sorgen[,]
um sich zum Herrn iiber d[ie] deutsch[en] Math[ematiker] aufzuspielen.
Mit vollem Erfolg. Zum zweiten Mal®”® wird es ihm nicht gelingen.37

In the end, a substantial German delegation followed Hilbert to Bologna, and in
total the German scientists came second, outnumbered only by the Ttalians.37
That, however, was not the end of the affair, but rather led to a series of
events that was to finish the Brouwer-Hilbert-controversy by power politics. These
events centered around the editorial board of the Mathematische Annalen.

The Mathematische Annalen Since 1915, Brouwer had been a member of the
editorial board of the Mathematische Annalen, at the time the most prestigious
mathematical journal inside and outside Germany. Brouwer was one of the ‘asso-
ciate editors’, the group of people mentioned on the cover under the heading unter
Mitwirkung von (‘with cooperation of”). The ‘chief editors’, those mentioned under
Gegenwdrtig herausgegeben von (‘presently published by’), were Hilbert, Einstein,

372cited from [Schappacher & Kneser 1990, p. 57] with small adaptations as indicated by Schap-
pacher afterwards (electronic communication from Schappacher to the author, 22/10/2001;
orginal in [NSUB Hilbert, Cod. Ms. Hilbert 494, 18/1-2, Anlage zu seinem Rundbrief in Sachen
Bologna vom 29.6.1928]

373The first time, to which Hilbert implicitly refers, is probably, as Van Dalen pointed out to
me, the Riemann affair, in which Brouwer succeeded in not having any French authors included
in the Mathematische Annalen Riemann Festschrift.

374In Germany, a political blackmail of the worst sort has come into being. You are not German,
German birth unworthy, if you do not speak and act as I now prescribe you. It is very easy to
get rid of this blackmail. One need only ask them how long they have laid in a German trench.
Unfortunately, German mathematicians have fallen victim to this blackmail, e.g., Bieberbach.
Brouwer has understood how to make use of this situation of the Germans, and without himself
giving a hand in German trenches, causing all the more incitement and discord among the
Germans, in order to pretend being the master of German mathematics. With all success. He
will not succeed a second time.’

375[Zanichelli 1928, p. 28; p. 63]
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Blumenthal and Carathéodory. Brouwer was an active collaborator to the An-
nalen, and did his refereeing work in a most detailed way.3"®

When Hilbert returned from the Bologna Congress, he wrote a letter to
Brouwer (with copies to the other chief editors) with the short message that,
‘given the incompatibility of our views on fundamental matters’,>”" Brouwer was
dismissed as a member of the editorial board. However, Hilbert had not dis-
cussed this with the other editors, let alone that they had consented to his action.
Carathéodory, who was a friend of Brouwer, was sent to Laren and arrived there
before Brouwer, who had been warned by telegram, had opened Hilbert’s letter.
Even though Carathéodory disagreed with Hilbert’s plan, he had to save the situ-
ation and he informed Brouwer about the intention of the chief editors to remove
him from the editorial board. The main argument he gave was that Hilbert wished
so, and that Hilbert’s illness required giving in to him. By that time, Hilbert was
indeed seriously ill again.®™®

The reasons Hilbert gave for dismissing Brouwer can be read in more detail in
a letter he sent to Einstein, asking for his support. Hilbert states three objections
to Brouwer’s continued presence in the editorial board: Hilbert felt insulted by
Brouwer, especially by his circular ‘Bologna’ letter; Hilbert thought that Brouwer
held a hostile position against sympathetic foreign mathematicians; and Hilbert
feared that Brouwer would take over the Mathematische Annalen after Hilbert
had left, whereas he wanted to keep Gottingen as its main base. However, seen in
the light of Hilbert’s spontaneous letter to Brouwer, one may ask whether these
are not rationalisations afterwards.®™

The battle continued with both personal and legal arguments. Einstein re-
fused to give in to Hilbert’s wish and pleaded for tolerance: ‘Sire, geben Sie thm
Narrenfreiheit!’33° Brouwer wrote a letter to Carathéodory telling him that he

376Brouwer did not hesitate to state his critical remarks clearly. In a dispute over a paper
submitted by Schouten, who was world famous for his contributions to differential geometry and
the tensor calculus, Brouwer wrote that the main work in his evaluation of Schouten's paper
had been ‘to trace among the great mass of trivialities, the few essential theorems, and finally to
find out at which places, not cited by the author, those theorems, in so far as they are correct,
have appeared earlier in the literature.’, (‘unter der grossen Menge dabei herausgekommener
Trivialitgten die wenigen wesentlichen Sdtze heraussucht, und schliesslich ausfindig macht, an
welchen vom Verfasser nicht zitierten Stellen diese Sdtze, soweit sie richtig sind, schon friher
in der Literatur auftraten.’), letter from Brouwer to Klein, 7/8/1920, [Van Dalen 19994, p. 298].

377¢pei der Unvereinbarkest unserer Auffassungen in grundlegenden Fragen’, letter from Hilbert
to Brouwer, 25/10/1928, [JNUL Einstein, 13.144]

378In the fall of 1925, it was discovered that Hilbert suffered from pernicious anemia, a blood
disease generally considered fatal. He was saved by a treatment based on raw liver flown over
from the United States. He recovered very well, but had a relapse in the fall of 1928, [Reid 1970,
pp. 179-188].

3791 did not find the slightest evidence for Fraenkel’s later claim that the reason for Hilbert'’s
removal of Brouwer was that Brouwer would have protested against the large number of Jew-
ish authors from Eastern European countries contributing to the Mathematische Annalen,
[Fraenkel 1967, p. 161].

380<GSjre, give him a jester’s freedom!’, letter from Einstein to Hilbert, 19/10/1928,
[JNUL Einstein, 13.141]; permission granted by the Albert Einstein Archives, The Jewish Na-
tional & University Library, The Hebrew University of Jerusalem, Israel.
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would only comply with his request if Hilbert’s physician would state in writing
that Hilbert was ‘of unsound mind’.3®! This letter did not strengthen Brouwer’s
position; it actually lost him the support of his friend Blumenthal. Brouwer then
wrote a circular letter to the publisher and the editors, arguing against his dis-
missal. But the conflict was beyond reason, and the only question was how to solve
the painful situation as smoothly as possible. In the end, a solution was found in
the dissolution of the entire editorial board. A new board was set up with Hilbert,
Blumenthal and Hecke as the sole editors; Einstein and Carathéodory refused to
join it.

For Brouwer, his dismissal from the editorial board of the Mathematische
Annalen by means of a ‘coup d’état’,382 even carried out as a re-organisation,
meant a serious insult. In the end, the mountains did not make way. Van Dalen
put forward the dismissal from the Mathematische Annalen as the main motivation
for Brouwer’s withdrawal from the foundational debate.

After the Mathematische Annalen In the following years, Brouwer remained
silent. His only public performance in the period covered here was an address
delivered in Amsterdam in December 1932. The lecture was similar to Mathe-
matik, Wissenschaft und Sprache, except for one thing. In explaining intuitionism,
Brouwer now adds reflections on an idealised person. A human mind with unlim-
ited memory, Brouwer maintains, would be able to do exact pure mathematics
in solitude and without using linguistic signs. However, once human communica-
tion is involved, the exactness will disappear.’®® Brouwer once more admits that
intuitionistic mathematics makes life harder.3%4

Doch de sferen der waarheid zijn nu eenmaal minder permeabel, dan
die der illusie.38?

In 1934, Brouwer was again offered a chair in Gottingen, which he refused. By
then, he mostly spent his time on such things as local government, school organisa-
tion and the fight for duped shareholders of a Hungarian spa enterprise. He did, at
the invitation of Gonseth, lecture on intuitionism in Genéve.3#¢ Finally, Brouwer
founded the mathematical journal Compositio Mathematica in 1934. Brouwer him-
self took little part in managing the journal, leaving this mainly to his assistant
Hans Freudenthal 387

381 Brouwer must have been well aware of the seriousness of pernicious anemia, since his wife
Lize had had the same illness, [Van Dalen 1999A, p. 375]. However, it is not clear if Brouwer
knew of which disease Hilbert suffered.

382 ‘staatsgreep’; the term comes from Heyting; letter from Heyting to Brouwer, 7/10/1929;
[TLI Heyting, B bro-291007*]

383 Brouwer 1933, p. 189]

384 Brouwer 1933, p. 190]

385¢But the spheres of truth happen to be less permeable than those of illusion.’

386[Van Dalen 2001, p. 382]

387 [Van Stigt 1990, pp. 105-106]
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With this, the development of Brouwer’s intuitionism for the period until
1933 (and somewhat afterwards) is finished.?®® However sad the end may be,
Brouwer’s results are impressive. The following chapters are devoted to the way the
academic world reacted to his creation. Before turning to the reception, however, I
touch upon a factor that may also have been of importance in the debate, namely
Brouwer’s character.

2.9 Brouwer’s personality

There were two characteristics of Brouwer about which friend and foe would agree.
The first was that Brouwer was a great mathematician. Thus, in 1921 Planck noted
that Brouwer was ‘the first mathematician in the Netherlands and together with
Hilbert (... ) the first of our time.”3®" Weyl said that ‘[o]f all mathematicians I have
met, Brouwer more than anybody else with the exception of Hilbert, impressed
me as a man of genius.”>®° Hilbert himself described Brouwer as ‘a scholar of
extraordinary talent (...) with a rare acumen.”! And in Brouwer’s obituary,
Heyting and Freudenthal, who had both worked with Brouwer as his assistant,
characterised Brouwer as follows:

Zijn lange, magere maar gespierde gestalte, zijn scherp ascetische ge-
laatstrekken, zijn hoewel niet krachtige, maar desalniettemin besliste
stem, zijn zeer persoonlijk handschrift bleven tot in zijn hoge ouderdom
het indrukwekkende fysieke correlaat van een genie, dat uitmuntte in
originaliteit, diepte en geestelijke zelftucht en dat geen grenzen van vak
en discipline kende.32

The second characteristic universally recognized was that Brouwer was an
outstanding personality. Freudenthal considered Brouwer to be ‘the most impres-
sive person I have ever met’.3% Husserl, too, was impressed by Brouwer and

388 After 1933, Brouwer published some thirty more papers on intuitionism, some of which
were technical contributions to intuitionistic mathematics, others of a more expository nature.
Compared to his ideas before 1930, no spectacular new insights were presented in the later papers.
Brouwer died in 1966.

389 As reported in [Siegmund-Schultze 1993, p. 39).

390Draft for a lecture at the Bicentennial conference, 1946, [ETH Weyl, HS 91a:17]

391¢¢einen Gelehrten von ungewéShnlichen Begabung, (...) und von seltenen Scharfsinn.’, draft
for an answer to a letter from Korteweg to Hilbert, 6/2/1911; [NSUB Hilbert, 464-1]

392‘Hjs tall, lean and muscular figure, his sharp ascetic features, his soft but firm voice and
his very typical handwriting remained even in his later years the physical reflection of a genius
which excelled in originality, depth and self-discipline and which was not restricted by the narrow
bounds of one subject and its methods.” English version based on [Brouwer 1975-1976, vol. 2, p.
XVI.

393[Freudenthal 1981, p. 253]. Freudenthal even modelled the principal character of his first
Dutch novel after Brouwer. Although Freudenthal himself always refused to admit so (oral com-
munication by De Iongh to the author), this becomes quite clear from the novel itself. Even
the name of the principal character, Von Blowitz, bears some resemblance to L.E.J. Brouwer.
(Freudenthal liked name games. He wrote the book under the pseudonym ‘V. Sirolf’, the ret-
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described him as a ‘completely original, radically honest, real and very modern
man’.3%* Einstein recognized Brouwer’s genius, but saw some dark sides, too. In a
letter to Hilbert, he described Brouwer as ‘ein unfreiwilliger Verfechter von Lom-
brosos Theorie der nahen Verbindung von Genie und Wahnsinn’3% Nowadays, in
terms of the Myers-Briggs Type Indicator, one would say that Brouwer was an
INTP bordering on INFP.3%

Brouwer’s views on intuitionism were firm and unshakable. In his opinion, intu-
itionism constituted the ‘real’ mathematics. He explicitly stated so in an unpub-
lished review:3%7

Ein Titel: ‘Int[uitionistische] Einfiihrung des Dimensionsbegriffes’ heisst
dan auch bei mir ‘Richtige Einfithrung des Dimensionsbegriffes’ und
sagt implizite aus, dass alle frithere Einfithrungen dieses Begriffes (in
erster Linie meine eigenen aus dem Jahre 1913) falsch sind.3%

Brouwer has, not without reason, been described as an ‘expert at nurturing
grudges’.3% Te was an emotional person, who had a strong sense of justice and
could defend his ideas fiercely.*°Y This caused the list of fellow mathematicians

rograde of ‘Floris V’.) One can imagine Freudenthal’s refusal to admit that Von Blowitz was
modelled after Brouwer, since the character is not always very positive. Von Blowitz is char-
acterised as an emotional and suspicious, almost parancid person, who easily thinks that he is
personally attacked and who attaches great weight to his own point of view. (A good example
of such behaviour can be found in the letter Brouwer wrote to Heyting on the occasion of his
70th birthday, where he listed all the wrongs the mathematical community had done him; letter
from Brouwer to Heyting, 23/2/1951; [TLI Heyting, B bro-510223].) Von Blowitz is not afraid
of confronting the person he sees as his enemy, as long as the fight is honest. Maybe the clear-
est hint at the resemblance between Brouwer and Von Blowitz is when Von Blowitz echoes an
argument Brouwer had used in the foundational debate, by saying that ‘it remained a piece of
villainy, even if the major signed ten treaties.’ (‘het bleef een schurkenstreek, al onderteekende
de magoor nog tien verdragen’, [Sirolf 1947, p. 165]. One of the famous quotes that rang through
the foundational debate was Brouwer’s allegation that an incorrect theory, even if it cannot be
inhibited by any contradiction that would refute it, is none the less incorrect, just as a criminal
policy is none the less criminal even if it cannot be inhibited by any court that would curb it.
The original citation, which was published in [Brouwer 1923, p. 3], is given in 2.6.2.)

394<eines vollig originellen, radikal aufrichtigen, echten, ganz modernen Menschen’, letter from
Husserl to Heidegger, 9/5/1928; cited from: [Husserl 1994, Band IV, p. 156]

395¢an involuntary advocate of Lombroso’s theory of the close relationship between genius
and madness’, letter from Einstein to Hilbert, 19/10/1928, [JNUL Einstein, 13.141]; permis-
sion granted by the Albert Einstein Archives, The Jewish National & University Library, The
Hebrew University of Jerusalem, Israel.

396 INTP’ stands for ‘Introversion, Intuition, Thinking, Perceiving’; in ‘INFP’, the ‘Thinking’
has been swapped for ‘Feeling’. The classical INTP type is the logician, the mathematician, the
philosopher; the INFP is the idealist; cf. [Keirsey & Bates 1984, pp. 176-178; 186-188].

397From Brouwer’s notes with respect to a review of [Fraenkel 1927A], undated, cited from

[Van Dalen 2000, p. 309].

398¢A title ‘Int[uitionistic] introduction of the dimension concept’ means to me ‘Correct intro-
duction of the dimension concept’ and implies that all earlier introductions, first of all my own
from 1913, are wrong.’

399 [Grattan-Guinness 1981, p. 501]

400[Heyting 1967, p. 674]
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he had disputes with, e.g. about priority claims, to become larger and larger. It
included, among others, Jahnke, Lebesgue, Koebe, Kohnstamm, Denjoy, Menger,
Schouten, and, of course, Hilbert.40!

The description given in this chapter on Brouwer’s intuitionistic activities might
suggest that Brouwer was single-mindedly interested in the foundations of math-
ematics. That, however, was definitely not the case. Not only was Brouwer also
involved in topology and significs, he furthermore led campaigns at various oc-
casions in favour of world peace, against the inclusion of philosophy in science-
degree courses,?9? for the introduction of associate-professorships, against the
Union Mathématique Internationale, and for ‘photogrammetry’ to be used in de-
fence matters.4"> What is true is Van Dalen’s remark that Brouwer preferred
revolutionary innovations to routine mathematical work. His work, whether it be
inside or outside foundations, contains few, if any, run-of-the-mill papers.4?4

In theory, Brouwer disliked people. This attitude can be found in his profession of
faith:405

Mijn God (. ..) heeft mij ook het streven gegeven om mijn leven, d.w.z.
mijn voorstellingen zo schoon mogelijk te maken; daaruit vloeit voort
dat ik in de, deel van mij zijnde, mij omgevende wereld, getroffen word
door walgelijkheden, en die wil trachten weg te nemen, ook wat betreft
de menschenwereld. Liefde voor mijn naaste zal ik dit ternauwernood
kunnen noemen, immers aan de meeste menschen heb ik het land, bij-
na nergens vind ik mijn eigen gedachten en zieleleven terug: de men-
schenschimmen om mij heen zijn voor mij het leelijkste deel van mijn
voorstellingenwereld. 496

In practice, however, he enjoyed company — be it on his own terms.*0”

401[Van Stigt 1990, pp. 28-57]. A number of these conflicts is treated in [Van Dalen 1999A].
Van Dalen reported the anecdote of the Dutch topologist De Groot, who once drove Brouwer
home after a meeting. In the car, Brouwer summed up all colleagues with whom he had a bad
relationship at the time. Suddenly he said: ‘But you and I still have an unfinished quarrel, too!’
De Groot suggested Brouwer not to pursue the matter further, [Van Dalen 1984A, p. 170].

402Cf. [Brouwer 1921H] and [Brouwer 1922].

403[Van Stigt 1990, pp. 78-85]

4047Van Dalen 1999A, p. 177]

405[van Stigt 1990, p. 390]

406My God (...) has also given me the ambition to make my life, i.e., my images, as beautiful
as possible. From this follows that I am struck by loathsomeness in the world surrounding me,
which is part of me, and that I want to try to remove this, also in relation to the human world.
I can hardly call this love for my fellow-man, for I cannot stand most people; I hardly recognise
my own thoughts and inner life anywhere. I find the human shades surrounding me the ugliest
part of my world of images.’

407Cf. [Van Dalen 1984A, p. 25; 44]
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Taking together the different evidence we have of Brouwer’s personality, the de-
scription of Brouwer that, I think, fits best comes from Heyting:4%8

Brouwer was an individualist who in social life as well as in his philos-
ophy took little notice of generally accepted norms and ideas.

Brouwer was a non-conformist in every aspect of his life. The reactions to his
intuitionism would show that not everybody appreciated this.

2.10 Conclusion

Brouwer developed his intuitionistic view on mathematics from 1907 on. In his
dissertation, published that year, he carried out what he later identified as the
first act of intuitionism: the separation between mathematics and mathematical
language. In doing so, Brouwer set forth a line of thought already present in his
mystical work Leven, kunst en mystiek from 1905, where he had played down
the value of language. In Brouwer’s view, mathematics is a languageless creation
of the human mind, constructed from the primordial intuition. In this view, one
recognizes both Mannoury’s influence, who had stressed the human character of
mathematics, and Brouwer’s own philosophical view, which was idealistic. The
following year, Brouwer drew the radical consequence that the principle of the
excluded middle is not universally valid. In Brouwer’s view, logic is nothing but
a description of regularities appearing in the mathematical language. In infinite
totalities, there is no ground for asserting the principle of the excluded middle.

In 1912, Brouwer became professor at the university of Amsterdam. His inau-
gural lecture Intuitionisme en formalisme was devoted to the foundations of math-
ematics. The lecture is important since it introduced the names for the two cur-
rents which were seen as the main opponents in the foundational debate. Brouwer
himself did not explicitly take position, nor did he explicitly identify Hilbert as a
formalist.

After his work in topology, which brought him world fame, and after the first
World War, Brouwer launched the second act of intuitionism: the introduction of
constructive set theory, based on choice sequences. In the following years, Brouwer
almost singlehandedly developed intuitionistic set theory and function theory. He
also made weak counter-examples against the principle of the excluded middle,
based on unsolved, but not proved unsolvable, problems. Instead of ‘negation’,
Brouwer used ‘absurdity’, and he proved that a triple absurdity equalled a single
one. Brouwer opposed the idea that consistency was enough to justify a mathe-
matical system, claiming that ‘an incorrect theory, even if it cannot be checked by
any contradiction that would refute it, is none the less incorrect, just as a criminal
policy is none the less criminal even if it cannot be checked by any court that
would curb it.” Brouwer published a series of expository papers on intuitionistic
mathematics in the Mathematische Annalen, which, however, were hard to read.

408 [Heyting 1978, p. 7]
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In 1927-1928, Brouwer was at the top of his intuitionistic height. He lec-
tured in Berlin and Vienna, significantly influencing such important persons as
Wittgenstein and Godel. In the same period, Brouwer formulated what the main
differences were between the intuitionistic and the formalistic point of view. If
formalists recognised that the principle of the excluded middle was to be identi-
fied with the solvability of every problem, and that the justification of formalistic
mathematics by means of a consistency proof rested on a vicious circle, Brouwer
maintained, the choice between the two would be reduced to a matter of taste.

However, the story ended differently. Hilbert, upon returning from the 1928
Bologna conference of which Brouwer had called for a boycott, dismissed Brouwer
from the editorial board of the Mathematische Annalen. This is presumably the
reason why Brouwer withdrew from the foundational debate.

Thus, Brouwer differed from mathematicians such as Kronecker, Borel and
Poincaré, who are often seen as his predecessors, in that he not only criticised classi-
cal mathematics, but also offered an alternative. Furthermore, Brouwer’s criticism
was more radical, since it extended to the unlimited use of the principle of the
excluded middle. Although Brouwer sometimes used polemics, most of his works
on intuitionism were purely mathematical. Brouwer’s intuitionistic mathematics is
coherent and follows logically once one, as a mathematician, accepts the idea that
mathematics is a human construction. However, Brouwer was not the most didac-
tically gifted person, which made it hard for others to penetrate his intuitionistic
ideas. Moreover, Brouwer was a strong personality with a strict sense of right and
wrong, and such a dogmatic position did not help in the spreading of intuitionism,
either.



Chapter 3

Overview of the foundational
debate

(...) ich halte diese Alternative [between intuitionism and formalism,
DH] iiberhaupt fiir eine logisch unzulissige Anwendung des “Tertium
non datur’ (...).!

Ernst Zermelo?

3.1 Introduction

In this chapter, I give an overview of the foundational crisis in mathematics in
the beginning of the 20th century. In order to determine the temporal extension
and other characteristics of the foundational crisis, we have to look at four factors.
There has to be a group of influential mathematicians who (1) reflect on the math-
ematical process, (2) express doubts concerning the validity of certain methods or
results, and (3) request changes in the mathematical process. Furthermore, there
has to be (4) a sense of crisis among the participants to the debate.? The first three
criteria have been met from the end of the 19th century on, when Kronecker and
others criticised existing mathematical practices and results.* The fourth criterion,
however, was only met once intuitionism was presented as a full-blown alternative
to classical mathematics, threatening its very existence. From that moment on,

1¢(...) 1 take this alternative [between intuitionism and formalism, DH] to be a logically
inadmissable application of the ‘tertium non datur’ (...).

2Report to the Notgemeinschaft der Deutschen Wissenschaft (‘Emergency Society of German
Science’), written sometime between 1930 and 1933; published in [Moore 1980, pp. 130-134]
(citation on page 131).

3See 0.1.

4See 1.2.

D. E. Hesseling, Gnomes in the Fog
© Birkhauser VerLag 2003



92 CHAPTER 3. OVERVIEW OF THE FOUNDATIONAL DEBATE

the debate on the foundations of mathematics became more emotional and polem-
ical, as seen among other things in the use of metaphors.> Therefore, I have taken
the reactions to Brouwer’s intuitionism as a main indicator of the course of the
foundational debate. The overview of the foundational crisis presented below is
thus limited to those characteristics which can be derived from the reactions to
intuitionism.

The description of the foundational crisis can be divided into a quantitative
and a qualitative part. The quantitative survey was based on numbers taken from
two sources. The first is the Jahrbuch iber die Fortschritte der Mathematik, the
main mathematical review journal of those days; the second consists of all public
reactions to intuitionism that I could find. The advantage of the first method is
that all contributions originated from one single source, so that, assuming that
the Fortschritte had a constant coverage of mathematical journals, changes in
the reception of Brouwer’s intuitionism could be measured more objectively. The
advantage of the second is that more reactions could be included. Since I am
dealing with the reception of Brouwer’s intuitionism, Brouwer’s own works were
not included in the numbers. Neither were reviews of intuitionistic works, since
reviews are almost automatically produced once a work is published, and thus are
not part of a more or less spontaneous development of the debate.

The qualitative view focuses on themes that played an important role in the
foundational debate, on the ‘tone’ of the reactions, on the different school and
currents, and on the social background of the participants.®

Combining these two parts leads to a characterisation of the debate both in
time and in contents. The delimitation thus found is applied in the remainder of
the book.

In order to start the process, a first chronological demarcation is needed. I
chose to start as early as possible, with the first reactions to Brouwer’s intuition-
ism I could find. This was Mannoury’s Methodologisches und Philosophisches zur
Elementar-Mathematik (‘Philosophical and methodological remarks on elementary
mathematics’), which appeared in 1909.7 Thus, the period covered here starts in
1909.

As a preliminary end point, I took 1933. There are two main reasons for doing
so. The first is Hitler’s rise to power in Germany, which had a significant impact
on the mathematical world, too.2 The second reason is that, by 1934, references
to Brouwer and intuitionism have become so common that they do not constitute
anything special anymore, and furthermore it has become hardly possible to cover
them all.

5The use of metaphors and its consequence for delimiting the foundational crisis is discussed
in 6.2.

6Characteristics which can be treated in a more or less isolated way, such as the number of
female participants or the languages that were used, are dealt with in this chapter. The more
general relationship between the foundational debate and its cultural context is treated in chapter
6.

7Mannoury 1909]

8See 6.6.
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3.2 Quantitative inquiry

3.2.1 The Fortschritte

The German journal Jahrbuch tber die Fortschritte der Mathematik or, for short,
the Fortschritte, was the main mathematical review journal until the beginning
of the 1930s.° Therefore, it stands out as the most natural choice as a means to
measure the development of the foundational debate, by taking reactions which
were reviewed in the Fortschritte. Before turning to the numbers that can be
taken from it, however, a preliminary remark should be made on the reliability of
information drawn from the Fortschritte.

The Fortschritte suffered serious delays in publication. For example, volume 48
covering the years 1921-22 only appeared between 1925 and 1928; volume 52,
dealing with 1926, came out in 1935. This is likely to have been caused by post-
war inflation problems and the boycott of German science.!’ Furthermore, the
order in which the Fortschritte appeared was not strictly chronological. For ex-
ample, in 1927 volume 48 (1921-22) had not yet been completed, but one had
‘already’ started publishing parts of volume 49 (1923). Because of these delays,
the picture obtained from an analysis of the Fortschritte volumes may be coloured
by the fact that its editors could work with hindsight. In this way, it is possible
that they projected later knowledge on earlier periods. Whether this happened or
not depends at least partially on the way in which papers to be treated in the
Fortschritte were chosen. Unfortunately, I have no information on this issue.

Since not all publications reviewed in the Fortschritte of a certain year were pub-
lished in the same year, I had to do some rearranging.!* Thus, I did not count the
publications dealing with Brouwer’s intuitionism by volume of the Fortschritte,
but according to the year of publication.!?

Figure 3.1 shows the number of publications cited in the Fortschritte from 1914 to
1933 that at least mention intuitionism or Brouwer (not in the field of topology).'?

9In 1931, the rival Zentralblatt fiir Mathematik und ihre Grenzgebiete was founded by
Gottingen mathematicians, [Siegmund-Schultze 1993, p. 200].

10Cf. [Siegmund-Schultze 1997, p. 142].

11Sometimes, even papers from year y + 1 were included in the Fortschritte of year y.

12The first volumes after 1933 do not include reviews of reactions to intuitionism published
before 1933.

33The numbers given here are minimum numbers, in the sense that only those publications
were included about which it was almost completely sure, either by the publication itself, or
by its title, or by the review, that it deals with Brouwer’s intuitionism. In case of doubt about
the year of publication, the year of the Fortschritte in which it appeared was taken. It remains
possible that some reviews of publications do not mention references to intuitionism that are
present in the work reviewed, and that I therefore missed some relevant contributions.
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Figure 3.1: Reactions to intuitionism mentioned in the Fortschritte, 1914-1933
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As one can see from the histogram, the number of reactions to intuitionism grew
in 1921, when Weyl’s paper was published,!* and reached a peak in 1926. From
that year on, the debate remained at its high level, wavering up and down until
the end of the period covered here. This leaves us with the picture of a debate
with a clear beginning, but with no clear end. I return to this problem later.

Apart from these numbers, there are some other characteristics of the Fortschritte
which reveal interesting aspects of the foundational debate. The Fortschritte is
divided into several categories. The categories in which foundational papers were
placed changed over the years covered here. In the beginning of the 1920s, pub-
lications dealing with Brouwer’s intuitionism could be found either in the section
‘Arithmetic and Algebra’, subsection ‘Foundations’; or under the same subsection
of the section ‘Analysis’; or in the section ‘Set Theory’; or, finally, in the section
‘History, philosophy and didactics’. Over time, almost all contributions to the foun-
dational debate were placed under the latter section. The subsection ‘Foundations’
under Analysis was restricted to general analysis books, and ‘Set theory’ to strictly
technical set-theoretical works. From volume 51 on (1925, published in 1932) the
subsection ‘Foundations’ under ‘Arithmetic and Algebra’ disappeared. In volume

14[Weyl 1921]
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61 (1935, published in 1936), the philosophy part was renamed ‘foundations’ and
joined with abstract set theory rather than history and didactics.

These developments indicate that people came to regard foundational ques-
tions more as a whole, and not separated by the specific mathematical disciplines
they were applied to, such as analysis or algebra. This reveals that, in the process
of the foundational debate, foundational questions were established as a separate
field of mathematical research.

Finally, it should be pointed out that the publications mentioned here represent
but a fraction of the total number of publications reviewed in a single issue of
the Fortschritte. For example, a rough estimate tells us that the 1926 volume of
the Fortschritte mentions almost 5,000 publications.!®> Therefore, it is clear that
even in such a top year of the discussion, only a small part of the mathematical
production was related to the foundational crisis, namely about 0.3%.

3.2.2 ‘All’ public reactions to intuitionism

In this subsection, rather than presenting all data from a single source, such as the
Fortschritte, I included all public reactions to intuitionism known to me.!% This
means that I included all published books and papers dealing with intuitionism, all
lectures given (or at least announced) on intuitionism, and all reviews which men-
tion intuitionism while discussing publications that do not. In this case, lectures
were placed in the year they were given rather than the year of publication, if any.
This differs from the method followed for numbers obtained from the Fortschritte,
where all materials were published and thus the year of publication was used for
lectures, too. Furthermore, the method followed in this section means that also
non-mathematical reactions were taken into account.'”

The advantage of including all known contributions is that the amount of
material covered is more than twice as big as that from the Fortschritte. The

I5The estimate was based on countings made from the name register in the back, leaving out
cross-references, and a check by countings made from random pages in the body itself.

16The only other relevant source that seemed possible was the number of lectures mentioned in
the Jahresbericht der deutschen Mathematiker- Vereinigung. If other journals had been taken as
a measure, one would only get a somewhat arbitrary sample of numbers that had mostly already
been included in the Foréschritte. Since announcements and reports of lectures were not included
in the Fortschritte, the choice of the Jahresberichte would provide us with independent numbers
on the development of the debate. However, this material would lead to a too large degree of
uncertainty. Firstly, from most of the lectures only the title is given. This makes it hard to judge
whether or not Brouwer’s intuitionism was discussed. Secondly, the mentioning of lectures in the
Jahresbericht was not always done regularly. For example, in some volumes more universities are
mentioned than in others. Taken together, these restraints mean that not more than ten talks
would survive, a number far too small to provide relevant information on the development of the
debate.

17The full list of all public reactions to Brouwer’s intuitionism until 1933 is given in appendix

B.
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disadvantage is that the numbers are more likely to have been distorted by my own
personal interest and capacities. In particular, most of my attention was drawn to
the beginning of the debate, which means that the numbers from after 1930 could
well be too low.

Figure 3.2: Public reactions to intuitionism until 1933
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Figure 3.2 gives a somewhat different image of the development of the reactions
to Brouwer’s intuitionism than the first picture. What remains unaffected is the
beginning of the debate: 1921 still clearly stands out as the first year in which a
considerable number of people reacted, also more than the first years afterwards.
However, the figure we now have gives a smoother image of the debate. Between
1922 and 1927, there is a monotone increase in the number of reactions, reflecting
a significantly growing interest in intuitionism. Also, it has now become possible to
identify more clearly the zenith of the debate, which lies in 1927.1® After that year,

18Thus, Mehrtens’ claim that the foundational crisis is to be situated primarily between 1920
and 1925 and that from halfway the 1920s the foundational crisis turned into a specific discours
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the number of reactions fluctuates. With this picture, I do not see any clear relation
between the development of the foundational crisis and the general situation in
Weimar Germany.'?

An analysis of the differences between the picture obtained from the Fort-
schritte material and the one from all known contributions reveals that the different
shapes were not so much caused by adding more contributions, but by re-ordering
the given lectures. This means that, if we accept that lectures should be classified
according to the year in which they were given rather than according to the year in
which they were published, we get a reasonably smooth picture of the development
of the debate. Classifying lectures by the year in which they were given seems
most reasonable, since they then count in the year in which the reaction was first
expressed (though possibly not for the largest audience).

3.3 Qualitative inquiry

3.3.1 Themes

In order to structure the contents of the debate, I identified its dominant themes.
The selection of the themes was done by analysing which subjects were mentioned
in the written sources that I used as a basis for this study. This means that the
categories according to which I set up this chapter (and others which were based
on this one) were formed, at least in principle, by following the categories as they
were used by the historical actors. However, some actors, such as Fraenkel and
Weyl, were much more explicit in identifying themes in the debate than others.
Especially Weyls’ Grundlagenkrise paper played a dominant role in setting the
agenda. Therefore, the selection presented here was carried out by looking at
themes that were recognised by some historical actors as themes in the debate,
and next checking whether these issues occured in contributions of others as well,
even if only as side remarks.

Following this procedure, the main themes which were discussed in contribu-
tions that can be classified as reactions to Brouwer’s intuitionism are the following:

o Mathematical existence and constructivity;

among foundational researchers is not correct, [Mehrtens 1990, pp. 294-295]. The top of the crisis
clearly came later, and most of the contributors to the foundational crisis after 1925 were not spe-
cialists in the foundations of mathematics, if only because the number of foundational researchers
was still very small. This substantially weakens Mehrtens’ claim that, with the consolidation of
the Weimar republic, the foundational crisis faded away, [Mehrtens 1990, p. 294].

19The history of Weimar Germany is normally divided into three periods: the first from the
founding of the republic in 1918 until 1923, a period in which the republic was still threatened in
its existence; the second from the end of 1923 until the end of 1929, during which the economy
recovered and there was (relative) political consolidation; the third from the world economic crisis
in October 1929 until 1933, during which both economic and democratic circumstances worsened
and which finally meant the end of the Weimar republic, [Miiller, H.M. 1996, pp. 226-227].
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o The principle of the excluded middle and logic in general;?°
o The contents of mathematics and formalisation;

o The roles of intuition and philosophy in mathematics;

e The foundational crisis and intuitionism in general.

I will now clarify what should be understood by these categories by mentioning
some of the questions that were addressed in the discussion of these themes.

The first category, on mathematical existence and constructivity, can be char-
acterised by questions like: What does ‘existence’ mean in mathematics? Does con-
sistency suffice for mathematical existence? Or is constructivity required? What
objects exist constructively in mathematics? Is mathematics, or a certain current
within the foundations of mathematics, constructive? Should mathematics be con-
structive? Can mathematics be constructive? What does ‘constructive’ mean?

The dispute about the principle of the excluded middle, the second item, can
be seen as a special case of divergent opinions on the status of logic. Questions
which are treated under this header are: Is mathematics dependent on logic, is it
the other way round, or should both be developed simultaneously? What logical
principles may be used in mathematics? Is the principle of the excluded middle
always reliable? Does the principle of the excluded middle apply even if the alter-
natives in the statement transcend our present state of knowledge? Can one do
mathematics without the principle of the excluded middle? Should one do so?

The third category treats the issue in what sense formal mathematics is or
can be meaningful, if at all, and whether it is allowed to transcend contents by
doing purely formal mathematics.

The final two categories are less coherent than the first three. The one on
intuition and philosophy deals with extra-mathematical factors: Can or should
intuition be used within mathematics, and if so, in what way? Can mathematics
be founded on intuition? Can it be founded on philosophy? Should it be founded
on philosophy? Or is mathematics independent of intuition and philosophy?

The issue of the ‘foundational crisis and intuitionism in general’ is a rest
category for matters still linked to intuitionism and the foundations of mathemat-
ics, such as the crisis in the foundations of mathematics, finitism, the infinite, set
theory and the antinomies, subjectivism in mathematics, etc.

Note that many of the questions mentioned here are in the ‘should’-form:
they contain value judgements about mathematics or concern the question of de-
limitating the field of mathematics.

It should be pointed out that the dominance of these themes, above all the
questions of mathematical existence and the principle of the excluded middle,
means that in the debate most attention was paid to critical aspects of intu-
itionism, where certain parts of classical mathematics were rejected. Particularly

20Sometimes, the principle of the excluded middle is referred to as the law of the excluded
middle; I prefer the former name.
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Hilbert specialised in focusing on the negative aspects of intuitionism. Brouwer’s
alternative, based on choice sequences and a constructive set theory, received little
attention, especially from mathematicians. Philosophers tended to be more posi-
tive about this aspect. Thus, the foundational debate focused on themes that gave
intuitionism a ‘destructive’ image.?!

In the course of the debate, the focus on the main themes remained remarkably
constant. This becomes clear by analysing not only all public contributions to the
debate, such as lectures and papers, but also private notes, correspondence, and
unpublished manuscripts. In this way, we find that throughout the debate the two
themes that are discussed most are mathematical existence and constructivity, and
the principle of the excluded middle and logic. The only significant change that
takes place in this respect is that the two subjects become recognised more widely
as the central ones in the foundational crisis. In the beginning of the 1920s, it is still
fairly common to find contributions to the debate which treat only one of these
issues. Around 1930 this has changed, and reactions to Brouwer’s intuitionism
would typically at least mention both.

The other thing that can be remarked regarding a changing thematic focus
during the debate is that there is a shifting attention regarding the third and
fourth theme. Up to about 1928, there are significantly more reactions discussing
the question of intuition and philosophy in mathematics than those treating the
issue of the contents of mathematics and formalisation. After that year, the men-
tioning of questions of philosophy and intuition drops, whereas the question of the
contents of mathematics and its formalisation becomes about as important as the
two dominant themes.??

Finally, the focus on what kind of intuitionism is discussed changed around 1930.
No longer was Brouwer’s intuitionisin and Weyl’s presentation thereof, between
which most people did not differentiate, the only issue discussed. From then on,
Heyting’s formalisation of intuitionistic logic as published in 1930 became one of
the main themes.?® Especially people like Barzin and Errera discussed Heyting’s
work extensively.?? This means that the foundational debate continued in a sub-
stantially modified form.

3.3.2 Tone

In the previous section I identified the main themes in the debate and I pointed
out some shifts that took place over the years. A more important change than this
one, but harder to pinpoint, is the change in tone of the debate.

21Thiel draws the same conclusion, [Thiel 1972, p. 112].

22Thus, it seems that this development in mathematics ran contrary to the more general
debate among German academics, where intuition was used more after about halfway the 1920s,
[Ringer 1969, p. 403].

23See 5.4.1.

24See 5.4.3.
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One of the first contributions in which the changed tone can be found is
Fraenkel’s lecture at the first Tagung fiir Erkenntnislehre der exakten Wissenschaf-
ten (‘Conference on epistemology of the exact sciences’) in Prague in 1929. In the
lecture, Fraenkel points out the polemics involved in the debate and tries to find
a synthesis between intuitionism and formalism:2°
Wie mir scheint, hat Brouwer den gréfiten Erfolg fiir seine Anschau-
ungen dadurch erzielt, da er als Anhénger seiner Ausgangsposition
— Hilbert gewonnen hat! Nur die Schirfe der Polemik zwischen bei-
den Forschern und ihren Schiilern auf der einen Seite, die vollige Ent-
gegengesetztheit der Schlufifolgerungen auf der anderen Seite konnte
es, glaube ich, verschleiern, daf Hilbert tatséichlich die Forderung der
Konstruktivitat und die Ablehnung eines einsichtigen Grundes fiir die
Anwendung der Aristotelischen Logik auf unendliche Gesamtheiten
iibernommen hat.2%

In the end of the lecture, Fraenkel appears conciliatory, stating that he believes
that none of the foundational currents is completely wrong; they are just looking
at the same problem from different angles.?”

The most striking examples of the changed tone can be found in the 1930
Konigsberg conference on the foundations of mathematics, where both formal-
ism, intuitionism and logicism were presented.?® One may compare the following
contributions, made there, to earlier ones.

In the introduction of his lecture Von Neumann, who represented formalism,
states the following on the three currents:2’

Die scharfe Formulierung der Mifistdnde in der klassischen Mathematik
durch Brouwer, die exakte und erschopfende Beschreibung ihrer Me-
thoden (der guten und der bosen) durch Russell, und die von Hilbert ge-
schaffenen Ansitze zur mathematisch-kombinatorischen Untersuchung
dieser Methoden und ihrer Zusammenhinge — diese drie wichtigen
VorstoBe im Gebiete der mathematischen Logik haben es mit sich ge-
bracht, dal heute in den Grundlagenfragen immer mehr eindeutige
Fragestellungen und nicht Geschmacksunterschiede zu untersuchen sind.*°

25 [Fraenkel 1930A, p. 294]

26¢<As T see it, Brouwer has reached the biggest success for his point of view by winning as
an advocate of his starting position — Hilbert! Only the sharpness of the polemics between both
researchers and their students on the one hand, the complete opposition of the consequences on
the other hand could, I think, veil that Hilbert indeed has taken over the demand of constructivity
and the rejection of a contentual ground for the application of Aristotelian logic on infinite
totalities.”

27 Fraenkel 1930A, p. 302]

28Gee 4.4.1.

29]Von Neumann 1931, p. 116]

30¢Broywer’s sharp formulation of the serious deficiencies of classical mathematics; Russell’s
exact and exhaustive description of its methods (the good and the bad ones); and Hilbert’s
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Carnap, who spoke on logicism, had already in the announcement of his lecture
hinted at a possible rapprochement between the different currents.®! He points
out that logicism has certain correspondences with both intuitionism and formal-
ism. With intuitionism it shares, in Carnap’s words, the constructive tendency
in making concepts; with formalism, the idea of working purely formally within
an established logico-mathematical system.>? And finally Heyting, the speaker on
intuitionism, takes up a pluralist position, too. He describes the question of taking
a starting position in how to found mathematics as a matter of choice. Only once
one has chosen the position that mathematics should consist of constructions in
the human mind, intuitionism provides the only possible way of doing s0.33

Dawson rightly describes the tone of the discussion as ‘conciliatory’.>* One
may compare these quotes to citations from the earlier period: Weyl, who called
Brouwer ‘the revolution’; Hilbert, who described Brouwer and Weyl’s intuitionism
as a ‘dictatorship of forbiddings’, and who reproached them of ‘treachery to our
science’; Ramsey, who spoke of the ‘Bolshevik menace of Brouwer and Weyl’; or
Brodén, who reproached intuitionism of ‘extreme cowardice’.3® The vehemence of
the terms used in describing the other party indicates that more was at stake, in

the participants’ views, before 1930 than afterwards.?¢

Now Von Neumann, Carnap and Heyting had never been the radicals of
the debate. In Von Neumann’s earlier publications dealing with the foundational
debate, he had already argued in favour of intuitionism and had tried to link intu-
itionism and formalism by identifying the formalistic meta~-mathematical level with
intuitionistic mathematics.*” Carnap, too, had treated intuitionism as a current in
its own right in an earlier publication,?® and he had no problems in working with
concepts for which the principle of the excluded middle did not hold.?® Heyting,
finally, had earlier complimented formalists such as Bernays for possessing a true
understanding of intuitionism.*°

initiation of a mathematical-combinatorial inquiry into these methods and their relations —
these three important advances in the field of mathematical logic have resulted in there nowadays
being more and more unambiguous problems to be investigated in foundational questions and
not matters of taste.’

31[Tagung fiir exakte Erkenntnislehre 1930, p. 1068]

32[Carnap 1931, pp. 104-105]

33[Heyting 19314, p. 115

34Dawson 1984, p. 114

35[Weyl 1921, p. 226], [Hilbert 1922, p. 159), [Hilbert 1926, p. 170}, [Ramsey 1926A, p. 380],
and [Brodén 1925, p. 236| respectively. I should add that the tone used in Ramsey’s paper is
much more relaxed than for example in Hilbert’s work.

360n the use of metaphors in the debate, see 6.2.

37[Von Neumann 1924, p. 239] and [Von Neumann 1927, pp. 2-3] respectively.

38[Carnap 1927, p. 363]. Carnap continued his conciliatory remarks, as, e.g., in [Carnap 1930,
p. 308].

39Carnap 1927, p. 364]

10[Heyting 1925, p. 2]
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The following year, both Carnap and Fraenkel openly stated that they saw
a synthesis between intuitionism, formalism and logicism as achievable.?!

The fact that people like Carnap, Heyting and Von Neumann moved to the
center of the discussion means that something had changed. No longer Brouwer
and Hilbert, two giants fighting for their sole right to mathematical truth, were
dominating the foundational debate, but people more willing to see the other side
of truth.*? Even though the foundational debate continued in 1930 and beyond,
the foundational crisis was by and large over.*3

Another difference in tone can be noted if we vary not time but space. This becomes
clear by looking at the reactions that Brouwer’s intuitionism evoked in the US.
First of all, these reactions were both small in number and late. Even though
Frizell reacted to the translation of Brouwer’s inaugural address in the Bulletin
of the American Mathematical Society as early as 1914, it remained silent on
the other side of the Atlantic for years afterwards. In 1924 Arnold Dresden, a
Dutch-born mathematician who had taken his Ph.D. at the University of Chicago
and who was the translator of Brouwer’s inaugural address, published a paper
on Brouwer’s contributions to the foundations of mathematics.*® Still no public
discussion arose. In 1927, Dresden lectured on intuitionism at a joint meeting of
the American Mathematical Society and the Mathematical Association of America,
and so did Pierpont.“¢ The following year, Church published a paper on the law
of the excluded middle.?” The number of American reactions does not compare to
the large number of publications on intuitionism in Europe.

More telling even than these numbers is the tone in which these contributions
were made. The calm way in which Americans drew their conclusions is maybe
best illustrated by the following words of Church:*®

(...) we may accept a system of logic in which the law of the excluded
middle is assumed, a system in which the law of the excluded middle
is omitted without making a contrary assumption, and a system which
contains assumptions not in accord with the law of the excluded middle
as all three equally admissible, unless one of them can be shown to lead
to a contradiction. If we had to choose among these systems of logic, we
could choose the one most serviceable for our purpose, and we might
conceivably make different choices for different purposes.

4l[Carnap 1930, p. 310], [Fraenkel 1930B, p. 297

42Brouwer was removed from the editorial board of the Mathematische Annalen in 1928 by
Hilbert and left the foundational debate disillusioned, see 2.8; Hilbert suffered from the normally
fatal blood disease pernicious anaemia and had to retire at the mandatory age of 68 in 1930,
[Reid 1970, pp. 179; 190].

431n fact, the end of the foundational crisis is best put in 1928; see 6.2.

44[Frizell 1914]

45[Dresden 1924]

46See 4.3.2 and 5.3.1.

47See 5.3.1.

48[Church 1928, p. 77]
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Church takes up a pragmatic position and does not seem to be worried at all by
the fact that two of the world’s leading mathematicians had attacked a logical
principle that had been used by mathematicians for centuries. This makes it clear
that, even though some elements of the foundational debate had crossed the ocean,
the foundational crisis definitely had not.*’

Finally, the synthesis was completed when Hilbert and Bernays, too, acknowl-
edged the value of intuitionism. The important works to mention in this respect
are the first volume of Hilbert and Bernays’ Grundlagen der Mathematik (‘Foun-
dations of mathematics’), published in 1934, and Bernays’ paper Sur le platonisme
dans les mathématiques (‘On Platonism in mathematics’), published the following
year.% In the former, Hilbert and Bernays for the first time publicly acknowledge
that Brouwer’s remarks concerning the principle of the excluded middle were jus-
tified.’! Having explained that in finitary mathematics existential and universal
statements and their ‘sharp’ negations are not opposed as contradictories, they
write:52

Die komplizierte Situation, die wir hier in betreff der Verneinung von
Urteilen beim finiten Standpunkt vorfinden, entspricht der These Brou-
wers von der Ungliltigkeit des Satzes vom ausgeschlossenen Dritten fiir
unendliche Gesamtheiten.®

In 1935, Bernays went even further by taking up a position that, in a way, meant a
kind of reconciliation between intuitionism and formalism. He explicitly acknowl-
edges the value of intuitionism, claiming that?

(...) ces deux tendences, intuitionniste et platonicienne [formaliste,
DH], sont nécessaires, elles se completent et il faudrait se violenter
pour renoncer & 'une d’elles.?®

Further on in the paper, it becomes clear why Bernays is so positive about intu-
itionism. Part of the reason is one of Gédel’s incompleteness theorems. The theo-
rem states that, given a formal system S which is at least as strong as the Principia
Mathematica and assuming that S is consistent, the consistency proof of S cannot
be expressed in S itself.?® Bernays realised that Godel had destroyed Hilbert’s

498ee also 6.2.

50[Hilbert & Bernays 1934-1939, vol. IJ; [Bernays 1935]

511t is not clear whether really both of them wrote this remark. By that time, Hilbert generally
left most of the work to Bernays. In the light of what Hilbert had said before on intuitionism, it
seems probably that Bernays was the one who inserted the remark.

52[Hilbert & Bernays 1934-1939, vol. I, p. 34]

53The complicated situation that we find here with respect to the negation of judgements from
the finitary point of view corresponds to Brouwer’s thesis of the invalidity of the principle of the
excluded middle for infinite totalities.’

54[Bernays 1935, p. 66]

55¢(...) these two tendencies, intuitionistic and platonic [formalistic, DH], are both necessary;
they complement each other and it would be doing oneself violence to renounce one of them.’

56See 5.4.2.
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original programme. Now, he was looking for a way to modify it.>” Bernays’s so-

lution was to use intuitionistic mathematics as the meta-theory in which to prove
the consistency of formal mathematics.%®

By proposing this, Bernays showed himself to go even further than what
Brouwer had claimed. In 1928, Brouwer had formulated four ‘insights’ which
formalism should recognize in order to reduce the choice between intuitionism
and formalism to a matter of taste. One of these was that for meaningful meta-
mathematics the intuitionistic theory of the natural numbers was necessary.>”
Now, Bernays chose to include all of intuitionistic mathematics on the meta-
mathematical level.

3.3.3 Currents and schools

Hilbert-school In terms of academic schools,? it is interesting to look at the
reactions to intuitionism from the Hilbert-school: people who had written their
dissertation under Hilbert. Since these people were all trained by Hilbert, at least
in principle, in doing scientific research, one might expect a certain sympathy
for Hilbert’s point of view. A large number of these, eleven, took part in the
foundational debate: Ackermann, Behmann, Bernstein, Courant, Grelling, Hamel,
Hedrick, Hellinger, Lietzmann, Schmidt, and Weyl.5!

Of one of these I do not know what opinion he held on the foundational
debate, since he gave a lecture of which I only found the title. This was Hellinger,
who lectured on Weyl’s research into the foundations of mathematics in June 1921
in Frankfurt am Main.5? Bernstein only mentioned Brouwer in a paper.5® Acker-
mann mentioned some aspects of intuitionism, as well as of other currents in the
foundations of mathematics, but remained strictly neutral.®* Lietzmann simply de-
scribed the formalistic and intuitionistic views on the foundations of mathematics
as its respective adherents saw it.5> Courant gave a joint lecture with Bernays on
Weyl's and Brouwer’s new arithmetical theories in February 1921, which was not
published.5¢ A 1927 lecture of Courant on the general meaning of mathematical
thinking, which he gave for the conference of German philologists and pedagogues
held in Gottingen, was published. Here, he pointed out that if intuitionism would

57G6del maintained that there was no contradiction between his theorem and Hilbert’s pro-
gramme, because a finitary proof need not be formalisable in the system under consideration;
see 5.4.2.

58[Bernays 1935, p. 69]

59[Brouwer 1928, p. 410]; see 2.7.2.

60The term ‘academic school’ is here taken in the loose meaning of people who share a specific,
common scientific background.

61The [Verzeichnis Hilbert-Dissertationen] contains a list of people who wrote their dissertation
under Hilbert. It is not clear if this list contains all Hilbert students.

62/Hellinger 1921]

63[Bernstein 1919, p. 70]

64[Ackermann 1927, pp. 450-451]

65 Lietzmann 1925]

68[Courant & Bernays 1921]
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win, a substantial part of mathematics would be lost and furthermore that, de-
spite the genius of its advocate, intuitionism is untenable.®” In the beginning of
the debate, Behmann only replied negatively to a comment Brouwer made to
his talk,% but he began to work on constructivity himself in 1930.%° Hamel saw
positive sides in Brouwer’s intuitionism and tried to reconcile it with Hilbertian
formalism.”™ Hedrick and Grelling were not only quite sympathetic to Brouwer’s
view, they also criticised Hilbert. Hedrick sympathised with Brouwer especially re-
garding the principle of the excluded middle. Countering Hilbert’s argument that
large portions of mathematical knowledge would disappear if mathematicians all
became intuitionists, Hedrick concludes his lecture as follows:"!

If we are to deny new developments whenever they require relinquish-
ment of the ideas of the past, we shall be serving not truth but only
our vanity.

Grelling found the axiomatic method ‘unsatisfactory’ with respect to set theory,
and he shared Brouwer’s criticism of the principle of the excluded middle (though
with a different argumentation).” In a later publication, Grelling not only gave
a clear and appropriate characterisation of intuitionism,”™ but he also seemed to
criticise the way in which Hilbert defended classical mathematics:™*

If intuitionists have been characterized with a certain property as rev-
olutionists who overturned the ancien regime, Hilbert might be com-
pared with a Napoleon who, without regard to considerations of le-
gitimacy, established, through a brilliant political stroke, a new order
whose success is the substitute for legitimacy.

It is not clear to me whether Grelling put stress on the loss of legitimacy in
formalistic mathematics, or that for him the success of this type of mathematics
was more important. On the whole, Grelling remained mostly neutral in his paper.
Schmidt, in his rector’s address at the Friedrich- Wilhelms-Universitit Berlin in
1929, was critical of intuitionism.”™ Finally, Weyl started as a staunch supporter
of Brouwer and remained sympathetic to intuitionism throughout his life.

Two conclusions can be drawn. Of all these Hilbert students, only Weyl, and
possibly Grelling and Lietzmann, can be seen as really involved in the foundational
debate; the others made not more than one public contribution each. Furthermore,
Weyl was clearly on Brouwer’s side, at least in the beginning; Behmann seemed

87[Courant 1928, p. 92|

68 Behmann 1924, p. 67]

69Gee 4.4.3.

70[Hamel 1928, pp. 11-15]

71[Hedrick 1933, p. 343]

"2hat (...) etwas Unbefriedigendes’, [Grelling 1924, pp. 46—47]
73[Grelling 1928, pp. 99-101]

74{Grelling 1928, p. 103

75[Schmidt 1929, pp. 60-63]
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sympathetic to intuitionism, at least later; Grelling and Hedrick supported some of
Brouwer’s views and criticised Hilbert’s position; Bernstein, Hamel and Lietzmann
were more or less neutral; Hellinger’s position is unknown; and only Courant and
Schmidt openly sided with Hilbert. This means that within his own school, Hilbert
never had strong public support, and his criticism of intuitionism was not taken
over in similarly vehement terms.

Finally, it is worth noting that Hilbert’s assistant in the foundations of math-
ematics, Paul Bernays, made not a single direct public reference to intuitionism
between 1922 and 1929, the period during which the debate raved most actively.”®
This is all the more remarkable since presumably Bernays was the person most au
courant with the details of the formalistic foundational programme.

Husserl-school Another person with influence on a number of participants to
the foundational debate was the philosopher Edmund Husserl (1859-1938). Al-
though Husserl worked as a philosopher, his interest in the foundations of math-
ematics goes back to his originial training as a mathematician in Berlin under
Kummer, Kronecker and Weierstrass.”” The ways in which people involved in the
foundational crisis were affected by Husserl varied. Becker wrote his Habilitations-
schrift with Husserl and worked as his assistant; Carnap took part in Husserl’s
seminars in 1924-25; Weyl attended Husserl’s lectures in Géttingen; Schmidt did
the same, and he was a personal friend of the Husserl family; Kaufmann had
an intense personal contact with Husserl; Lipps and Mahnke studied philosophy
in Gottingen with Husserl; and finally Heidegger was Husserl’s assistant at the
philosophical seminar from 1919 to 1922.7® It should be remarked that Husserl
did not get to know Brouwer personally until 1928, when the former lectured in
Amsterdam.”

There seems to be no consistent influence of Husserl as to what opinion to hold
vis & vis intuitionism, since these people took different positions. Lipps, Mahnke
and Schmidt were critical of Brouwer’s achievements; however, they mostly devoted
only some side remarks to intuitionism.3? Heidegger was neutral, or at least he did
not express his opinion on the issue.®! Carnap was a logicist, who however was
open to implement some of Brouwer’s ideas, albeit in a modified form.82 Kaufmann
agreed with Brouwer on some points, but disagreed with him on others. Finally,

76In the papers Bernays published on foundations during this period, he either made technical
comments, as in [Bernays 1927A], or gave a more subtle presentation of the formalistic position
than Hilbert used to do, as in [Bernays 1927B, p. 15] on the status of logic or in [Bernays 1928,
p. 202] on the question of mathematical existence.

77[Van Atten 1999, p. 24

78[Sepp 1988, pp. 424-442], [Schuhmann 1977, pp. 68, 158, 269 and 281]

79 [Schuhmann 1977, p. 330]

80[Lipps 1925, p. 71], [Lipps 1927-1928, vol. II, pp. 98-102], [Mahnke 1927, p. 286], and
[Schmidt 1929, pp. 60-63]. Lipps’ critical attitude may be related to the fact that he worked
in the Gottingen mathematical-physical faculty.

81 Heidegger 1927, p. 9]

82Gee 4.4.3.



3.3. QUALITATIVE INQUIRY 107

the two persons of this group who by far contributed most to the debate, Weyl
and Becker, were positive about Brouwer’s intuitionism, at least in the beginning.
Halfway the 1920s, however, Weyl became much more positive about the need for
symbolic mathematics, and their views diverged substantially.®3

Polish logic One might expect that there was some relation between the de-
velopment of intuitionistic logic and the school of Polish logicians, who developed
many-valued logic in the same period. Lukasiewicz put forward a system of three-
valued logic as early as 1920.34 However, the first time intuitionism and many-
valued logic were mentioned together was in Lukasiewicz’ 1930 paper Philosophi-
sche Bemerkungen zu mehrwertigen Systemen des Aussagenkalkils (‘Philosophi-
cal remarks to many-valued systems of propositional logic’). Lukasiewicz remarked
that Brouwer’s ideas had until then not lead to a system, and that the construction
of such a system was still ‘completely unclear’.?® Furthermore, they were treated
jointly in Zawirski’s paper Les logiques nouvelles et le champ de leur application
(“The new logics and their field of application’) in 1932, and at the 1934 Prager
Vorkonferenz des Ersten Internationalen Kongresses fiir Einheit der Wissenschaft
(‘Prague Pre-conference of the First International Congress for Unity of Science’),
where both Ajdukiewicz and Reichenbach placed intuitionistic logic and many-
valued logic in a non-classical framework.5®

Logicism Nowadays, the image most people have of the foundational debate in
the 1920s and early 1930s is that it was a discussion between three currents: for-
malism, intuitionism and logicism. Such a conception is fostered by source books
such as Benacerraf and Putnam’s well-known Philosophy of mathematics, which
opens with English translations of the three Kénigsberg contributions by Carnap,
Heyting and Von Neumann on logicism, intuitionism and formalism respectively.8”
However, the debate was primarily seen as one between intuitionism and formal-
ism by contemporaries, and logicism only played a marginal role.®® During the

83Weyl and Becker corresponded on the relationship between mathematics and phenomenology;
their mutual understanding deteriorated when Weyl had reacted in strongly negative terms to
a paper that Becker had submitted for publication in Symposion. An analysis of the situation,
including the two letters dealing with the foundations of mathematics in full, will be publlished
in [Mancosu & Ryckman 2002].

84|Lukasiewicz 1930, p. 65]. It is worth noting that Lukasiewicz’ argumentation for the accep-
tance of a non-two-valued logic was contentual rather than formal.

85¢y5llig im Unklaren’, [Lukasiewicz 1930, p. 75]

86|Zawirski 1932] and [Ajdukiewicz 1935, p. 155], [Reichenbach, H. 1935, p. 37], resp.

87|Benacerraf & Putnam 1964, pp. 31-54]. Dawson describes these translations as ‘widely read
and discussed’, [Dawson 1984, p. 112].

88Mehrtens draws the same conclusion, [Mehrtens 1990, p. 291]. Dawson’s remark that by 1920
‘the logicist philosophy propounded by Whitehead and Russell had become the dominant philoso-
phy of mathematics’ refers more to the views of logicians than of mathematicians ([Dawson 1984,
p. 112]; electronic communication to the author, 4/11/1998).
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Interbellum, logicism fell substantially in reputation.®® Its representatives were
few, most notably Ramsey and Carnap. Russell, one of the fathers of logicism,
to my knowledge never reacted to intuitionism publicly during the foundational
debate,® while Wittgenstein only did so after he had heard Brouwer speak in Vi-
enna in 1928, when he broke with his Tractatus position.’! Furthermore, Carnap
only entered the debate in 1927,°2 whereas Ramsey was relatively isolated in the
United Kingdom. From the reactions to intuitionism during the foundational crisis
(1921-1927), only some ten percent included remarks about logicism as well.%3 It
was not without reason that Hahn claimed in 1929 that Germany had only heard
about the fight between intuitionism and formalism.?? Fraenkel did mention logi-
cism in his Finleitung in die Mengenlehre from the second edition in 1923 on, but
it did not figure as prominently as intuitionism and formalism. Thus, it seems that
the 1930 Koénigsberg discussion between all three currents was the starting point
of the image of a tripartite debate, which was then projected backwards onto the
earlier period of the debate.

Platonism Presumably, there was a different current which did play a role, and
maybe even an important one. For it is rather plausible that the philosophy most
mathematicians adhered to was some kind of platonism. Thus, a belief in a pla-
tonic world of mathematical ideas may have been the background of the silent
majority, of the working mathematicians who kept on working while others occu-
pied themselves with foundational questions. However, since the silent majority
remained silent, it is hard to say anything on its views.

There are two other, more philosophical currents that deserve being mentioned:
the Wiener Kreis (‘Vienna Circle’) and the Berlin Gesellschaft fiir empirische
Philosophie (‘Association for empirical philosophy’).

Wiener Kreis The Wiener Kreis® (Vienna Circle) started in 1924 under the di-
rection of the philosopher Moritz Schlick. Its original members included the mathe-
matician Hans Hahn, the sociologist-economist Otto Neurath, and the philosophers

89Cf. [Grattan-Guinness 1981, p. 497]. An overview of the development of logicism between
the two World Wars can be found in [Grattan-Guinness 1984].

90Russell did touch upon intuitionism in the introduction to the second edition of his ‘Principles
of Mathematics’, which appeared in 1937. There, he described the formalist as ‘a watchmaker
who is so absorbed in making his watches look pretty that he has forgotten their purpose of
telling the time, and has therefore omitted to insert any works.’ Intuitionism, in Russell’s view,
was ‘a more serious matter’, [Russell 1937, p. vi].

91See 4.4.2.

92[Carnap 1927]

930f course, this does not exclude the possibility that there were contributions which discussed
logicism in its own right, without reacting to intuitionism.

94[Hahn 1930, p. 101]. Carnap made a similar remark in [Carnap 1930, p. 298].

95The name stems from a manifesto published in 1929 by Carnap, Neurath and Hahn,
[Dawson 1997, p. 26].
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Herbert Feigl and Friedrich Waismann. The philosopher Felix Kaufmann, too, fre-
quented meetings of the Circle, but he did not consider himself a member. Soon,
they were joined by the young German mathematician Kurt Reidemeister, who
had been appointed in Vienna in 1922. One of the characteristics of the Circle was
that all of its members had a first-hand acquaintance with some field of science.

Reidemeister suggested that the Wiener Kreis should read Wittgenstein's
Logisch-philosophische Abhandlung, later known under the title of its English
translation, Tractatus Logico-Philosophicus. Hahn enabled the members to discuss
the work by explaining to them the ideas of Whitehead and Russell’s Principia
Mathematica. In 1926, the young philosopher Rudolf Carnap was accepted as Pri-
vatdozent at the university of Vienna; Reidemeister had by that time left Vienna
for Kénigsberg. Hahn saw Carnap, who joined the Circle in the same year, as the
person who would carry out Russell’s program of using symbolic logic for doing
philosophy in an exact way. The Wiener Kreis read the Tractatus a second time.
Although Wittgenstein lived in Vienna from 1927 to 1929 and there were personal
contacts between him and some of the Wiener Kreis members, he never joined the
Circle. His main interest at the time was in architecture.

From 1927 on, the Circle attracted foreign visitors, like the Polish logician
Alfred Tarski. In the late 1920s, the mathematician Karl Menger, who had suc-
ceeded Reidemeister, and the logician Kurt Gédel attended meetings of the Circle.
In 1929, the Wiener Kreis published a manifesto, the tone of which Ringer charac-
terised as ‘that of outsiders, men who were fed up with the ‘growth of metaphysical
and theologizing tendencies’ in the philosophy of the German academic establish-
ment.’% Carnap and Neurath saw the Circle’s philosophy as an expression of the
neue Sachlichkeit, which was propagated by the Bauhaus. In 1931, the name ‘log-
ical positivism’ was introduced to describe the philosophy of the Wiener Kreis.?”

Whether intuitionism was discussed in the Circle discussions is not clear. In
any case since Reidemeister joined the Circle, the members could have been aware
of the fact that intuitionism existed. Some of its most important members, most
notably Carnap, were close to Russell’s logicism. Many members of or persons
close to the Wiener Kreis reacted to Brouwer’s intuitionism at one time or the
other, including Kaufmann, Reidemeister, Carnap, Gddel, and Menger.

96 |Ringer 1969, p. 308]
97|Feigl 1969, pp. 630-641], [Carnap 1963, pp. 20-30]
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Gesellschaft fiir empirische Philosophie The Berlin section of the Inter-
nationale Gesellschaft fiir empirische Philosophie®® was founded in 1927.%° It was
set up to foster the development of philosophy on the basis of experiences in the
different sciences. To this end, the group organised public lectures. The first of
these was Joseph Petzoldt’s Rationales und empirisches Denken, delivered in May
1927, in which he touched upon Brouwer’s criticism of the principle of the excluded
middle.!% Reichenbach’s lecture on the philosophical foundations of mathematics,
delivered before the Association in November 1927, also treated Brouwer’s intu-
itionism.!%! In the list of lectures that Danneberg and Schernus reconstructed,
there are some by Dubislav which might have included a reaction to intuition-
ism, t00.192 However, it is not sure whether all these lectures were delivered, and
the precise contents of them is unknown as well.'% Such lectures were visited by
some 100-300 persons on average, mostly academics, with an over-representation
of medical professions. The local press, like the Vossische Zeitung, showed interest
in the lectures, t00.!°* Furthermore, the Gesellschaft could use substantial parts
of the journal Annalen der Philosophie to promote its ideas.!%® There was a lively
interest in such an enterprise, for by the end of 1927 there were already more than
one hundred members. These included the mathematician Richard von Mises (orig-
inally a Viennese), the philosophers Walter Dubislav and Joseph Petzoldt, and the
couple Alexander and Lily Herzberg. Apart from Von Mises, all of these publicly
reacted to intuitionism. Hans Reichenbach, who is nowadays associated most with
the Berlin Gesellschaft, only joined in October 1928.1°6 John von Neumann and
the physicist Fritz London, who contributed to the foundational debate, were in
more or less close contact with the Association.'®7

98 Apart from the Berlin section, hardly anything seems to be known about the International
Association to which the section refers; cf. [Danneberg & Schernus 1994, pp. 394-396]. In 1931,
it changed its name into Gesellschaft fir wissenschaftliche Philosophie (‘Association for scien-
tific philosophy’), following a suggestion by Hilbert ([Hoffmann 1994, p. 29]). There also was a
Berliner Gruppe or Berliner Kreis, which overlapped to a large degree with the Berlin section
in terms of members. Some people, however, like Kurt Grelling and Carl Gustav Hempel, were a
member of the Berliner Gruppe but not of the Gesellschaft. The Berliner Gruppe was organised
in a more informal way. Details on the exact relationship between the two are not known yet, cf.
[Danneberg & Schernus 1994].

99Carnap incorrectly gives 1928 (or later) as the year of society’s origin, [Carnap 1963, p.
29] (cf. [Hoffmann 1994, p. 22]). This may be connected to Carnap’s likewise mistaken claim
that Reichenbach was appointed in Berlin in 1928; he actually started there two years earlier,
[Biermann 1988, p. 226).

1005¢e 5.3.1 and 6.4.2.

101 [Herzberg, L. 1928], a short report on the lecture.

1021,ike Dubislav 12/12/1927 Konventionelle und moderne Logik (‘Conventional and modern
logic’), Dubislav 13/1/1931 Die Grundlagenkrise der Mathematik (‘The foundational crisis in
mathematics’), and Dubislav 13/12/1932 Das Unendlichtkeitsproblem in Logik und Mathematik
(‘The problem of the infinite in logic and mathematics’).

103[Danneberg & Schernus 1994, pp. 425-428]

104[Danneberg & Schernus 1994, pp. 405-407]

105[Hoffmann 1994, p. 22]

106 Danneberg & Schernus 1994, p. 393]

107 [Hoffmann 1994, pp. 26-27]
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There were strong connections between the Berlin and Vienna group, also because
of the good personal relationship between Carnap and Reichenbach, who had been
in contact since 1920.1%% From 1930 on, Carnap and Reichenbach jointly edited
the journal Erkenntnis as the home journal of the Wiener Kreis and the Berlin
Gesellschaft. In 1930, the two groups also joined forces to organise the Kénigsberg
conference on the foundations of mathematics, at which intuitionism was one of
the main currents discussed.!??

3.3.4 People

General The character of the study carried out in this book implies that T did
not only look at the ‘great names’ of a period, such as Brouwer, Hilbert and
Weyl, but that I also included works of numerous lesser-known mathematicians
and philosophers. Altogether, some 120 people were involved in the discussion.
The historical actors discussed here have one characteristic in common, which is
that most of them held a university position. The foundational debate was a highly
academic topic.

Some basic data may serve to further characterise the participants to the
foundational debate.

Within this group of academics, the number of mathematicians greatly ex-
ceeded that of philosophers.t'? Also, the male predominance was almost complete.
In fact, I only found three women who reacted to intuitionism: Lily Herzberg, Marie
Deutschbein and Alice Ambrose. Herzberg contributed by writing a one-and-a-
half-page report of a lecture Reichenbach had given on the foundational crisis.!!!
Deutschbein published two contributions to the foundational debate. One was a
paper on the philosophical importance of mathematics for Bildung, in which she
devoted one page to intuitionism.!'? The other was a higher education textbook
on the philosophical foundations of mathematics, written together with Walther
Brand, in which the foundational debate was treated in a subsection.!!® Ambrose,
a student of Wittgenstein in Cambridge in the 1930s, published a paper on ‘a
controversy in the logic of mathematics’ in 1933.11* I found no data about ethnic
minorities, homosexuals, etc., which might have been interesting in terms of reveal-
ing existing networks. On the whole, the debate seems to have been a discussion
between white, male, western academics — like presumably most mathematicians
in those days.

108{Reichenbach, M. 1994, p. 13]

109Gee 4.4.1.

110The importance of such a distinction should not be exaggerated. As is still the case nowa-
days, people doing mathematical logic can be found in both mathematical and philosophical
departments, and they may have studied either mathematics or philosophy.

111 Herzberg, L. 1928]

112[Deutschbein 1929, p. 332]

113/Brand & Deutschbein 1929, pp. 45-50)

114[Ambrose 1933]
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Age Asto the age of the participants, the generation most involved in the debate
was clearly Brouwer’s, not Hilbert’s. When the debate started in 1921, Hilbert was
59 years old, Brouwer 40. The average age of the participants was, measured in
1921, about 35.

The persons from Hilbert’s generation''® who were involved were: Brodén,
Hadamard, Holder, Korselt, Mannoury, Marcus, Petzoldt, Pierpont, Schoenflies,
Study, and Voss. Of these, Brodén, Korselt, Marcus and Petzoldt were clearly
negative about intuitionism;!'® Hélder, on the other hand, preferred intuitionism
to formalism, and also Pierpont judged intuitionism positively;!!"; Mannoury dis-
agreed with many of the ideas of his personal friend Brouwer, but did not see
formalism as an alternative;''® Hadamard and Study disliked the whole contro-
versy;'!9 whereas Schoenflies remained neutral and Voss did not express his opinion
on the issue.’?® Thus, on average those involved from Hilbert’s generation seemed
to be somewhat negative about intuitionism.

The youngest generation involved consisted of those born after 1900: Am-
brose, Church, Freudenthal, Godel, Heiss, Herbrand, Hirsch, Kolmogorov, Menger,
Von Neumann, and Ramsey. Of these, the philosopher Heiss was negative about
Brouwer’s conclusions;?! Church and Freudenthal remained neutral;'?? so did the
philosophers Ambrose,'?3 a student of Wittgenstein in Cambridge, and Hirsch,
who devoted his dissertation to the foundational crisis'?* and mostly published
newspaper articles of an expository nature on the debate; Herbrand looked for a
kind of synthesis between intuitionism and formalism;'2% Menger was at first inter-
ested in intuitionism, but he became more critical over the years;'?¢ Von Neumann
saw positive sides to intuitionism;'?” Ramsey first resisted intuitionism, but later
made some positive contributions to it, which were however not published during
his lifetime;'?® and Gédel and Kolmogorov made several positive contributions to

115] e., who were at most five years younger than Hilbert

116[Brodén 1925, pp. 235-236]; [Korselt 1916, p. 135]; [Marcus 1928]; [Petzoldt 1927, pp. 157-
158)

117[Hslder 1924, p. 277], [Pierpont 1928, p. 53]

118[Mannoury 1924, p. 40

119THadamard 1926, p. VIJ; [Study 1929

120[Schoenflies 1922, p. 102]; Voss only mentioned Brouwer in [Voss 1914, p. 146].

121[Heiss 1928, p. 405]

122[Church 1928, pp. 76-77); [Freudenthal 1932, p. 98]

123[Ambrose 1933, p. 611]

124[Hirsch 1933]. I have not seen the dissertation; there is a short description of its contents in
[Gruenberg 1988, pp. 350-351].

125[Herbrand 19304, p. 164]

126 Menger was still positive about intuitionism in [Menger 1926, p. 115], but he was more critical
in [Menger 1928A, p. 225] and [Menger 1928C, p. 303]; see 4.4.3.

127Gee 3.3.2.

128Ramsey’s criticism of intuitionism can be found in [Ramsey 1926A, p. 339] and, in a more
subtle form, in [Ramsey 1926B, pp. 216-217]; Ramsey’s notes on intuitionism are now avail-
able as [Ramsey 1991B] and [Ramsey 1991C]. In the introduction to the book which contains
the latter items, Galavotti, the editor, mentions Ramsey’s ‘conversion to intuitionism by the
end of his life’ and refers to an earlier edition of some of Ramsey’s published and unpublished
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the development of formalised intuitionistic logic.'?® Thus, the youngest genera-

tion involved was on the whole not negative about Brouwer’s intuitionism, and
some actually contributed to it positively.'3°

3.3.5 Languages and media

Languages More insight in the spreading of the debate can be obtained by
looking at the languages in which contributions were made. If we split all public
contributions to the debate according to language, the German predominance is
clear. More than half of the contributions was made in the German language,
French coming second with less than one fifth. After that, English and Dutch
were the languages most used respectively. The odd publication was made in, e.g.,
Norwegian, Greek or Catalan.!3!

After the publication of Weyl’s Grundlagenkrise paper in 1921, the debate
started as a German affair, with some Dutch contributions. In 1923, the first Ital-
ian and Hebrew contributions appeared, but this had no lasting influence on the
debate.’®? The following year, Wavre and Dresden made the debate accessible to
the French and English reading readers respectively.'®® From 1933 on the Ger-
man language lost its position as being used more often than all other languages
together, and the use of French and English became more frequent.

Media The media which the persons involved in the foundational debate chose
to make their contribution reveal some characteristics of the debate, too. Of the
public contributions that were available for this research, about one fourth were
first delivered as a lecture and published later. The other three fourths consisted of
papers and books that were published directly. The majority of the contributions
consisted of more or less popular presentations, that were either meant for a large
audience or could be understood without any specific knowledge. Hilbert was the
champion of talks. The five papers he published on the foundational debate were all

works edited by Braithwaite, [Galavotti 1991, p. 22]. Braithwaite, in his introduction, tell us
that Ramsey was ‘converted to a finitist view which rejects the existence of any actual infinite
aggregate’ [Braithwaite 1931, p. xii]. It seems probable that Braithwaite, who wrote the intro-
duction in 1930, did not distinguish between intuitionism and finitism, just like Ramsey himself
(cf. [Ramsey 1991B, p. 201]). Braithwaite does not mention what makes him believe that Ram-
sey was converted to a finitist view. Having read the above-mentioned posthumously published
notes, I would say that Ramsey became more sympathetic towards some aspects of intuitionism,
but remained critical of others, like Brouwer’s theorem of the equivalence between a triple nega-
tion and a single one, [Ramsey 1991B, p. 202], [Ramsey 1991C, pp. 215-217]. Majer argued that
Ramsey was inspired by Weyl’s intuitionism, [Majer 1989].

129Gee 5.3.1 and 5.4.2.

130] have not been able to find biographical data on all the people involved, so it is possible
that I missed some persons in these categories.

131[Skolem 1926], [Oikonomou 1926] and [Garcia 1933] respectively.

132The Italian paper was [Levi 1923]; the Hebrew one was [Fraenkel 1923B], which was published
in a multi-lingual journal, German being the language of the other version of this paper.

133[Wavre 1924] and [Dresden 1924]
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reports of lectures he had given earlier, and mostly quite popular presentations.
Nevertheless, Hilbert managed to get most of them published in the normally
strictly mathematical Mathematische Annalen, of which he himself was one of the
editors-in-chief.13* The journals used were in vast majority scientific ones, although
besides mathematical journals also philosophical ones played a considerable role.

However, the trends sketched here are not conclusive, since they are to a
large degree dependent on the way in which this study was carried out. In the
first place, almost all unpublished lectures have been lost, or at least they could
not be traced. Secondly, there were newspaper articles in which the foundational
debate was discussed, but these are much harder to find. I mainly used personal
archives for finding them, which means that the search process was not carried out
systematically. Finally, the character of this work automatically has a bias towards
scientific journals. Since this is a study in the history of mathematics, I tend to
focus on mathematical journals in the first place. Therefore, what was presented
may be slightly biased.

It took some time before journals devoted specific attention to the foundational
debate. In 1930, the Bldtter fiir Deutsche Philosophie devoted an issue to the philo-
sophical foundations of mathematics.!3® This included papers by Scholz, Fraenkel,
Carnap, Menger, and Bernays on the foundational debate. The journal Erkennt-
nis followed the following year with a special on the foundational crisis, including
reports from lectures given at the 1930 Konigsberg conference.

The foundational crisis entered a high school book in 1927. In that year, Lietz-
mann published his Aufbau und Grundlage der Mathematik (‘Construction and
foundation of mathematics’), meant for the higher classes of secondary school. He
motivated the publication of the book by reference to the new Prussian directives,
cited by him as saying:!36

Logik und Erkenntnistheorie finden einen Platz in der Mathematik.
Auch die psychologischen Grundlagen des mathematischen Denkens
soll der Unterricht beriihren.'3”

Lietzmann only makes a short remark about intuitionistic mathematicians who do
not accept the universal validity of the principle of the excluded middle.!3®

In the 1930s, a new medium was introduced in the debate: the radio. However, it
was used scarcely, with only Fraenkel and Scholz delivering radio lectures on the
foundational debate.!3?

134[Hilbert 1922, [Hilbert 1923], [Hilbert 1926], [Hilbert 1927], [Hilbert 1930A]

135Tssue 3 of the 1930-1931 volume.

136[Lietzmann 1927, p. II1]

137‘Logic and epistemology will find a place in mathematics. The education has to touch upon
the psychological foundations of mathematical thinking, too.’

138Lietzmann 1927, p. 13]

139(Fraenkel 1932] and [Scholz, H. 1933]
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3.4 Conclusion

The features of the foundational debate just described lead to the following image.
The foundational crisis started in 1921. Before that time, there were some separate
reactions to Brouwer’s intuitionism, but nothing like a debate. This means that it
was not in the first place the mathematical material itself that evoked the reactions,
since that had been available since 1918.14° In 1921, after the publication of Weyl’s
paper on the foundational crisis, & large number of reactions appeared. Among
the people who reacted were Hilbsrt and Bernays, seen as the most prominent
adherents of formalism. From 1922 on, the debate grew monotonously, until it
reached its top around 1927. After 1927, the number of reactions to Brouwer’s
intuitionism fluctuated.

Around 1930, the tone of the liscussion changed markedly. Before that year,
when Brouwer, Hilbert and Weyl were the main actors, words like ‘revolution’,
‘betrayal’ and ‘Bolshevik menace’ could apparently be used legitimately within
the debate, although such contributions did not dominate numerically. From 1930
on, important contributors to the debate like Von Neumann, Carnap and Heyting
defended their own position less vehemently and were more open to the advantages
of other currents in the foundations of mathematics. The search for a synthesis
had begun.

In general, the participants to the foundational debate were academics, most
of them mathematicians, some philosophers. The dominant generation was of
Brouwer’s age: about 35 years old when the debate started, and male. The crisis
was heaviest in Europe and was expressed mostly in the German language. From
1933 on, the influence of the changed political climate in Germany becomes evident
in mathematics, too, and the number of German contributions to the foundational
debate dropped markedly.

The earliest clear point found here at which the foundational crisis is defi-
nitely over is the 1930 Konigsberg discussion. However, there are other reasons to
put the end of the debate earlier, namely in 1928.141 Therefore, in the remainder
of this thesis the foundational debate is discussed at length only for the period
1921-1927.142

During the period 1909-1933, the two themes that were discussed most remained
unchanged: the question of mathematical existence and constructivity, and the sta-
tus of the principle of the excluded middle and logic. The only change that took

1408ee 2.6.

141 These reasons, connected to the use of metaphors, are treated in 6.2.

1421 thus disagree with Fraenkel, who sticked to a much broader demarcation of the foundational
crisis. In his view, the crisis started with the reactions to Zermelo’s well-ordering proof in 1904
and lasted until after the Second World War ([Fraenkel 1947, p. 19] and [Fraenkel 1951, p. 7]). I
think the episode about the axiom of choice should only be seen as a prelude to the foundational
crisis, since the number of contributions before World War I does not compare to that afterwards.
As to the end of the debate, I find the changed tone in the contributions to be decisive in taking
1928 as marking the end of crisis.
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place was that, over time, more people recognised that these were the main themes.
Furthermore, in the beginning of the debate the third main theme was the role
of intuition and philosophy in mathematics; after about 1928, this was replaced
by the question of the contents of mathematics and the legitimation of formalis-
ing mathematics. Additionally, after 1930 a substantial part of the reactions to
intuitionism focused on Heyting’s formalisation of intuitionistic logic instead of on
Brouwer’s work or Weyl’s presentation thereof.

From these themes, I shall treat the first two in detail in the following chap-
ters and leave out the others. The main reason for this is that these themes are the
dominant ones throughout the whole debate. Furthermore, the subject of philoso-
phy and intuition was, I think, for most people involved still a side issue, whereas
the question of contents and formalization only started to play a considerable role
after 1928, when the foundational crisis was already over.



Chapter 4

Reactions: existence and
constructivity

Die Wolfskehl-Stiftung veranstaltete einen Vortragskreis von Planck
iber Quantentheorie. Ein Ausflug wird angesagt: Versammlung vor
dem Hause des andern Planck, (...} Hainholzweg 44. Stimme aus dem
Publikum: ‘Wie findet man da hin?’ [Hilbert:] ‘Aber das ist doch ganz
einfach (sprichlt] ostpreuBlisch!), da gehn Sie nach Hainholzweg 42, und
dann noch ein Haus weiter, dann sind Sie da.’

Walter Lietzmann®

4.1 Introduction

4.1.1 Mathematical existence

In mathematics one deals with various objects. Some theorems are about numbers,
others about functions or groups, to name but a few. But even though mathemati-
cians are able to work with these mathematical objects, their ontological sta-
tus usually cannot be inferred.> What precisely are these objects mathematicians
speak about? Are they pre-existing entities that we discover? Are they creations
of the human mind? Or are they nothing more than signs written down on paper?

1“The Wolfskehl Foundation organised a sequence of lectures by Planck on quantum theory.
An excursion is announced: assembling in front of the other Planck’s house, (...) Hainholzweg
44. Voice from the public: ‘How do we get there?’ [Hilbert:] ‘But that is very easy (speak(s]
east-Prussian!), you go to Hainholzweg 42, then one house further, and then you are there.’’

?[Lietzmann 1960, p. 26]

30ntology, as explained in the glossary, is the study of being.

D. E. Hesseling Grnomes in the Fog

© Birkhauser VerlLag 2003
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Does, for instance, the number ‘2’ have an existence independently of us? And
what about a function like f : z + x + 17

Some mathematicians might argue that such existence questions are too philo-
sophical to be part of mathematics. But they are linked to other problems which
come closer to the core of mathematical argumentation. It is certainly reasonable
to ask when objects are mathematical enough to be included in a mathematical
system. In other words: the question what we need to know about objects in order
to consider them as legitimate objects of mathematical study is one which is of
importance to mathematics proper. The answer to this question may vary accord-
ing to which position is taken with respect to the issue of mathematical existence.
For a metaphysical realist, there is no need to create mathematical objects, since
they already exist. Therefore, a realist will generally have fewer demands than an
idealist.*

One may distinguish between three questions of mathematical existence. The first
is the most philosophical one: it is the question about the ontology of mathemat-
ical objects. If we take the example of non-Euclidean geometry, the ontological
existence question would be: do planes, lines and triangles of non-Euclidean geom-
etry exist in any way, for example in a Platonic world of ideas? The second one is
about the existence of mathematical systems. In this example, the appropriate ex-
istence question would be: on what grounds could or should we include the whole
system of non-Euclidean geometry into the study of mathematics? Finally, the
third question is about existence statements within mathematics. This would ask
how we could prove the existence of, for instance, a certain line in non-Euclidean
geometry.”

4In philosophy proper, two main currents are distinguished concerning both metaphysical
and epistemological questions. Metaphysical realism, following Plato, states, put roughly, that
there exists an outer reality which in its existence is independent of our experience of the world.
Opposed to this are various views joined together under the name anti-realism, with idealism as
one of its main representatives. Metaphysical idealism holds that the mind is the only bearer of
reality, [Van Dooren 1983, p. 119]. An analogous distinction can be made within epistemology.
Epistemological realism takes the objects to play a primary role in the process of knowing, and
leaves the knowing subject with a mostly receptive role, [Gethmann 1995, p. 500]. Therefore, it
is possible for an epistemological realist that propositions are true, even though we do not and
maybe even cannot recognize so. Epistemological idealism, following Kant, maintains that all
conceivable propositions deal with human experiences, [Dancy 1989, pp. 136-137]. In other words:
there is no evidence-transcendent truth. This leaves us with three possible combinations: one can
be a metaphysical and an epistemological realist (Plato’s position), one can be a metaphysical
realist and an epistemological idealist (Kant’s position), or one can be a metaphysical idealist
and therefore also an epistemological idealist (Fichte’s position). Brouwer’s intuitionism is an
idealistic philosophy of mathematics in the metaphysical sense (see 2.2.2).

In the primary and secondary literature on the foundational debate in mathematics, however,
there is some confusion of terminology, which can be misleading. For example, Ridder labels
intuitionists ‘realists’, but describes their point of view correctly, [Ridder 1931, p. 12]; similarly
Wavre calls formalists ‘idealists’, [Wavre 1924, pp. 243-245]. I will throughout this work stick to
the realist-idealist terminology as just explained.

5The phenomenologist Moritz Geiger made a different distinction between existence questions,
for which Von Freytag introduced a terminology ([Geiger 1928, p. 403]; I used [Freytag 1937] as
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Even those who find that the ontological question lies outside the domain
of mathematics proper will have to answer the questions when something can be
called a mathematical system, and when we can state the existence of a mathemati-
cal object within a mathematical system. Usually, people who leave out ontological
considerations see mathematics as a formal system, in which consistency suffices
for existence and in which existence statements are derived formally.

In the foundational debate in the 1920s, all three existence questions were
discussed. Brouwer focused on the existence of mathematical systems, with a clear
link to his view on the ontological status of mathematical objects.® However, most
discussions were about mathematical systems or objects, and many participants
to the debate dismissed the ontological question as an illegitimate invasion of phi-
losophy into mathematics. Becker and Heyting did treat the ontological existence
question, but this aroused few reactions.”

As can be seen from the history of mathematics, the various existence questions are
of all times. They were asked frequently in the past, especially when new math-
ematical objects were introduced. For instance, for a long time square roots of
negative numbers were considered mysterious. The Renaissance scholar Cardano,
who lectured in Bologna and Milan, was probably the first to voice this opinion.
In his major work Ars magna, which was published in 1545 and which is often
taken to mark the birth of modern mathematics, he described these roots as ‘so-
phisticated’ and ‘as subtle as useless’.® Around 1700, the question had still not
been settled, and Leibniz called the imaginary numbers amphibians between be-
ing and non-being.? Later, in the 18th century, the British metaphysician Berkeley
attacked Newton’s method of fluxions. He called the supposed existence of a finite
ratio between absolutely vanishing terms absurd.'® And in the decades before the
foundational debate the issue of mathematical existence, both of systems and of
existence statements, was raised by mathematicians like Kronecker, Poincaré and

cited by [Bockstaele 1949, pp. 16-19]). Following this characterisation, there are two categories
into which existence questions can be divided. The so-called big existence problem asks what
the ontological status of mathematical objects is. This should be distinguished from the small
existence problem of which criterion mathematical objects have to fulfill in order to be admissible
within a mathematical system. The latter characterisation, however, is rather vague. If it is
taken literally, one may ask how we could have obtained a mathematical system without having
mathematical objects. If it is taken to apply to existence statements within a mathematical
system, it contains the big existence question in disguise. For, as Van Dalen pointed out to me,
if we have proved a statement of the form —V(z)~f(z) = 0, and we ask ourselves if there exists
a number that satisfies f(z) = 0, then we are not asking for the existence of a number. Rather,
we are looking for a number n, which already existed, which satisfies the given equation. That
is, we are looking for a proof p such that p proves f(n) = 0. But this is a question about the
ontology of the proof p.

SCE., e.g., [Brouwer 1907, p. 81; pp. 217-218].

"See 4.2.3, 4.3.2 and 4.3.1.

8[Cardano 1545, p. 287]

9[Becker, Q. 1964, p. 214]

10[Cajori 1980, p. 219]; Berkeley spoke about ‘the ghosts of departed quantities’.
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the French semi-intuitionists.!!

The same kind of questions are still being discussed now, and they can always
re-appear in the future.!? Putting the question is nothing special. However, at some
times the importance ascribed to it seems, to the mathematicians involved, much
bigger than at others. The foundational debate in the 1920s definitely belongs to a
period when great significance was attached to these issues. Existential questions
were among the main items discussed.!®

4.1.2 A short history of constructivism

Antiquity Related to the existence question is the assertion that all mathemat-
ics should be constructive. This subject, too, has a long history. A famous thesis by
the Danish mathematician-historian Zeuthen, formulated by the end of the 19th
century, holds that already in Antiquity constructions were needed in geometry
in order to ensure the existence of the mathematical object under investigation.
Thus, Euclid would only use an object such as the middle of a line segment after he
had proved by a construction that the object in fact existed.!* Presumably relying
on Zeuthen'’s thesis, Kline argued that Gauss’ proof of the fundamental theorem
of algebra ‘inaugurated a new approach to the entire question of mathematical
existence’, since it did not yield a method for computing the desired roots.!®> How-
ever, Zeuthen’s argumentation is far from conclusive, and modern commentators
have argued against it.!% Also, it should be pointed out that it is not clear which
constructions were ranked as admissible by the ancient Greeks. Although Euclid
restricted constructions to ruler-and-compass ones in his Elements, it is clear that
in early Greek geometry more general constructions were admitted.!”

Kant ‘The grandfather of mathematical constructivism’,'® Kant, put forward
constructions as the decisive characteristic of mathematics. As he formulated it in
the Kritik der reinen Vernunft:'9

11See 1.2.2,1.4.2 and 1.3.1 respectively.

12Thiel even maintains that one can just as well read the literature from the 1920s on
philosophical-foundational matters as the current literature, [Thiel 1972, p. 159].

13Perhaps not incidentally, the discussion on mathematical existence runs parallel to the
rise of existentialism in German philosophy, as developed primarily by Jaspers and Heidegger.
Where Lebensphilosphie stressed life, existentialism placed existence in a prominent position,
[Lukécs 1960, p. 430]. For Lebensphilosophie, see 6.3.1.

14[Zeuthen 1896, p. 223], [Zeuthen 1912, pp. 40-46]

15[Kline 1972, p. 599]. Kline contrasts Gauss’ proof to the Greeks’ criterion for existence,
constructibility. The non-constructive proof indeed became one of the targets of intuitionism,
and both Brouwer & De Loor and Weyl published (independently of each other) constructive
versions of the proof, [Brouwer & De Loor 1924] and [Weyl 1924], as did Skolem ([Skolem 1924];
see also 4.3.

16Ct., e.g., [Mueller 1981, p. 15] and [Knorr 1983, p. 140].

17Cf. [Fowler 1987, pp. 287-291] for the example of the so-called neusis-construction that was
freely used by, among others, Hippocrates and Archimedes.

18[Posy 1998, p. 315

19[Kant 1781/1787, A p. 741/B p. 485]
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Die philosophische Erkenntnis ist die Vernunfterkenninis aus Begriffen,
die mathematische aus der Construction der Begriffe.2°

A modern interpretation hereof would read as follows. In Kant’s view, mathe-
matical objects have to be constructed in intuition. Intuition is seen as a direct
apprehension of appearances by means of forms, which enable one to order the
appearances. The only pure forms in intuition which Kant recognizes are space
and time.?! Furthermore, according to Kant mathematics is not analytic, but syn-
thetic.22 Thus, by construction Kant meant a synthetical procedure to perform
judgements in space and time of intuition.

In the beginning of this century, Kant was probably the most valued philoso-
pher at German universities, and few German academics could escape noting his
views. In this way, the Kantian stress on constructions in mathematics may have
played its role in the foundational debate more or less regardless of its interpreta-
tion.

Fichte went further and claimed that constructibility was a demand for all of
science.?* In this light, it is not surprising that Weyl mentioned Kant and Fichte
as two of his main philosophical influences.??

Intuitionistic constructivism As far as I know, the use of the term ‘construc-
tive’ in its present, intuitionism-inspired meaning can be traced back to Lebesgue,
who used it in his 1904 Lecons sur l'intégration et la recherche des fonctions prim-
itives (‘Lessons on integration and the research into primitive functions’}.?¢ There,
he distinguished between descriptive definitions, in which characteristic properties
are given, and constructive ones. On the latter he wrote:?”

Dans les définitions constructives, on énonce quelles opérations il faut
faire pour obtenir 1'étre que 'on veut définir.?

T'his is basically the same notion as the one used by Brouwer and later intuitionists:
constructions are mathematical operations which are completely performable in

20¢ Philosophical cognition is rational cognition from concepts, mathematical cognition that
from the construction of concepts.” English translation cited from [Kant 1998, p. 630].

21[Kant 1781/1787, A pp. 34-36/B pp. 56-57], [Caygill 1995, p. 265)

22[Kant 1781/1787, A p. 14/B p. 42]. An analytic judgement is a judgement that is neces-
sarily true on purely logical grounds, because the meaning is already implicit in the subject; a
synthetical judgement gets its meaning from non-logical sources as, e.g., experience.

230pinions expressed during the 1920s tended to agree on the fact that mathematics should be
constructive, but to disagree on what this should mean; see, e.g., 4.2.2, 4.2.2 and 4.4.1. Bernays
was the only person I found who explicitly referred to the Kantian terminology when speaking
about intuitive constructions in mathematics, [Bernays 1923, p. 162].

24[Ritter & Grunder 19711995, vol. 4, pp. 1011-1113]

25[Weyl 1954, pp. 632-637)

26Kronecker seemed to prefer the wording ‘to arithmetize’, cf. [Kronecker 1887, p. 253].

27[Lebesgue 1904, p. 99

284In constructive definitions one formulates which operations one has to carry out in order to
obtain the object one wants to define.’
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principle.?® The same interpretation of existential statements was given in Russell
and Whitehead’s monumental Principia Mathematica:*>°

An asserted proposition of the form ‘(Ex).fx’ expresses an ‘existence
theorem’, namely ‘there exists an  for which f(z) is true.” The above
proposition gives what is in practice the only way of proving existence-
theorems: we always have to find some particular y for which fy holds,
and thence to infer ‘(Ez).fz’.

The opposed, classical view of identifying an existence statement with a statement
of the form ‘not for every not’ dates back to Frege and Peano.!

One of the first prominent pure existence proofs>? came from Hilbert. Gordan
had worked long to prove his conjecture of the existence of a finite basis in invariant
space theory, and he had only found some proofs under special circumstances.
These proofs were algebraic and constructive in nature. Hilbert, however, proved
the whole conjecture — but in a purely existential way. Gordan refused to accept
the proof; he called it ‘not mathematics, but theology’.3® In 1920, the what we
would nowadays call non-constructive character of classical existence statements
was pointed out by Skolem. Introducing what is now known as Skolem-functions,**
Skolem remarks that these can only be thought of by using the axiom of choice.3?
Although the paper in which this concept was established was one of those that
‘at once’ made Skolem one of the foremost among logicians,®® it does not seem to
have influenced the debate on mathematical existence at all. Why this is the case
remains unclear.

Hermann Weyl stated his view on mathematical existence most manifestly for a
large audience, stressing the issue of existence statements within a mathematical

29[McCarty 1983, p. 108]

30[Whitehead & Russell 1910, p. 20]

31Moore 1980, p. 97|

32A pure existence proof, as explained in the glossary, is a proof in which the existence of
a mathematical object is proved in a non-constructive way, i.e., the proof gives no method for
actually constructing the object.

33Cf. [Hilbert 1923, p. 188]. In fact, Hilbert seems to have taken Gordan’s criticism to heart,
cf. [Rowe 2000, p. 60].

34In modern notation, a Skolem-function is a function f, associated with a formula ¢ such
that the so-called Skolem axiom

Voizz ... 2n(Fy e(z1, 22, 20, Y) = @(21, 22, .-, Ty fo (@1, 22, .-, T0)))
holds, where n 4 1 indicates the number of free variables of ¢. In words: if, for all z1,x2,...,zx,
there exists an element y such that formula ¢(z1,z2,...,zn,y) holds, then the Skolem-function

fo picks out this element y. The definition given here is a generalisation of the one introduced
by Skolem in his 1920 paper. [t can be proved that for each theory T there exists a Skolem
expansion T* obtained by extending T with the Skolem axioms and the original language L with
the Skolem functions, such that T* preserves all the original theorems. Cf. [Van Dalen 1997, p.
139].

35[Skolem 1920, p. 107]; on the axiom of choice, see 1.3.1.

36[Fenstad 1970, p. 11]
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system. He clearly linked the subjects of mathematical existence and constructiv-
ity. Through Weyl, both subjects entered into the foundational debate.3”

In the 1920s, there appears to have been no generally accepted division be-
tween constructive and non-constructive mathematics. Brouwer used words such
as opbouwen (‘to construct’) from the start, and Weyl gave mathematical con-
structions a central place in his exposition of intuitionism in 1921.3® Nevertheless,
constructive mathematics was not seen by all involved in the debate as being
solely the terrain of the intuitionists. Although the term ‘constructive’ appeared
regularly in the debate, it was not until the beginning of the 1930s that it got a
mathematically more specified meaning based on the concept of computability, by
the work of Turing and others.?®

Modern constructivism After the publication of Weyl’s paper, the demand
that mathematics be ‘constructive’ was continued by Heyting. The latter followed
Brouwer by defining intuitionistic mathematics as coming into being by means of
a constructive ability of our mind.4® In was only in 1967, however, that the term
‘constructive mathematics’ came to serve as a general label. This was one result
of Errett Bishop’s research program, which started with the book ‘Foundations of
constructive analysis’.?! He explicitly mentioned Brouwer as the one who started
‘constructivising’ mathematics and termed him a ‘constructivist’. In Bishop’s view,
the goal of constructive mathematics is to give numerical meaning to as much as
possible of classical mathematics.** He clarified this by showing how constructive
mathematics is done by proving theorems in a constructive way. Bishop paid little
attention to philosophical discussions and focused on the practice of constructive
mathematics.

Nowadays, the term ‘constructivism’ is used to describe a collection of views on
mathematics placing certain restrictions on the kinds of arguments seen as admissi-
ble.*® These include various branches of mathematics, not only Bishop’s construc-
tive mathematics, but also finitism, Markov’s constructive recursive mathematics,
and intuitionism.?4 In this way, constructivism has become a branch of mathemat-
ics that can be distinguished quite clearly from pure formalism.

The present-day intuitionistic view on existence statements is part of the
Brouwer-Heyting-Kolmogorov interpretation of logic, in which an argument is ac-

378ee 4.2.1.

388ee 2.3.1 and 4.2.1 respectively.

398ee 4.4.3.

40 Heyting 1934, p. 2]

41Lorenzen’s ‘constructive’ mathematics is of a very different kind, since he deals with symbolic
sign constructions, [Lorenzen 1950, p. 163].

42[Bishop 1967, p. ix|

43[Detlefsen 1994, Vol. 1, p. 656]. Note that this is a negative way of characterising constructive
mathematics, which does not attempt to give meaning to the ‘constructive’ part in this ism.

44[Troelstra & Van Dalen 1988, vol. 1, pp. 1-5]. More information on the developments of
constructive mathematics after Brouwer can be found in this book.
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cepted as a proof for 3z A(x) if the argument provides a d € D, where D is the
domain, together with a proof of A(d).*> Within intuitionism, the tradition of
working with ‘constructions’ continues until today. It was stimulated by Kreisel’s
interpretation of intuitionistic logic, where ‘construction’ and ‘constructive proof’
are the basic notions.?6 Troelstra, a student of Heyting and one of the main modern

intuitionists, described intuitionism as ‘a theory of mental constructions’.4?

4.2 The beginning of the debate

The debate on mathematical existence and constructivity developed in several
phases. First, there was the ‘inner circle’ of people involved: Brouwer, Weyl, Hilbert
and Bernays. This was also the period in which it was not clear to Hilbert and
Bernays what the intuitionists Brouwer and Weyl meant by existence and con-
structivity. From 1924 on, the differences became clearer and the debate centered
on what ‘existence’ and ‘constructive’ should mean within mathematics. At the
same time, these questions moved to a more central position in the foundational
debate. Finally, around 1930 the question was settled in so far that mathemati-
cians kept on using existence in the classical way (but with a modified meaning),*8
whereas intuitionism won the battle about the predicate ‘constructive’.

In the remainder of the chapter, I present my interpretation of the debate
on mathematical existence. More specifically, I defend the following theses. In
the first place, the debate on mathematical existence was more one of clarifica-
tion than of real discussion. The philosophical part of the debate took place at
the outskirts; at the core of the debate, participants stated what they stood for
rather than why. Secondly, the concept of constructivity played a major role in
the debate on mathematical existence. Claimed first by all sides involved, it was
later generally associated with intuitionism and consequently used as a means of
distinguishing between the two kinds of mathematical existence involved. Nobody
denied that the difference existed, and most people were perfectly willing to accept
Brouwer’s analysis of the situation—but not his conclusion that non-constructive
existence statements should not be accepted. Hence, the intuitionistic notion of
mathematical existence was incorporated into mathematics by a specification of
mathematical language: pure existence was distinguished from constructive exis-
tence. In the 1930s, the concept of constructivity was further developed by Turing,
Godel and others in terms of computability, and it was also accepted by formal-
ists like Bernays. I support these theses by giving an overview of the debate in a
roughly chronological order.

45[Troelstra & Van Dalen 1988, vol. 1, p. 9]

46[Sundholm 1983, p. 152]; Kreisel’s interpretation is in [Kreisel 1962].
47[Troelstra 1983, p. 199]

48See 4.4.1.
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Pre-Weyl reactions Before Hermann Weyl published his 1921 paper, there
were few reactions to Brouwer’s intuitionism in general and to his view on math-
ematical existence in particular. The first to touch upon the issue was Ludwig
Bieberbach in his inaugural lecture Uber die Grundlagen der modernen Mathe-
matik (‘On the foundations of modern mathematics’) as a professor of mathematics
in Basel in 1914.% Bieberbach’s early reaction may be explained by the fact that he
had met Brouwer personally at a DMV congress in 1912.°0 In the lecture, Bieber-
bach treats the question of mathematical existence, defined by him as: given a set
of axioms, do objects of thought exist to which these axioms apply consistently?
In his view, such a question is meaningless to intuitionists. Bieberbach himself
supports the formalistic point of view, which, he maintains, is the only one that
does justice to the actual state of mathematics.’! The intuitionistic demand that
mathematical objects be constructed was mentioned correctly by Vollenhoven in
his theological dissertation published in 1918, but only as a side remark.52 Only De
Haan referred to Vollenhoven’s contribution during the debate, and he considered
it ‘powerless’ compared to Brouwer’s work.?? Felix Bernstein was somewhat more
explicit about what he called the finitist view on mathematics. Bernstein, who had
written his dissertation under Hilbert, had founded the statistical institute of the
Géttingen university in 1918.5* In a paper published the following year in the
Jahresberichte der deutschen Mathematiker- Vereinigung, he explains that finitists
consider no other constructions thinkable than those based on natural numbers.
However, Bernstein considers such various mathematicians as Poincaré, Richard,
Borel, Lindelof and Brouwer as constituting the finitist movement, without al-
ways clearly distinguishing between their views.3® In this way, it does not seem
probable that Bernstein reacted specifically to Brouwer’s view on mathematical
existence. The paper was mentioned in the second edition of Fraenkel’s Einleitung
in die Mengenlehre, where Bernstein was criticised for not distinguishing between
the different forms of finitism.?® In 1920, finally, Hugo Dingler wrote Brouwer a
letter to tell him how pleased he was to see that Brouwer demanded set theory to

be ‘constructive’.5”

4.2.1 Weyl’s Grundlagenkrise

Hermann Weyl’s 1921 paper Uber die neue Grundlagenkrise der Mathematik (‘On
the new foundational crisis in mathematics’) put the themes of mathematical ex-
istence and constructivity on the agenda at once. Weyl had studied mathemat-

“9Bieberbach was appointed in 1913. He held the inaugural lecture a year later.

50[Van Dalen 2001, p. 341]

51[Bieberbach 1914, p. 901]. Later, Bieberbach radically changed his position, see 5.3.1.
52[Vollenhoven 1918, p. 234]

53¢machteloos’, [De Haan 1919, p. 30]

54[Gottwald, ligauds & Schlote 1990, p. 53]

5%[Bernstein 1919, pp. 64-70)

56[Fraenkel 19234, p. 173]

5TLetter from Dingler to Brouwer, 26/7/1920; [MI Brouwer]



126 CHAPTER 4. REACTIONS: EXISTENCE AND CONSTRUCTIVITY

ics and physics in Géttingen and Miinchen from 1904 to 1908.°® He had chosen
Gottingen for his studies primarily because the principal of his lyceum was a cousin
of Hilbert’s and had written him a letter of recommendation. Soon, however, Weyl
was gripped by Hilbert’s mathematical work.?® He also took lectures from Husserl.
Weyl obtained his degree from Hilbert in 1908 on the subject of integral and dif-
ferential equations. In 1910, he handed in his Habilitationsschrift’® and became
Privatdozent in Gottingen. At that time, Weyl held a Cantorian view on the foun-
dations of mathematics.5!

In 1913, Weyl published his first book, on the subject of Riemann surfaces,52
which established his name in mathematical circles. The book was inspired by
Brouwer’s topological work, which Weyl later considered ‘the outstanding topo-
logical event of my life’.%3 In the same year, he became full professor of geometry
at the Eidgendssische Technische Hochschule in Ziirich. In September he married
Helene Joseph, a student of Husserl’s. Weyl served as a soldier for one year in
the German army, until the Swiss government managed to get him back to lectur-
ing. Weyl was relieved. With the publication of his book Raum - Zeit - Materie
(‘Space - Time - Matter’) on relativity theory in 1918, which saw five printings
in five years, Weyl’s name was also set outside the domain of mathematics.% In
Das Kontinuum, published in the same year, Weyl presented his own attempt to
improve the foundations of mathematics. The continuum should avoid the impred-
icative® definitions which appear in Dedekind’s approach. Arithmetic should be
founded independently of set theory and be based on the primordial intuition of
iterating.%® Grattan-Guinness conjectured that Weyl’s attack on impredicativity
may have been influenced by Poincaré, who had come to lecture on exactly that
topic in Géttingen when Weyl was still studying there.5” Soon, however, Weyl
again moved one step further away from his original, Cantorian view on the foun-
dations of mathematics. He abandoned his own project and joined Brouwer as an

‘apostle of his intuitionism’.5®

58Weyl’s mathematical work, other than intuitionistic, is not treated here. An appreciation
thereof may be found in [Chevalley & Weil 1957].

59[Chevalley & Weil 1957, p. 158]

60Tn Germany, academics had to publish a so-called Habilitationsschrift in order to become a
university lecturer.

611n his Habilitationsvortrag, Weyl maintained that the natural numbers were founded on
set theory and that therefore ‘nowadays set theory appears in logical respect as the actual
foundation of the mathematical sciences’, [Weyl 1910, p. 302] (‘(...) erscheint uns denn die
Mengenlehre heutzutage in logischer Hinsicht als die eigentliche Grundlage der mathematischen
Wissenschaften’).

62[Weyl 1913]

63Draft for a lecture at the Bicentennial conference, [ETH Weyl, HS 91a:17]

64[Chevalley & Weil 1957, p. 159]

65The term ‘impredicative’ is explained in the glossary.

66 A modern appreciation of Das Kontinuum may be found in [Feferman 1988].

67Personal communication from Grattan-Guinness to the author, June 2000

%8 Draft for a lecture at the Bicentennial conference, 1946, [ETH Weyl, HS 91a:17]
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Weyl’s conversion Weyl was one of the earliest converts to Brouwer’s intu-
itionism, and certainly the most important one for its promotion. He had been in
contact with Brouwer at least from 1911 on.%® Weyl had turned to intuitionism
because of the talks Brouwer and he had when they spent a short Summer holi-
day together in Engadin in 1919.7° In January 1920, Weyl described this event to
Bernays in the following way:"!

Eine Zusammenkunft mit Brouwer im Sommer hat der Sache neuen Im-
puls gegeben; ich modifiziere meinen Standpunkt wesentlich. Brouwer
ist ein Mordskerl und ein wunderbar intuitiver Mensch. Ich war durch
die paar Stunden Zusammensein mit ihm ganz begliickt.”

It is striking to note how easily Weyl changes from writing about Brouwer’s in-
fluence on his view on foundations to Brouwer as a person.”® Indeed, Weyl later
admitted that ‘[p]ersonal relationships were often a contributing cause for my at-
tention’ and he described the summer 1919 events by saying that he ‘fell under
the spell of Brouwer’s personality and ideas’™ — note the order. This may have
nourished Hilbert’s later complaint that ‘even in circles of mathematicians, the
suggestive force of a single temperamental and penetrating man can have the
most unlikely and eccentric effects.’”®

However, Brouwer’s personality was certainly not the only thing that ap-
pealed to Weyl. Brouwer’s neo-Kantian view on the foundations of mathematics
came close to Weyl’s own phenomenological conviction. Weyl did not explicitly
express this in his 1921 paper, but it is clear from his physical writings. Thus, in
his 1918 Raum - Zeit - Materie he wrote:7®

In prinzipieller Allgemeinheit: die wirkliche Welt, jedes ihrer Bestands-
stiicke und alle Bestimmungen an ihnen, sind und kénnen nur gegeben
sein als intentionale Objekte von BewuBtseinsakten. Das schlechthin

Gegebene sind die BewuBtseinserlebnisse, die ich habe — so wie ich sie
habe.””

69 etter from Brouwer to Hilbert, 31/3/1911, [MI Brouwer, CB.DH1.9], [NSUB Hilbert, 49-9]

70Letter from Brouwer to Fraenkel, 28/1/1927; published in [Van Dalen 2000, p. 303].

"1 Letter from Weyl to Bernays, 9/1/1920, [ETH Weyl, HS 91:10]

72¢A meeting with Brouwer this summer has given the matter a new impulse; I modify my
point of view substantially. Brouwer is a hell of a guy and wonderfully intuitive person. I was
made completely happy by the few hours we spent together.’

731n the fall of 1920, Weyl visited Brouwer in the Netherlands, and his feelings for Brouwer
were as strong as before: ‘Brouwer ist ein Mensch, den ich von ganzer Seele lieb habe.” (‘Brouwer
is a man whom I love with all my heart.’) Letter from Weyl to Klein, 15/11/1920, [NSUB Klein,
12-296)

74Draft lecture for the Bicentennial conference, 1946, [ETH Weyl, HS 91a:17]

™5 ‘quch im Kreise der Mathematiker die Suggestivkraft eines einzelnen temperamentvollen
und geistreichen Mannes die unwahrscheinlichsten und ezzentrischsten Wirkungen auszutben
vermag.’, [Hilbert 1927, p. 81]. Courant echoed the complaint in [Courant 1928, p. 92].

76[Weyl 1918B, p. 3]

77‘In principal generality: the real world, all of its components and all determinations about it,
are and can only be given as intentional objects of acts of consciousness. What is simply given
are experiences of consciousness, which I have — as I have them.’
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Furthermore, Weyl had already acknowledged time as ‘the primordial form of the
flowing of consciousness’.”® In view of these belief of Weyl’s, it is not surprising
that he was attracted to Brouwer’s intuitionistic view of treating mathematics as
and only as a meaningful substance, based on the primordial intuition of time.

Weyl and Brouwer stayed in touch during these years. In 1920, Brouwer
offered Weyl a chair in Amsterdam, which Weyl declined in the end.”

Whatever the relative influence of Brouwer’s personality and the common
philosophy may have been, Weyl’s paper Uber die neue Grundlagenkrise der Ma-
thematik certainly put the cat among the pigeons.3°

Lectures and paper Weyl’s 1921 paper was based on three lectures he had
given in Fueter’s seminar in Ziirich. The lectures were given on December 2, 9 and
16, 1919. In the Gonseth archive in Lausanne, I found notes which the philosopher
Ferdinand Gonseth took when he attended Weyl’s lectures.®! From the notes, it
becomes clear that all the essential parts of the paper, like the rejection of pure
existence statements in favour of constructions, the criticism of the principle of
the excluded middle, the introduction of choice sequences and the continuum as a
medium of free becoming, were already present in the lectures. The main difference
seems to be that none of the polemical terms of the paper appear in the lectures.
Since the notes only comprise three pages, it is very well possible that Gonseth left
them out and only noted the essentials. It is equally well possible, however, that
Weyl added the polemics later on. The change in the title from ‘On the foundations
of mathematics’ in the lectures to ‘On the new foundational crisis in mathematics’
in the paper supports the latter assumption.

Pélya was one of the persons who attended the lectures, and Gonseth included
parts of the discussions between Pélya and Weyl after the lectures.®? The most
interesting one took place after the third lecture and runs as follows:33

78¢Die Urform des Bewuftseinstromes’, [Weyl 1918B, p. 5]

"Letters from Brouwer to Weyl, 7/9/1920 and 1/1/1921; [ETH Weyl, HS91-492] and
[ETH Weyl, HS 91-493]

80Weyl’s first publication in which he treats intuitionism, though without mentioning so ex-
plicitly, is [Weyl 1920]; see 6.4.2.

81Ueber die Grundlagen der Analysis’, [BCUL Gonseth, IS 4323/8/30/17]

82P6lya and Weyl had discussed foundational matters before. There is a famous bet between
them, which was made before Weyl was converted to intuitionism, in February 1918. In it, Weyl
predicted, among other things, that within twenty years the majority of the leading mathemati-
cians would admit that concepts such as ‘number’ and ‘set’ are completely vague and that one
can say as little about the truth of propositions containing these concepts as about those of
Hegelian philosophy. Some years after the bet expired, Weyl admitted that he had lost ‘by 49 to
51 percent’. The bet was later published as [Pélya 1972].

83<Ueber die Grundlagen der Analysis’, [BCUL Gonseth, IS 4323/8/30/17]
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Polya:

Weyl:
Polya:

Weyl:

Sie sagen: die mathematische Sdtze sollen nicht nur wahr,
sondern auch sinnvoll sein. Was heisst sinnvoll?

Das ist eine Sache der Ehrlichkeit.

Es ist eine Verirrung, philosophische Sitze in die Wissenschaft
zu mengen. (Polya nennt Weyl’s Kontinuum-Auffassung Ge-
fithl.)

Was Polya Gefiihl und Rhetorik nennt, dass nenne ich Ein-
sicht und Wahrheit; was er Wissenschaft nennt, nenne ich
Buchstabenreiterei. Polya’s Verteidigung der Mengenlehre
(man konne diesen Formulierungen vielleicht mal einen Sinn
unterschieben) ist Mystik. — Abscheidung der Mathematik
als formal aus dem Geistesleben totet sie, macht sie zur
Schale. Zu sagen, nur das Schachspiel ist Wissenschaft, und
die Einsicht ist keine, das ist Einschridnkung. (Polya hatte
gesagt, man durfte die Forschung der Mengenlehre nicht ein-
schriinken.)8
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Note that, if Gonseth’s notes are correct and if Pdlya paraphrased Weyl’s position
correctly, it means that Weyl believed in the truth of statements which are not
contentual. Besides that, the notes show that Weyl used arguments to support
intuitionism which fitted very well into Lebensphilosophie 5

After his Ziirich lectures, Weyl lectured on the continuum in the Gottingen Ma-
thematische Gesellschaft on May 11, 1920. Furthermore, he delivered a series of
lectures on the foundations of mathematics in the mathematical seminar in Ham-
burg on July 28, 29 and 30, 1920.86 I do not know what the contents of these
lectures was, but one may assume that they were similar to the ones Weyl gave in

Ziirich.

‘Polya:

Weyl:
Polya:

84 Weyl:

853ee 6.3.1.

You say: mathematical theorems should not only be true, but also mean-
ingful. What do you mean by meaningful?

That is a matter of honesty.

It is a mistake to mix philosophical statements into science. (Polya calls
Weyl’s view of the continuum sentiment.)

‘What Polya calls sentiment and rhetoric, I call insight and truth; what
he calls science, I call letter pedantry. Polya’s defence of set theory (one
could maybe give meaning to those formulations one day) is mysticism.
— Separating mathematics as formal from spiritual life kills it, turns it
into a shell. To say that only the chess game is science, and insight
not, that is curtailment. (Polya had said that one should not curtail the
research of set theory.)’

86 Jahresbericht der deutschen Mathematiker- Vereinigung 29 (1920), p. 33, 54
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Contents of the paper In one of the key passages of the 1921 paper,’” Weyl
analyses the status of existence statements in mathematics.®® He does not treat
existence statements as a separate subject, but discusses them in the context of
the intuitionistic continuum and the question of the acceptability of the principle
of the excluded middle. His conclusion is that they are not real propositions, as for
instance statements about a definite natural number are, but mere proposition-
abstracts:®

Ein Ezistentialsatz —etwa ‘es gibt eine gerade Zahl— ist iberhaupt
kein Urteil®® im eigentlichen Sinn, das einen Sachverhalt behauptet;
Existential-Sachverhalte sind eine leere Erfindung der Logiker. ‘2 ist
eine gerade Zahl’: das ist ein wirkliches, einem Sachverhalt Ausdruck
gebendes Urteil; ‘es gibt eine gerade Zahl’ ist nur ein aus diesem Urteil
gewonnenes Urteilsabstrakt.®!

The citation does not make it clear how one can obtain existence statements. Fur-
ther on in the paper, Weyl clarifies this point. He states that it is ‘meaningless’®?
to negate universal statements. Furthermore, he maintains that an existence state-
ment by itself is nothing; if the proposition from which it was derived gets lost,
only the incentive remains to look for the proper proposition again.’® Thus, it
seems that Weyl envisaged that existence statements could only be derived from
an instantiation one already had. More polemically, he expressed this point in the
following way:%1

Bezeichne ich Erkenntnis als einen wertvollen Schatz, so ist das Urteils-
abstrakt ein Papier, welches das Vorhandensein eines Schatzes anzeigt,
ohne jedoch zu verraten, an welchem Ort. Sein einziger Wert kann
darin liegen, dass es mich antreibt, nach dem Schatze zu suchen.%®

87Weyl’s remarks on the principle of the excluded middle are treated in 5.2.1. The ‘crisis’ and
‘revolution’ metaphors Weyls used in the paper are discussed in 6.2.1.

88Weyl had touched upon the theme before. In his 1910 paper Uber die Definitionen der
mathematischen Grundbegriffe (‘On the definitions of basic mathematical notions’), he remarked
that the method of implicit definitions, which is a non-constructive way of defining concepts, is
always but a temporary one. What we want in the end are ‘explicitly defined’ (explizit definierter)
concepts, [Weyl 1910, p. 301].

89[Weyl 1921, p. 224]

90As Van Dalen pointed out, Weyl’s use of ‘Urteil” does not coincide with what we at present
call ‘judgement’. Rather, it is probably better translated as ‘proposition’, as can be seen from
[Weyl 1918A, p. 1]; [Van Dalen 1995, p. 157].

91An eristence statement —say, ‘there is an even number’— is not at all a proposition in the
strict sense, which expresses a state of affairs; existential states of affairs are empty inventions
of logicians. ‘2 is an even number’: this is a real proposition, expressing a state of affairs; ‘there
is an even number’ is merely a proposition abstract, obtained from this proposition.” Translation
based on [Weyl 1998, p. 97]; for the translation of ‘Urteil’, see the preceding footnote.

92tsinnlos’, [Weyl 1921, p. 226]

93[Weyl 1921, p. 226]

94[Weyl 1921, pp. 224-225]

95¢If I designate knowledge as a precious treasure, then the proposition abstract is a piece of
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The metaphor was to echo through the foundational debate.
Referring to the inflatory situation of the German economy, Weyl summarizes
his view on mathematical existence with the following metaphor:%°

(...) die Mathematik [erscheint, DH] als eine ungeheure ‘Papierwirt-
schaft’. Realen Wert, den Lebensmitteln in der Volkswirtschaft ver-
gleichbar, hat nur das Unmittelbare, das schlechthin Singulare; alles
Generelle und alle Existenzaussagen nehmen nur mittelbar daran teil.
Und doch denken wir als Mathematiker gar selten an die Einlosung
dieses ‘Papiergeldes’! Nicht das Existenztheorem ist das Wertvolle, son-
dern die im Beweise gefiihrte Konstruktion.%”

At the time of publication, the inflation of the German mark had only just begun.%®
By time, the metaphor was to win in power, especially among academics, who as
public employees and as people who (in general) owed quite some savings were
among the groups that were hardest hit by the inflation.%°

Regarding Weyl’s description of an existence statement, it should be re-
marked, as Sundholm pointed out to me, that Weyl’s interpretation is stricter
than the one Heyting later adhered to. Weyl explicitly states that the mere possi-
bility of a construction does not suffice:!%0

Hier ist also von der Moglichkeit der Konstruktion gar nicht die Rede,
sondern nur im Hinblick auf die gelungene Konstruktion, den gefihrten
Beweis stellen wir eine derartige Existential-Behauptung auf.1%}

Heyting was to allow such a possibility.10?
Earlier in the article, Weyl had explained what he meant by mathematical
constructions.'®® In Weyl’s view, there are six ‘definition principles’ which do not

paper indicating the presence of a treasure, yet without revealing at which place. Its only value
can lie in stimulating me to look for the treasure.’ Translation based on (Weyl 1998, pp. 97-98].

96[Weyl 1921, p. 225

97¢(...) mathematics [appears, DH] as a monstrous ‘paper economy’. Only the immediate, the
quitessentially singular has real value, comparable to foods in economics; everything general and
all existence statements partake in it only indirectly. And yet we, as mathematicians, very seldom
consider the redemption of this ‘paper money’! The valuable thing is not the existence theorem,
but the construction carried out in the proof.” Translation based on [Weyl 1998, p. 98].

98The German mark rose from 8.9 marks to the US dollar in January 1919 to 192 in January
1922 to 4200 billion in the fall of 1923, [Ringer 1969, p. 62].

99[Ringer 1969, pp. 62-63]

100[Weyl 1921, p. 222]

101¢We are thus not at all talking of the possibility of the construction; rather, we only form such
an existential claim in view of the succeeded construction, of the proof carried out.” Translation
based on [Weyl 1998, p. 95].

1025ee 4.4.3; see also 5.4.3, where Heyting argues against Lévy that the intuitionistic affirmation
of a proposition p should be understood as ‘one can prove p’ (not as ‘one has proved p’).

103[n his 1919 Der circulus vitiosus in der heutigen Begriindung der Analysis (“The vicious circle
in the present foundation of mathematics’), Weyl had already spoken about fixing the principles
of logical constructions. He then claimed that the essence of mathematical-physical knowledge
lies in the method of theoretical (begrifflich) construction — without, however, explaining what
was to be understood by ‘constructions’, [Weyl 1919, p. 88].
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contain a vicious circle. He had already mentioned the principles in Das Konti-
nuum.'%* They are, in his formulation:!03

1. identification of variables: from P(z,y), P(z,z) comes into being;

2. negation: from P(z), —=P(z) comes into being;
. combination by ‘and’: from P(z) and Q(y), P(z) and Q(y) comes into being;

. combination by ‘or’: from P(x) and Q(y), P(z) or Q(y) comes into being;

ot W

. replacing a variable by a constant: from P(z), P(5) comes into being (as-
suming we are in the domain of the natural numbers);

6. replacing a variable by an existence statement: from P(z), there is an x such
that P(z) comes into being.

These principles suffice, Weyl maintains, to build new properties and relations
throughout mathematics — but excluding set theory. As soon as the latter enters,
a theory of types is needed and restrictions should be placed on the principles 5
and 6 as to their application to concepts of different types.

I should like to point out that Weyl does not mention anything about formalism
or Hilbert in the paper. He only states that ‘the old order’ cannot be maintained,
and that only two alternatives are known, namely his own Das Kontinuum and
Brouwer’s intuitionism.'% The old order Weyl refers to is not that of formalism,
for formalism still had to be developed as a coherent foundation of mathematics,
but that of contentual, classical mathematics. It is that view from which Weyl
distances himself.

Weyl’s Grundlagenkrise paper appeared in print on April 13, 1921.207 At that
time, Weyl was seen as one of the brightest stars rising at the mathematical fir-
mament. Whereas Hilbert was the major mathematician alive, Weyl was Hilbert’s
main student.'% Finally, the choice for publication of the paper in the Mathematis-
che Zeitschrift instead of in the main rival mathematical journal, the Mathemati-
sche Annalen, where Hilbert was an editor, suggests that Weyl wanted to speak
freely.!%° Hilbert could hardly avoid reacting.

104[Weyl 1918A, pp. 4-6]. For a further analysis of the use of the construction principles in
Weyl’s work, cf. [Leupold 1961, pp. 72-85].

105[Weyl 1921, p. 215]

106[Weyl 1921, p. 211]

1071t was received by the Mathematische Zeitschrift on May 5, 1920.

108]ncidentally, Weyl’s revolt against Hilbert perfectly matches the main Expressionist theme
of that period, the revolt of the son against the father; cf. [Gay 1969, p. 119].

109Hysserl claimed that Weyl had promised to publish the paper in his Jahrbuch fir Philoso-
phie und phanomenologische Forschung (letter from Husserl to Weyl, 22/4/1922, published in
[Van Dalen 1984B, pp. 6-7]). I do not know if Husserl’s claim is correct, and, if so, why Weyl
changed his plans.
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4.2.2 Hilbert’s first reactions

David Hilbert was born in 1862 in Kénigsberg, eastern Prussia (nowadays Kalin-
ingrad, Russia). He studied mathematics in the same city, and finished his disser-
tation in 1885. He then spent a semester in Leipzig with Klein, and the next one
in Paris. After that, he returned to Konigsberg for a six-year period as Privat-
dozent. In 1892 he was appointed auflerordentlicher Professor, and the following
year ordinary professor at the university of Kénigsberg. In the whole period of
nine years Hilbert worked at the Koénigsberg faculty, he never (with one excep-
tion) lectured on the same subject twice.!'® In 1895, upon an offer from Klein,
Hilbert left Kénigsberg for Gottingen, where he stayed until his superannuation
in 1930. During those years, he became one of the, if not the, leading mathe-
maticians of his generation. He frequently changed his specialisation, producing
substantial contributions to such different fields as invariant theory, number theory,
foundations of geometry, integral equations, theoretical physics, and foundations
of mathematics.!!! As Rowe pointed out, many of these contributions, especially
those before 1900, have little to do with axiomatics per se, contrary to Hilbert’s
present-day image.’'? In 1900, Hilbert delivered a lecture before the Second In-
ternational Mathematical Conference in Paris, in which he formulated 23 major
unsolved mathematical problems. The list played an important role in the further
development of mathematical research. The first six problems dealt with founda-
tional issues; the first two addressed the status of the continuum. Problem one
asked for a (preferably direct) proof of Cantor’s continuum hypothesis!!3 and of
the well-ordering of the continuum.!'? Problem two concerned the consistency of
the axiomatic system of the real numbers.*®

During the period 1905-1917, Hilbert continued working on foundations, as
Sieg pointed out, beit behind the scenes. He delivered a number of lectures on
principles and foundations of mathematics, none of which was pusblished.!1® The
year 1917 marks Hilbert’s (published) return to foundational matters, with his
Ziirich lecture Aziomatisches Denken (‘Axiomatic thinking’). There, he stressed
the interdependence of mathematics and physics and the importance of the ax-
jomatic method for both.'*” Important problems he mentioned in the lecture were
the solvability in principle of every mathematical question, and the relationship
between content and formalism in mathematics and logic. In Hilbert's view, the
axiomatisation of logic would form the crowning of the axiomatic method.!8

During the Summer semester of 1920, Hilbert lectured on mathematical logic

110[Rowe 2000, p. 58]

111 Weyl 1944, p. 617]

112[Rowe 2000, p. 72]

1133ee 1.1.1.

114The concept ‘well-ordered’ is explained in the glossary.
115 Hilbert 1901, pp. 298-301], [Rowe 2000, pp. 72-75]
116[Sieg 1999, p. 8]

117[Rowe 2000, pp. 83-84]

118[Hilbert 1918, p. 153
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in Gottingen. He argued against the ‘dictatorial’ tendencies of Kronecker and
Poincaré, accusing them of throwing out the baby with the bathwater. He specifi-
cally mentioned items such as propositions involving the infinite and the tertium
non datur as falling prey to their restrictve behaviour.''?

Hilbert had missed Weyl’s Géttingen lecture on the continuum in May 1920, since
he did not know that Weyl was going to speak. By that time, Hilbert was still
positive about Weyl’s research. In a letter to Weyl written in May 1920, Hilbert
stated that, although their basic tendencies seemed to differ, many of Weyl’s ideas
were similar to the ones he had developed over the last years.!2? It is not clear if
Hilbert by that time was aware of Weyl’s conversion to intuitionism.

Hilbert’s lecture notes from the same period, as partially published by Sieg,
show a similarity between Hilbert’s and Weyl’s ideas that goes much further than
what is known from the published sources at the time. In the lecture Logik-Kalkiil
(‘Logical calculus’), from the winter term of 1920, Hilbert puts forward as his
opinion that:!?!

(...) erscheint es als der geeignete Weg, dass man die mathemati-
schen Konstruktionen an das Konkret aufweisbare ankniipft und die
mathematischen Schlussmethoden so interpretiert, dass man immer im
Bereiche des Kontrollierbaren bleibt.!?2

Sieg describes the view put forward by Hilbert at that occasion as ‘strict fini-
tist number theory’.!?® The main question which these new sources raise is why
Hilbert, who apparently was open to intuitionist-constructivist views already at
an early stage of the foundational debate, opposed them so strongly in public.

In 1921, Hilbert responded for the first time publicly to the intuitionistic
challenge. He did so in a series of lectures, first in Copenhagen for the university
and the polytechnic, then in Hamburg for the mathematical seminar, where Weyl
had spoken the year before. Before going into the contents of these talks, let us
first consider if there was any special reason for choosing these places. In order
to answer this question, some attention should be drawn to the situation of the
Hamburg university.

Hamburg University One of the most important developments in the field of
higher learning during the Weimar period was the establishment of three new urban
universities, in Frankfurt, Hamburg and Cologne.24 The Hamburg university was

119TEwald 1996, vol. II, pp. 943-946)

120 etter from Hilbert to Weyl, 16/5/1920; [NSUB Hilbert, HS 91:606)

121Sieg 1999, p. 24]

122¢(_..) it seems appropriate to connect the mathematical constructions to what can be con-
cretely exhibited and to interpret the mathematical inference methods in such a way that one
always stays within the domain of what can be checked.’, English translation based on [Sieg 1999,
p. 24].

123[Sieg 1999, p. 24]

124[Ringer 1969, p. 75)
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founded in May 1919. Within the year, the Universitit Hamburg employed three
mathematical lecturers: Blaschke, who until then had held a position in Tiibingen,
Hecke, who had left his professorship in Géttingen for Hamburg, and Radon, from
the Technische Hochschule in Vienna. This quick enlargement of the mathematical
staff was facilitated by the fact that the Hamburg university was seen as some-
thing completely new (which it was compared to the German universities in small
provincial cities with great academic traditions) and by an active attitude of the
city state government. Furthermore, Hamburg was the first German university to
create real assistant positions also for theoretical professors, including those in
mathematics; i.e., positions to be filled not by students but by employees.'?® This
reinforced the image of Hamburg as a well-equipped university.*?%

The concept of the Mathematische Seminar in Hamburg as a place where
mathematicians came to give a lecture and meet was quite common at that time:
it had been organised even during the Great War in Berlin, Géttingen, Frankfurt
am Main and Dresden, and it continued after the war had ended.'?” However, in
post-war, poverty-struck Germany opportunities for mathematicians from different
universities to meet professionally were few. In Hamburg, the former mayor Von
Melle was active in obtaining funds for the local scientific foundation, in order
to invite speakers. These were the early years of inflation: the German mark rose
from 45 to the US dollar in January 1921, to 60 in spring and summer, to 100 in
September and ended the year at 120 to the dollar.’®® Under these circumstances,
the fact of having enough money available put forward Hamburg as one of the few
universities that could afford to invite prominent speakers from other universities
and even from abroad.'?

This was a general feature that made Hamburg an attractive place to speak.
On top of that, there were many personal contacts between Hamburg and Gottin-
gen. Hecke had written his dissertation under Hilbert and had later become his
colleague in Géttingen, and Blaschke had studied there for a short period. Fur-
thermore, in 1920 Kurt Reidemeister, whose interests included philosophy, and the
Ukrainian mathematician Alexander Ostrowski came from Géottingen to Hamburg
as Hecke's assistants.!30

This, taken together, may well explain why Hilbert reacted to the intuition-
istic challenge in Hamburg: money, contacts, and people interested in foundational
matters.

125Pajd assistant positions were known before; e.g., from the beginning of the century on these
existed in Géttingen, albeit low-paid, [Reid 1970, p. 108; p. 130].

126 [Behnke 1978, pp. 43-44]

127 As can be seen from the then volumes of the Jahresbericht der deutschen Mathematiker-
Vereinigung.

128[Gay 1969, p. 160]; the general figures are even more dramatic: in July 1914 a dollar had
costed 4.20 DM; in January 1923 it costed 17,972 DM, and in November 1923, 4.2 billion marks,
[Miiller, H.M. 1996, p. 242].

129[Behnke 1978, p. 44-45)

130{Artzy 1972, p. 96], [Behnke 1978, p. 46]
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As for Copenhagen, I know of no special reason why Hilbert would have
spoken there on intuitionism.

Hilbert’s 1921 lectures Hilbert’s Copenhagen lectures were, according to a
German newspaper article, very popular. Hilbert gave a series of five lectures: first a
general one on ‘Natur und mathematisches Erkennen’ (‘Nature and mathematical
cognition’), then four more specific ones for a mathematical audience. The big
newspapers devoted articles to Hilbert’s visit, and he received a honorary doctorate
from Kpbenhavns Universitet.'3!

Hilbert’s Hamburg lectures drew a large audience, too.'3? Hilbert lectured
with joy, and the lectures were followed by lively discussions.!®3 In his lectures,
Hilbert outlined his ideas on how to provide mathematics with axiomatic foun-
dations. In Hilbert’s view, the only demand for mathematical systems is consis-
tency,'3* which should be proved intuitively.3°

Alexander Ostrowski (1893-1986) wrote about Hilbert’s lectures in a Ham-
burg newspaper. Although the exact date of the newspaper article is not clear, it
seems to be a preview, since it states the time and place of Hilbert’s lectures.!36
The Ukrainian Ostrowski had come to Marburg to study with Hensel and had
been a civil prisoner there during the War.'37 He had next come to Géttingen in
1918 to write his dissertation under Hilbert and Landau,'3® so it is reasonable to
assume that he must have had some knowledge of Hilbert’s foundational views.

131«Geheimrat Hilbert in Kopenhagen’, anonymous newspaper article in an unknown newspaper,
[NSUB Hilbert, 751]

132 Although the lecture Neubegriindung der Mathematik (‘New foundation of mathematics’)
which Hilbert gave in Hamburg is well-known in its published form, there is some confusion about
the year in which the event took place. Both Hilbert’s biographer Reid ([Reid 1970, p. 155]) and
Hilbert himself (afterwards, [Hilbert 1927, p. 65]) give 1922 as the year in which he gave his first
lecture on the new foundations of mathematics. Other authors claim the same, such as Benz in his
small history of the beginnings of the Mathematische Seminar in Hamburg ([Benz 1983, p. 283])
and Behnke, at the time a student of Hecke’s in Hamburg, in his autobiography ([Behnke 1978,
p. 47)). It is clear, however, that Hilbert spoke in Hamburg on the foundations of mathematics
on July 25-27, 1921. Reidemeister explicitly states so in a report on Hilbert’s lectures in the
Jahresbericht der deutschen Mathematiker- Vereinigung of 1921 ([Reidemeister 1921A, p. 106]).
Therefore, Reid c.s. must be mistaken. (Hilbert himself admitted that he had a poor memory. For
a memorable description hereof, see a newspaper article reprinted from the Frankfurter Zeitung
in [Reidemeister 1971, pp. 85-86].)

The mistake probably stems from the fact that in the published version of Hilbert’s lecture
([Hilbert 1922]) it is stated that the content of the paper is basically the same as that of the
lectures given in ‘the summer of this year’ in Hamburg. Also, the completed version of volume
one of the Abhandlungen aus dem Mathematischen Seminar der Hamburgischen Universitat, in
which the paper was published, appeared in 1922.

133Hilbert iiber die Grundlagen der Mathematik’, three newspaper articles in the Hamburgische
Correspondent by ‘R-r.’ (presumably Reidemeister), each on one of the lectures, [NSUB Hilbert,
751].

134German: Widerspruchsfreiheit

135[Reidemeister 1921A)]

1361n that case, one wonders where Ostrowski based his article on.

137[Fraenkel 1967, p. 111], [Reid 1970, p. 145

138[Jeltsch-Fricker 1988, p. 34]
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He picked out Hilbert’s concept of securing mathematical existence by means of a
consistency proof as one of the main issues, and wrote:!3?

In diesem neuen, philosophisch bedeutsamen Begriff der Existenz—
der fiir den modernen Mathematiker allein MaBgebend ist—liegt wohl
die schonste Erkenntnis die der Hilbertschen Axiomatik entsprungen
ist.140

The use of the word ‘allein’ is somewhat ambiguous here. One could interpret
Ostrowski’s words as saying that only ‘modern’ mathematicians accept the secur-
ing of existence by means of a consistency proof. However, maybe his claim was
stronger, and he meant that Hilbert’s new interpretation of mathematical exis-
tence was the only important thing to modern mathematicians. In both cases,
Ostrowski tried to discredit Brouwer and Weyl by excluding them from the rank
of ‘modern’ mathematicians.

Hilbert’s view on mathematical existence Hilbert himself had never been
very clear on what exactly he considered mathematically existent. His famous
Grundlagen der Geometrie (‘Foundations of geometry’), published in 1899, which
is usually taken to mark the birth of an axiomatic view on mathematics,'*! opens
with the following words:!42

Erklérung. Wir denken drei verschiedene Systeme von Dingen: die
Dinge des ersten Systems nennen wir Punkte (...); die Dinge des
zweiten Systems nennen wir Gerade (...); die Dinge des dritten Sys-
tems nennen wir Ebenen (...).143

In this description, Hilbert speaks about things we think about, thus about objects
of thought. However, Blumenthal told the anecdote that Hilbert, influenced by a
lecture by Wiener, had maintained that ‘one should always be able to say ‘tables,
chairs, beer-glasses’ instead of ‘points, lines, planes’.’!4? This descriptions points
to a purely formal point of view, where contents is completely dispensed of.

1390strowski, A., ‘David Hilbert, Zu seinen Vortrigen iiber die Grundlagen der Mathematik’,
newspaper article, July 1921; [NSUB Hilbert, 751]; the article presumably stems from a Hamburg
newspaper.

140¢The most beautiful knowledge that has emanated from Hilbert’s axiomatics is this new,
philosophically important notion of existence — which is the only decisive one for the modern
mathematician.’

141Gee, however, [Toepell 1986] for various sources from which Hilbert drew his inspiration.

142[Hilbert 1899, p. 2|

143¢Blucidation. We think three different systems of things: we call the things of the first system
points {...); the things of the second system lines (...); the things of the third system planes

144Man muB jederzeit an Stelle von ‘Punkte, Geraden, Ebenen’ ‘Tische, Stiihle, Bierseidel’
sagen koénnen’, [Blumenthal 1935, p. 403]
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Hilbert maintains that he had held the belief that consistency and existence
coincide from when he started thinking about these questions. As he wrote in a
letter to Frege'?® in December 1899:146

Sie schreiben: ‘(... ) Aus der Wahrheit der Axiome folgt, dass sie einan-
der nicht widersprechen.’'*? Es hat mich sehr interessiert, gerade diesen
Satz bei Ihnen zu lesen, da ich ndhmlich, solange ich tber solche Dinge
denke, schreibe und vortrage, immer gerade umgekehrt sage: Wenn
sich die willkiirlich gesetzten Axiome nicht einander widersprechen mit
sdmtlichen Folgen, so sind wie wahr, so existieren die durch die Axiome
definirten Dinge. Das ist fiir mich das Criterium der Wahrheit und der
Existenz. 48

Thus, Hilbert makes the existence of mathematical objects relative to the ax-
iomatic system in which they are defined.!*® Note that Hilbert speaks about the
truth of axioms. Unfortunately, the citation does not elucidate what kind of ex-
istence Hilbert was thinking of, once a collection of axioms was given.'** More
questions remain. Should the axioms define the object(s) uniquely, i.e., should the
axiom system be categorical?!®! Should the system under investigation be decid-
able?1%2 But these questions were not so clearly formulated at the end of the 19th

145Frege and Hilbert strongly disagreed on the value of the axiomatic method, as their cor-
respondence shows. Frege challenged Hilbert to publish their correspondence, but the latter
refused. Consequently, Frege decided to publish a paper in the 1903 Jahresbericht der deutschen
Mathematiker- Vereinigung attacking Hilbert’s views. It is interesting to note that, at the time,
this did not lead to a sustained public discussion on axiomatics ([Rowe 2000, p. 76]).

146[Frege 1976, p. 66]; the text cited here was not taken from the original letter, which seems to
have been lost, but from a partial copy made by Frege. We can be reasonably sure of its wording,
however, since it differs only marginally from both Hilbert’s concept or excerpt version, which
still exists, and from Husserl’s version of the letter published in [Husser! 1970, p. 449].

171t is interesting to note that, on this issue, Cantor agreed with Frege (and thus later with
Brouwer, too) and disagreed with Hilbert. In a letter to Dedekind written in 1899, Cantor writes:
(...) sogar fir endliche Vielheiten ist ein ‘Beweis’ fiir ihre ‘Konsistenz’ nicht zu fihren. Mit
anderen Worten: Die Tatsache der ‘Konsistenz’ endlicher Vielheiten ist eine einfache, unbeweis-
bare Wahrheit (...).” (‘(...) even for finite multitudes, a ‘proof’ for their ‘consistency’ can not
be given. In other words: the fact of the ‘consistency’ of finite multitudes is a simple, unprovable
truth (...).") [Cantor 1932, p. 447]

148you write: ¢(...) It follows from the truth of the axioms that they do not contradict each
other.” I found it very interesting to read exactly this sentence in your letter, since as long as I
have been thinking, writing and lecturing on such things, I have always said exactly the opposite:
if the arbitrarily posited axioms do not contradict each other with all their consequences, then
they are true, then the things defined by the axioms exist. For me, that is the criterion of truth
and existence.’ English translation based on the translation in [Moore 1987, pp. 109-110].

149 Hallett 1995, p. 42]

150In 1930, Gédel in a sense proved Hilbert’s article of faith for first-order logic, by his com-
pleteness theorem stating that an axiom system S has a model if and only if S is consistent, cf.
[Moore 1987, p. 111].

151 An axiom system is called categorical if any two models of the axiom system are isomorphic;
see the glossary.

152A theory T is called decidable if there is an algorithm that, for each proposition ¢, checks if
T F ¢; see the glossary.
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century.!3

In his 1904 Heidelberg lecture, Hilbert held on to the line of the Grundiagen,
declaring that ‘an object of our thought is called a thought-thing or, for short, a
thing and is designated by a sign’.'® Thus, at that time signs, in Hilbert’s view,
referred to something outside the mathematical text, inside the human mind. Fur-
thermore, Hilbert argued for the existence of an infinite set which was proved con-
sistent ‘since it now receives a definite meaning and a contents that is always to be
applied on later occasions.”'?® Thus, he seems to think of mathematical existence
as what we would now call a semantical concept, but proved by syntactical means.
It is not impossible that a consistency proof implies semantical existence (what
we now call the model existence lemma), but the matter is certainly not trivial.?>®
Furthermore, Hilbert also mentions mathematical concepts that are ‘consistently
existent’,'%7 an expression which seems to imply that he also considered it possible
to exist without being consistent.

In these works Hilbert spoke about the truth of mathematical axioms, the
contents of mathematical concepts, and about signs used in mathematics which
designate objects of thought. Thus, he did not take up a purely formalistic position.

Hilbert’s 1922 paper Many people asked for the publication of Hilbert’s 1921
lectures,'®® which indeed took place in the Abhandlungen aus dem mathematischen
Seminar der Hamburgischen Universitit.'>® Hilbert indeed stresses the importance
of a consistency proof, although he does not link it to mathematical existence.
Instead, he speaks of mathematical systems which are ‘thinkable’,'%" and maintains

that, if the consistency proof succeeds,!6!

153The concept of categoricity was developed in the work of Huntington and Veblen in 1902
1904, [Moore 1987, p. 113].

154 Bin Gegenstand unseres Denken heifle ein Gedankending oder kurz ein Ding, und werde
durch ein Zeichen benannt’, [Hilbert 1905A, p. 266]

155¢denn sie erhilt jetzt eine bestimmte Bedeutung und einen spéter stets anzuwendenden In-
halt’, [Hilbert 1905A, p. 273]

1561t took some time before the distinction between syntax and semantics became clear. In
his 1917/18 lecture notes Prinzipien der Mathematik (‘Principles of mathematics’), Hilbert pro-
vides a general description of how the two should be related. Semantical considerations should
be involved in obtaining the premises and in interpreting the results of formal operations in an
axiomatic system. In the same notes, however, one still finds syntactic notions interwoven with
semantic concepts, [Sieg 1999, pp. 14-18]. Zach argued the case that Bernays was the first to com-
pletely distinguish between syntax and semantics, in his Habilitationsschrift of 1918, [Zach 1999,
p. 342].

157«widerspruchsfrei existierend’, [Hilbert 1905A, p. 273]

158 etter from Bernays to Hilbert, 17/10/1921 [NSUB Hilbert, 21/1]

1591t is hard to trace the precise relation between the lectures Hilbert gave and the published
paper. In the paper, Hilbert claims that the paper contains ‘the essential contents’ of the lectures
given in Copenhagen and Hamburg, [Hilbert 1922, p. 157]. In Copenhagen, Hilbert delivered five
lectures; in Hamburg, he lectured three times two hours. This is definitely more than the contents
of the paper.

160¢denkbar’, [Hilbert 1922, p. 159]

161 Hilbert 1922, p. 162)
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so stellen wir damit fest, dafl die mathematische Aussagen in der Tat
unanfechtbare und endgiiltige Wahrheiten sind (... ).

Thus, at the time Hilbert believed in the truth of all mathematical propositions
in a system which was proved consistent.

Concerning the question what mathematics consists of, Hilbert claims that!6

die Gegenstande der Zahlentheorie [sind mir, DH] die Zeichen selbst.
(...) Hierin liegt die feste philosophische Einstellung, die ich zur Be-
griindung der reinen Mathematik (...) fiir erforderlich halte: am An-
fang — so heifit es hier— ist das Zeichen.!%?

He describes these signs in the following way:15°

Diese Zahlzeichen, die Zahlen sind und die Zahlen vollstindig aus-
machen, sind selbst Gegenstand unserer Betrachtung, haben aber sonst
keinerlei Bedeutung.166

Thus, Hilbert did not see the formal system of number signs as completely sepa-
rated from their interpretation. Again, what he depicts is what we would nowadays
describe as the hope that the formal system in question has a unique model, a be-
lief which Skolem proved wrong in the beginning of the 1930s.17 Bernays later
apparently did see the problem and added the demand that, in order for consis-
tency and existence to coincide, the formal system under consideration has to be
complete (in the sense of: Vi, either T' F ¢ or T' I —¢).158 Hilbert’s belief is in
accordance with the fact that he had in 1899 still left geometrical concepts a place
in the human mind, even though he had freed them from their usual contents.
Only in 1925 he was explicitly to move more towards the formalistic conception
of mathematics as described by Brouwer.!%%

162¢then we can say that mathematical statements are in fact incontestable and ultimate truths
(...).” English translation from [Ewald 1996, vol. II, p. 1121].

163 [Hilbert 1922, p. 163]

164<the objects of number theory [are for me, DH] the signs themselves. (...) The firm philo-
sophical attitude which I think is required for the grounding of pure mathematics (...) is this:
in the beginning — so is said here — was the sign.’

165[Hilbert 1922, p. 163

166¢These number-signs, which are numbers and which completely determine the numbers, are
themselves the object of our consideration, but otherwise they have no meaning at all.” English
translation based on the translation in [Ewald 1996, vol. II, p. 1122].

167Skolem proved the non-categoricity of the Peano axioms for the natural numbers. Fraenkel
reported that this came as a big surprise to the mathematical world, thus indicating that pre-
sumably more people shared Hilbert’s belief; [Fraenkel 1959, p. 356].

168 [Bernays 1928, p. 202]. Bernays demanded what Hilbert believed to be true in the first place:
if a formal system is complete is the sense described above, then it has a unique model, and vice
versa.

169Gee 4.3.1.
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Towards the end of the paper, Hilbert presents what he calls his proof theory.}™ He
explains that all ‘actual mathematics’!”! has to be formalised, so that it becomes
a stock of provable formulas. To this, a new mathematics called meta-mathematics
is added, in which meaningful argumentations are used. The meta-mathematical
level is the level in which the consistency proof for formalised mathematics has to
be given.

In the paper, Hilbert claims the term ‘constructive’ for his own view. The way
he does so is illuminating. He reproaches Weyl for his ‘artificial’!"? argumentation.
For, so Hilbert maintains, after Weyl had defined his constructive principle and had
next reached a vicious circle, he should have concluded that his point of view and
therefore also his constructive principle could not be applied to mathematics.'”
Note the clear indication that for Hilbert mathematics as it existed came first, only
afterwards followed by reflections of whatever kind. Furthermore, he maintains, his

own method is the truly constructive one:!™*

Erst der hier in Verfolgung der Axiomatik eingeschlagene Weg wird,
wie ich glaube, den konstruktiven Tendenzen, soweit sie natiirlich sind,
vollig gerecht.!™

Note the in-built restriction in the ‘as far as they are natural’; Hilbert did not go
on to explain what he meant by that.

Bernays in 1921 Before Hilbert’s address was published, his assistant Paul
Bernays gave a lecture at the Mathematikertagung in Jena in September 1921, in
which he presented Hilbert’s thoughts on the foundations of arithmetic. Bernays
(1888-1977) had written his dissertation under Landau in Géttingen in 1912, had
then moved to Ziirich, and had returned to Géttingen as Hilbert’s assistant in 1917.
Bernays discussed foundational questions with Hilbert, helped with the prepara-
tion of lectures and made lecture notes.!”® He was deeply interested in philoso-
phy and had published papers in Nelson’s Abhandlungen der Fries’schen Schule.
Bernays’ talk was later published in the Jahresbericht.

Bernays starts by explaining that Hilbert’s new programme is a clarification
of the old one as put forward in Heidelberg in 1904.177 Turning to intuitionism, he

170¢ Beweistheorie’, [Hilbert 1922, p. 174]

1T<eigentliche Mathematik’, [Hilbert 1922, p. 174]

172¢kiinstlich’, [Hilbert 1922, p. 158]

173[Hilbert 1922, p. 158]; the paper referred to is [Weyl 1919].

174{Hilbert 1922, p. 160]

175n my opinion, only the path taken here, following axiomatics, will do full justice to the
constructive tendencies, as far as they are natural.” Translation based on the English translation
in [Ewald 1996, vol. II, p. 1119].

176(Zach 1999, p. 345; 361]

177At the International Congress of Mathematicians in Heidelberg in 1904, Hilbert had put
forward his first consistency proofs. Although the examples he used were simple, they showed
that it was possible to prove the consistency of a theory without the construction of a model,
that is, he used syntactical rather than semantical means. A further explanation is given in
[Smoryniski 1988, pp. 9-11}; the original Hilbert paper is [Hilbert 1905A].
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admits that the goal of reaching a purely constructive formation of arithmetic is an
attractive one. In that case, mathematics can build its own structure and one does
not have to rely upon the presupposition of a certain system of things. However,
the way Bernays presents the construction of mathematics along intuitionistic lines
is rather strange. In Bernays’ words, Brouwer and Weyl want to replace existence
presuppositions by construction postulates. He compares this with similar practices
in geomety, where one for example can replace the axiom which says that every two
points determine a line by the postulation that a line can be constructed between
any two given points.!”®

Bernays’ description is peculiar, because it suggests that all intuitionism aims
at is a replacement of one kind of assumption by another. That, however, is not
the case. What is at stake for intuitionism are not assumptions, but certain con-
struction principles that are acknowledged as valid before starting to work inside
a mathematical theory.

On the other hand, the examples Bernays gives of Weyl’s and Brouwer’s
refusal to accept certain classical results of mathematics because they are not
constructive are correct.

Bernays concludes that all Brouwer and Weyl have shown is that by replacing
existence axioms by construction postulates, no consistency proof is obtained. The
conclusion marks what could be seen as his formalistic view on Brouwer and Weyl,
for they never aimed at a consistency proof.

Bernays does not leave ‘constructive’ mathematics to intuitionism. Returning
to Herr Geheimrat, he maintains that Hilbert is far from giving up the constructive
tendency, which stems from the independence of mathematics. On the contrary:
Hilbert’s aim, so Bernays claims, is to bring out the constructive direction in its
strongest possible form. This can be done by not restricting oneself to the prejudice
that every construction should be a number construction, as the intuitionists do.
Note that Bernays’s presentation of the intuitionistic idea of constructions is in
accordance with Kronecker’s view, but not with Brouwer’s. Constructions can also
be obtained, Bernays continues, by formalising mathematics and working with
signs. In this way, a rigorously constructive structure can be achieved, not only of
arithmetic, but also of higher mathematics.'”®

From a letter Bernays wrote to Hilbert in 1921, it becomes clearer what
Bernays meant with such constructions. Discussing what Hilbert should treat in
his coming lectures, Bernays proposed that he, among other things, should con-
sider ‘constructive arithmetic’ and ‘the broader idea of constructive thought’ as
possible subjects for the lectures. In Bernays’ sense, this means the construction
of proofs, presumably within Hilbert’s proof theory. The aim of these ‘construc-
tions’ is to make formalisation possible and the problem of consistency easier to
understand. 80

178 [Bernays 19224, p. 13]; Bernays does not use the term ‘intuitionism’ in the paper.

179[Bernays 1922A, pp. 15-16]

180¢konstruktive Arithmetik’, ‘Die weitere Fassung des konstruktiven Gedankens’; letter from
Bernays to Hilbert, 17/10/1921 ,[NSUB Hilbert, 21/1]
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These remarks show, I think, two important things. Firstly, the concept of ‘con-
structive’ mathematics did not, at that time, have an unambiguous meaning.
Where the intuitionists put forward the idea of mental constructions and main-
tained that linguistic constructions do not necessarily imply mathematical con-
structions, Bernays (and, one may suppose, Hilbert) advocated the view of sign
constructions, i.e., of an effective syntax. The split between mental and sign con-
structions continues until today, when both Brouwer’s intuitionistic mathematics
and Hilbert’s proof theory are regarded as parts of constructive mathematics.'®!
Secondly and more importantly, they show the importance both currents attached
to the concept of constructive mathematics. The reason why this was thought sig-
nificant seems clear in Brouwer’s case, since the idea of constructing mathematics
in the mathematician’s mind was a basic aspect of his philosophy of mathematics.
For Hilbert and Bernays, I find it harder to understand their attachment to the
term ‘constructive’. A somewhat speculative explanation might be that mathe-
matics has traditionally worked with constructions, especially in geometry, or that
the popularity of the ‘construction’ concept in society at large played a role, for
example in the rise of Constructivism in art.'8?

Hilbert’s 1922 lecture FEven though the debate on the foundations of math-
ematics had only spread to a limited group, Hilbert again spoke on the topic in
1922. This time it was in a lecture for the Deutsche Naturforscher-Gesellschaft
(‘German Naturalist Society’) delivered in September 1922 in Leipzig.'®3

In the lecture, Hilbert starts by again explaining that he has split mathe-
matics into a formalised part, expressing classical mathematics, and a meaningful
meta-mathematical part, required in order to prove the consistency of the for-
malised part. He clarifies the formalised part of proof theory in the following
way: 184

Die Axiome und beweisbaren Satze, d.h. die Formeln, die in diesem
Wechselspiel entstehen, sind die Abbilder der Gedanken, die das iibliche
Verfahren der bisherigen Mathematik ausmachen, aber sie sind nicht
selbst die Wahrheiten im absoluten Sinne.!'%®

It should be pointed out that, although Hilbert works with formalised mathemat-
ics, he does not take up a purely formalistic position. He does not put forward the

181 'Kushner 1988, p. 356]; only in propositional and predicate logic is ‘constructive’ seen as
synonymous with ‘intuitionistic’, cf. [Mints 1988, p. 355], [Dragalin 1988, p. 361].

18286e 6.5.1. The same phenomenon may have occurred in other sciences, too. Thus, Reichenbach
labelled his way of setting up an axiomatic system for the theory of relativity ‘konstruktive Az-
iomatik’ (‘constructive axiomatics’), as opposed to deductive axiomatics, [Reichenbach, H. 1924,
pp- 2-3].

183Pyblished a year later in the Mathematische Annalen, [Hilbert 1923).

184 Hilbert 1923, p. 180]

185The axioms and provable theorems, i.e., the formulas which arise in this continuous vari-
ation, are the representations of the thoughts which constitute the usual method of traditional
mathematics; but they are not themselves the truths in an absolute sense.’
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axiomatic system as an arbitrary formal system, but adheres to a link between the
axioms and the thoughts of which mathematics until then consisted. The truths in
an absolute sense, however, are now presented differently. Whereas Hilbert in his
1922 paper had described all propositions of a consistent system as true, he now
reserves the term ‘truth’ for proofs regarding provability and consistency.

Hilbert next gives some axioms which suffice for formalising the theory of the
natural numbers, and claims that by using finitary logic in a ‘purely intuitive’!86
way, one can obtain elementary number theory from these axioms. He clarifies
the meaning of ‘finitary logic in a purely intuitive way’ by mentioning that this
includes recursion and ‘intuitive’ induction on finite, given collections.'®”

Hilbert then remarks that, in his proof theory, he wants to transcend fini-
tary logic by adding axioms in order to prove transfinite theorems of classical
mathematics, and he asks himself when mathematics for the first time exceeds the
concrete intuitive and finite. His answer is illuminating: in using the terms ‘for all’
and ‘there is’.1® As for the latter notion, Hilbert describes an existence statement
as a (possibly infinite) disjunction,'® and points out that there is a difference

between ‘there is’ and ‘there is available’:190

Bei endlichen Gesamtheiten sind ‘es gibt’ und ‘es liegt vor’ einander
gleichbedeutend; bei unendlichen Gesamtheiten ist nur der letztere Be-
griff ohne weiteres deutlich.!%!

This is some combination of Brouwer’s criticism of applying concepts which are
valid in finite domains to infinite ones, and Weyl’s criticism of pure existence state-
ments.'%2 As Becker was to remark a few years later about these words of Hilbert’s:

‘Diese Darlegungen kénnte wortlich ein Intuitionist geschrieben haben’.193

186¢rein anschauliche’, [Hilbert 1923, p. 181]

187 Hilbert 1923, pp. 179-181]

1881n his 1904 Heidelberg lecture, Hilbert had already suggested that the principles according
to which the ‘laws of mathematical thinking’ should be developed, should include replacing the
‘for all’ notion by ‘any (arbitrary)’, where the latter should be understood to apply only to
those things that can be added consistently to the mathematical system under investigation,
[Hilbert 1905A, p. 274]. Bernays later referred to this position when arguing that Hilbert had
actually at some time taken a stricter stand on the meta-mathematical level than what later
became finitism, and that finitism was already a kind of compromise to him, [Bernays 1954, p.
12]. Sieg supplemented this by pointing to notes of a lecture course on set theory given in the
Summer of 1917, where Hilbert would have been so radical as to dismiss the use of any arbitrary
letter to replace a concrete number, and would have claimed that Kronecker ‘wasn’t radical
enough’, [Sieg 1999, pp. 9-11]. It would be interesting to see the lecture notes in full, in order
to appreciate all aspects of Hilbert’s position at that time. What seems clear in any case is that
Hilbert was far more occupied by foundational matters around the time of World War I than his
publications suggest.

189This idea can be found with Peirce in 1885, [Moore 1980, pp. 96-98].

190[Hijlbert 1923, p. 182

191¢For finite totalities ‘there is’ and ‘there is available’ are synonymous; for infinite totalities,
only the latter notion is clear without difficulty.’

192Gee 2.3.2 and 4.2.1.

193¢These expositions could have literally been written by an intuitionist.’, [Becker, O. 1927, p.
466]
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Hilbert continues that one can overcome this difficulty by adding certain
transfinite axioms, and proving that the system thus obtained is consistent.'® He
does not draw any conclusions as to what this implies for the contentual character
of the mathematical objects involved. In 1925, he was to do so explicitly. It is hard
to say whether Hilbert at the time of writing this paper had already seen all the
consequences of his way of proceeding.

It is interesting to note that, whereas Hilbert had in his Hamburg address
still favoured ‘constructive’ mathematics, now this label is nowhere mentioned.

Brouwer’s reaction It is clear from Hilbert’s lectures that he was occupied by
the themes and problems which Brouwer and Weyl had put forward. However,
when discussing these issues, Hilbert mostly followed his (proclaimed) own path,
and only occasionally referred to Brouwer. Brouwer, so it seems, was not pleased
with this attitude. As the Austrian Roland Weitzenbdck, for whom Brouwer had
been able to create a position in Amsterdam, reported in a letter to Weyl in April
1923:195

Betreffs der Hilbert’schen Sachen zuckt Br[ouwer] vorldufig die Ach-
seln. Ich glaube, er ist einigermassen dariiber verstimmt, dass Hilbert
seine Sachen so links liegen lisst.!%

If Weitzenbock is right, Brouwer presumably was not satisfied with the fact that,
even though Hilbert agreed with some of the intuitionistic views, he never recog-
nized their contribution to the development of his foundations of mathematics.

4.2.3 Becker’s phenomenology

Also from a more philosophical point of view, the first reaction to intuitionism
did not take long. In January 1922, Oskar Becker handed in his Habilitations-
schrift at the Universitdt Freiburg, which was published a year later as Beitrdge
zur phdnomenologischen Begrindung der Geometrie und ihrer physikalischen An-
wendungen (‘Contributions to the phenomenological foundation of geometry and
its physical applications’).1%7 Becker had studied physics, chemistry and psychol-
ogy in Oxford, then mathematics (under Holder and Herglotz), physics, philoso-
phy, archaeology and history of art in Leipzig. He had hoped to work for both
Hilbert and Husserl, but when the latter left Gottingen for Freiburg this became
impossible. He then decided, reportedly under the impression of the First World
War,'%8 to continue in philosophy, and worked under Husserl on the area between

194Hilbert 1923, pp. 183-184]

195Letter from Weitzenbock to Weyl, 16/04/1923, [ETH Weyl, HS 788]

196Regarding the Hilbertian affairs Brouwer], for the time being, shrugs his shoulders. I think
he is somewhat displeased that Hilbert ignores his things.’

197[Becker, O. 1923]

198(psggeler 1969, p. 304]. The reason Becker gave afterwards for this decision was that he did
not want to specialise in a single scientific subject.
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mathematics and philosophy.!®® Whereas his dissertation under Hélder had been
within mathematics proper, his Habilitation was much more philosophical. It was
written from a phenomenological point of view,?°C and applied some of Husserl’s
concepts to the mathematical continuum. Becker included both Brouwer’s version
and Weyl’s 1921 version of the continuum, and opted for the latter.?°! As Fraenkel
later wrote, this was the first time ‘a philosopher who knows the matter well has
decided for ‘intuitionism’ in its opposition with ‘formalism’ *.292

Whereas Weyl had given an explanation of ‘constructions’ within mathe-
matics, Becker described what should be understood by ‘constructive’ in a more
general sense. In the first chapter of his Habilitationsschrift he writes:203

Das entscheidende Merkmal, das den rationalen Zusammenhang vor
anderen auszeichnet, ist sein konstruktiver Charakter. Das besagt, dafl
er sich aus diskreten Konstruktionselementen in endlicher Zahl zusam-
mensetzt und dafl sich die Art der struktiven Verbindung zwischen
ihnen lediglich logisch-formaler (...) Natur ist. Er hat, so wollen wir
das ausdriicken, den Charakter eines Algorithmus.2%4

Note the emphasis put on constructivity here, too: it is, Becker claims, the decisive
property that distinguishes rationality from irrationality. Furthermore, in Becker’s
view constructivity implies that the procedures used should be finite. The descrip-
tion just given does not, however, provide the reader with a clear criterion to decide
whether formalism or intuitionism should be seen as properly constructive. On the
one hand the ‘logical-formal’ character seems to point to formalism, whereas the
algorithmic part is clearly intuitionistic.

Becker’s main interest in his Habilitationsschrift lies in the philosophical foun-
dations of geometry. Within that, he limits himself to the problems of the con-
tinuum and of non-Euclidean geometry. Therefore, he touches upon questions of
existence and constructivity in mathematics only in relation to the continuum and
set theory. For example, Becker maintains that one cannot consider an infinite set
to exist an sich. He arrives at this conclusion firstly by referring to Weyl’s warning
that, if one has the characteristic property of an infinite set, one should not think
of it as if one had the members of the set laying readily before one. Secondly, he
uses the principle of transcendental idealism to support his claim. This principle

199pgggeler 1969, p. 299], [Poggeler 1996, p. 27]

200Phenomenology or, more specifically, transcendental phenomenology is a sub-current of anti-
realism which focuses on intentional objects by reflecting on consciousness. A further explanation
is given in the glossary.

201 Becker, O. 1923, p. 410]

202¢7um erstenmal ein mit der Materie wohlvertrauter Philosoph in dem Gegensatz zwischen
‘Intuitionismus’ und ‘Formalismus’ fiir ersteren Partei nimmt’, [Fraenkel 1927/28B, p. 391]

203 Becker, O. 1923, p. 402]

204¢The decisive feature which distinguishes rational coherence from other forms of coherence
is its comstructive character. This means that it is composed of a finite number of discrete
construction elements and that the structural connection between them is only of a logical-
formal (...) nature. We would like to express this by saying that it has the character of an
algorithm.’
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holds that an object only exists inasmuch as it can be determined in the intellect
with the degree of evidence that is characteristic for that object.2%® This does not
apply to an arbitrary infinite set, since one cannot think of such a set as being
completely finished. Note that Becker is concerned with the ontological existence
problem.

The way Becker analyses geometry is very much along Brouwer’s line. He
starts by pointing out that, since Husserl, two kinds of ontology are distinguished:
the material-eidetic one and the formal one. In Becker’s words, the former is con-
cerned with the understanding of essences by means of so-called ideative?’® ab-
straction, while the latter deals with the laws of the ‘empty something’.?07 T will
try to clarify this in modern terms.

One can think of the term ‘ideative’, which stems from ‘eidos’ (plural: eide),
meaning ‘essence’, as synonymous to ‘essential’ or ‘a priori’. The way in which the
ideative abstraction involved in the material-eidetic ontology is used in order to
obtain knowledge of eidé can be described as follows. First, some pre-philosophical
and pre-scientific experience of the eidos involved is required. Phenomenologists
accept this experience as a basis. The acceptance hereof does not presuppose too
much, however, since all belief with regard to the actual existence of the objects
involved is suspended while investigating eidé. The next step is to select an instance
of the eidos under investigation. Since the objects involved are treated as if they
were objects of pure imagination, the instance can be taken both from experience
or from phantasy. The latter are necessary in order to avoid that one does not
get further than empirical generalisations. Then, one uses phantasy to subject
the chosen instance to arbitrary variations. Finally, attention is focused on the
overlapping synthesis of identity during the process of variation. This yields the
eidos one was looking for.2%® Opposed to this is formal ontology, which coincides
with that part of logic that is concerned with the study of models of possible
theories. 209

For Becker, pure mathematics belongs to formal ontology, but geometry,
which in his view deals with the essence of space, is part of the material-eidetic
ontology. However, the material-eidetic character of geometry is only reflected
in its axioms, since all deductions are done formally. The question Becker asks
himself is how it is possible to start from material-eidetic axioms, proceed in a
formal way, and still obtain a system of truths.?’® Note that, if we see through
the ‘material-eidetic’ terminology, we get the same point Brouwer was critical of
in his dissertation.?!!

205 [Becker, O. 1923, pp. 394-405)

206;deierende; translations from Husserlian terms generally follow Cairns’ guide [Cairns 1973].
207eeren Etwas’, [Becker, O. 1923, p. 389]

208{Scanlon 1997, pp. 168-169]

209[Null 1997, p. 237]

210[Becker, O. 1923, pp. 389-390)

2HSee 2.3.1.
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Becker finds the answer to this question in Husserl’s characterisation of space
as a definite manifold. A manifold, in Husserl’s sense, should be read as a field of
knowledge.?!? The definiteness of a field, Becker maintains after Husserl, is char-
acterised by the property that there is a finite number of concepts and theorems
in the field from which the totality of all possible formations ( Gestaltungen) in the
field are completely and uniquely determined in a purely formal-logical way.2!3
Thus, in a definite manifold, the concepts ‘true’ and ‘formal consequence of the
axioms’ coincide.?!4 Or, in again other words: a definite manifold cannot be ex-
tended under preservation of its axioms.?!?

Becker next analyses Husserl’s concept of definiteness. In Becker’s view, this
can be interpreted in three different ways: as elementary definiteness (Elemen-
tardefinitheit), following Cantor; as extent definiteness (Umfangsdefinitheit), in-
spired by Russell and Weyl 1918; or as decidability definiteness (Entscheidungs-
definitheit), following Brouwer and Weyl 1921. If we apply this distinction to sets,
the first of these says that a set is definite if for every element it is determined
whether the element belongs to the set or not. In other words: a definite set is deter-
mined by a decidable property. The second interpretation is inspired by Russell’s
criticism of the vicious circle principle and is designed to exclude impredicative
sets. It adds to the demand of elementary definiteness the requirement that it
should be determined whether there exist objects outside a certain closed domain
which belong to the set. Becker remarks that sets which are extent definite are
obtained by means of a construction, which ensures their ‘closed’ character. The
interpretation as decidability definiteness, finally, holds that every question that
can be asked about a definite set should be decidable.?'® Note that the latter
characterisation does not apply to all Brouwerian sets, contrary to what Becker
suggests, since one of the characteristics of intuitionistic sets based on choice se-
quences is exactly that certain properties of it are not determined (at a specific
moment in time). It is not clear where Becker got his characterisation of an in-
tuitionistic set from. He refers to Weyl’s Grundlagenkrise paper, but Weyl treats
intuitionistic sets based on choice sequences.

Having analysed the different forms of definiteness, Becker concludes that
only decidability definiteness is the characteristic which satisfies Husserl’s idea of
a definite set. The way he supports this claim is of interest to us. Becker maintains
that his conclusion is supported by the ‘conclusive’ philosophical argument of
transcendental idealism, according to which?!?

(...) man von keinem Sachverhalt sagen kann, daf} er bestehe, wenn
man nicht ein prinzipielles Mittel hat, zu entscheiden, ob er besteht
oder nicht.?!®

212[Null 1997, p. 237]

213[Becker, O. 1923, p. 390]

214[Husserl 1913, p. 152]

215[Van Dalen 1984B, p. 10]

216[Becker, O. 1923, pp. 403-409)

217 [Becker, O. 1923, p. 414]

218¢(__.) one cannot say of any state of affairs that it exists if one does not in principle have a
means to decide whether it exists or not.’
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If this is indeed taken as a conclusive argument, one need not be surprised that
Becker sided with Brouwer and Weyl regarding the foundations of mathematics,
even though his argumentation regarding the definiteness of Brouwerian sets was
not adequate.

The problem for non-phenomenologists in reading Becker is that his discourse
is loaded with phenomenological concepts, which often have a technical meaning.
This probably did not work in Becker’s favour in drawing attention from math-
ematicians.?'® Only those who were au courant with phenomenological research,
such as Hermann Weyl, could understand his work.??® Nevertheless, the work was
referred to reasonably often. Weyl incorporated the work into his book Philosophie
der Mathematik und Naturwissenschaft (‘Philosophy of mathematics and natural
science’).??! Fraenkel, who was very well-documented, mentioned Becker’s Habi-
litationsschrift from 1923 on, and used it as an example to show that Brouwer’s
work was also appreciated in philosophical circles.??? Bieberbach referred to it, too,
remarking that he found the mathematical parts of Becker’s work incomprehen-
sible.?%® Furthermore, Becker’s work was mentioned by the philosophers Petzoldt
and Cassirer, and Carnap, who also had a philosophical background.??4

4.2.4 Fraenkel’s early commentaries

1923 saw the entrance of the man who was to become the most important com-
mentator to the foundational debate while it raged, Adolf Fraenkel (1891-1965).2%5
Fraenkel had studied mathematics in Minchen, Marburg, Berlin and Breslau
(Wroctaw). He finished his Ph.D. summa cum laude in Marburg in 1914 on an
algebraic subject. While serving in the German army, he wrote his Habilitations-
schrift in the same field and obtained his venia legendi at the same university two
years later.??® Thinking about what to do next with his spare time in the army,
Fraenkel remembered the lectures he had taken from Hellinger in 1911 on set the-
ory. These had covered, among other things, Zermelo’s axiomatic foundations of
set theory. Fraenkel told his fellow soldiers about the subject at several occasions,

219The gap was worsened by the fact that Becker's work was published in the Jahrbuch fiir
Philosophie und phdnomenologische Forschung, which presumably few mathematicians read.
220Becker’s work was brought to Weyl's attention by Husserl, who recommended the Habi-
litationsschrift as a synthesis between the views of Einstein, Weyl and himself (i.e., Husserl).
Letter from Husserl to Weyl, 9/4/1922, [ETH Weyl, HS 91-620]; a transcription of the letter
was published in [Van Dalen 1984A, pp. 6-7], a partial English translation can be found in
[Tonietti 1988, pp. 369-370]. Weyl had attended Husserl’s lectures while studying in Géttingen,
and he was married to one of Husserl’s students, Helene Joseph, [Weyl 1968B, p. 87].

221{Weyl 1927B, p. 44]

222[Fraenkel 1923A, p. 165], [Fraenkel 1927A, p. 35

223 [Bieberbach 1925, p. 30]

224[Petzoldt 1925, p. 350], [Cassirer 1929, p. 433], [Carnap 1927, p. 365]

225For obvious reasons, Fraenkel later changed his name into Abraham A. Fraenkel.

2281n Germany, academics had to publish a so-called Habilitationsschrift in order to become a
university lecturer.
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and thus got the idea to publish a booklet about it. The book, Finleitung in die
Mengenlehre (‘Introduction to set theory’), was to grow into his opus magnum.?27

As Fraenkel himself later stated, set theory was by that time only known to
a limited group of people, so one could relatively easily become a specialist in the
field.??® Fraenkel did see the importance of set theory, since to him it constituted
the foundations of mathematics. By specialising in set theory, Fraenkel more or
less automatically ran into Brouwer’s intuitionism. Until 1922, Fraenkel only made
reference to Brouwer’s works.?2? This changed in 1923. In the meantime, Fraenkel
had become associate professor?*® at the university of Marburg, profiting from the
more tolerant rules of the Weimar Republic towards, among others, Jews.23!

FEinleitung in die Mengenlehre 1In 1923, the second edition of Fraenkel’s pop-
ular Einleitung in die Mengenlehre appeared. The first edition had been published
right after the war, in 1919, and therefore Fraenkel had missed work that had come
out in the meantime.?32 This gap was filled by the new edition, which contained
a substantial enlargement of questions of principle, including a treatment of intu-
itionism. The intuitionistic view on mathematical existence and constructivity is
described correctly, but only as a means to explain the intuitionistic opinion on
the principle of the excluded middle. It is interesting to note that Fraenkel uses
the dividing line drawn by the intuitionists between pure existence and construc-
tivity in order to argue in favour of the axiom of choice. For, so he claims, exactly
because there is this difference, the axiom of choice holds — but one should re-
alise that it only states the existence of a certain set, not that we could actually
construct it. In Fraenkel’s view, such a pure existence poses no problem to logic
nor to intuition.233

Fraenkel and Brouwer had already met in person before Fraenkel finished
the second edition. Their first contact had been established in 1920 or 1921, when
Fraenkel, who had a Dutch wife, stayed with his parents-in-law in Amsterdam.?3*
The fact that Fraenkel had learnt enough Dutch to be able to read Brouwer’s early
intuitionistic writings, and that he had attended Brouwer’s lectures, made him
more familiar with intuitionism than many of his contemporaries. When Fraenkel
left Amsterdam, he wrote Brouwer a letter to thank him for his support. He further
declared:?5

227 Fraenkel 1967, pp. 105-136]

228[Fraenkel 1967, p. 149]

229 As in [Fraenkel 1919, p. V], [Fraenkel 1922A, p. 230] and [Fraenkel 1922B].

230 Brtraordinarius

231In Wilhelminian Germany, it had been difficult for Jews to hold a high position at universities
or in the civil service.

232[Fraenkel 1919, pp. I11-V]

233[Fraenkel 1923A, p. 167; 210]

234Fraenkel came to his parents-in-law in Amsterdam regularly and met Brouwer there at several
occasions, [Fraenkel 1967, p. 162).

235Letter from Fraenkel to Brouwer, 18/4/1923, [MI Brouwer, CB.AFR 3]
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Es war mir u.a. auch sehr interessant, das frische Leben des mancher-
seits schon totgesagten Intuitionismus zu beobachten; in mir selbst gart
es noch in diesen Fragen.?36

Mathematikertagung The personal visit by Fraekel to Brouwer was returned
at the occasion of the Deutsche Mathematikertagung (‘German Mathematical Con-
ference’) in Marburg in September 1923. At the conference, Fraenkel gave a lecture
which was to be the first in a series of presentations of his on the foundational
debate.?37 During the conference, Brouwer, who also gave a talk there, stayed with
the Fraenkels in Marburg.238

In the lecture he gave at the German Mathematical Conference, Fraenkel
distinguishes between two currents regarding the foundations of mathematics, to
which he refers as the classical and the intuitionistic one. In Fraenkel’s view, the
main difference between the two lies in the acceptance or not of the principle of
the excluded middle. The question of existence is only mentioned along the way.
Fraenkel remarks that for an intuitionist, existence and truth do not coincide with
consistency, so that the consistency proof Hilbert is striving for will not silence
their criticism.23? The term ‘constructive’ is used once, in the sense of opposed to
pure existence.?40

Jewish journal A third contribution of Fraenkel to the foundational debate
in 1923 was a paper published in the Scripta Universitatis atque Bibliothecae Hi-
erosolymitanaryum. The journal, published in Jerusalem, contained papers by such
important Jewish authors as Landau, Harald Bohr, Hadamard, Einstein, Ornstein,
and Levi-Civita. Each paper was published both in the original, European language
and in a Hebrew translation.?*! Fraenkel’s paper dealt with the axioms of set the-
ory. He only touches upon intuitionism, remarking that one either has to apply
the radical constraints of Brouwer and Weyl, or one has to abandon the idea of a
‘constructive, genetic’ foundation of set theory.2*2 He then proceeds following the
latter alternative, giving axiomatic foundations of set theory and using existence
in a formalistic way.

236<Among other things, it was very interesting for me to observe the fresh life of intuitionism,
which has been pronounced dead from many corners. In my own mind, these questions are still
fermenting.’

237The lecture was published in the Jahresbericht a year later, [Fraenkel 1924A].

238[Van Dalen 2000, pp. 285-286]. This means that Brouwer stayed at the upper floor of Hensel’s
house, which the Fraenkels rented since their marriage in 1920. It must already have been
crowded there, with both the Hensels, both the Fraenkels and their two children all in one
house, [Fraenkel 1967, pp. 142-143].

239 [Fraenkel 1924A, p. 99]

240[Fraenkel 1924A, p. 103

241[Fraenkel 1967, p. 83

242 [Fraenkel 1923B, p. V]
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Since Fraenkel was the most important reporter on the foundational debate during
the whole period, the paraphrase given here of Fraenkel’s presentation of intuition-
ism will serve to point out later shifts he made in presenting intuitionism.?43

4.2.5 Baldus’ rector’s address

On December 1, 1923, Richard Baldus (1885-1945) delivered his rector’s address
at the Technische Hochschule Karlsruhe. It was published the next year as For-
malismus und Intuitionismus in der Mathematik (‘Formalism and intuitionism in
mathematics’) in the series Wissen und Wirken, and it was one of the more in-
fluential publications in the foundational debate. Baldus had studied in Erlangen
and at the time lectured in Karlsruhe as a full professor in geometry.244

Baldus introduces the subject of the foundations of mathematics by remark-
ing that the question ‘Is present mathematics logically compelling?’ has played an
ever bigger role in the past decades, especially at the post-war conferences of the
Deutsche Mathematikervereinigung.?*® He introduces the opposition between in-
tuitionism and formalism, and starts with a criticism of Hilbert’s axiomatic point
of view as put forward in the Grundlagen der Geometrie:**6

Es beginnt z.B. jemand das Hilbertsche Buch zu lesen ohne zu wis-
sen was ‘Punkt’, ‘Gerade’ usf. ist. Er soll sich zundchst Dinge dreier
Systeme denken, ohne dafi ihm irgendwie gesagt wird, was flir Dinge
das sein sollen. Er denkt sich nun irgendwelche Dinge, kommt zum
ersten Axiom und entdeckt, daf seine gedachten Dinge dieses Axiom
nicht erfiillen. Vielleicht kann er sich nun andere Dingen denken, welche
diesem Axiom geniigen; er liest darauf weiter und findet, daB er jetzt
an einem spiteren Axiom scheitert. Bald wird er ein Prinzip suchen,
nach dem er das Axiomensystem denken kann, und da er kein solches
findet, wird er, wenn er nicht rein zufillig auf das Gesuchte kommt, die
Frage aufwerfen, wie denn {iberhaupt dieses Axiomensystem gedanklich
realisierbar ist.?47

Hilbert’s answer to this problem, Baldus points out, lies in the drawings, which
suggest the standard interpretation of the concepts ‘point’, ‘line’ and ‘space’. Bal-
dus’ criticism clearly marks the difficulty of the position Hilbert held at the end

243Gee 4.3.1.

244[Poggendorff 1936-1940, vol. VI, p. 116]

245[Baldus 1924, pp. 4-5]

246[Baldus 1924, p. 13]

247For example, someone starts reading Hilbert’s book without knowing what ‘point’, ‘line’ etc.
is. He first has to imagine things of three systems, without him being told in any way what kind
of things these should be. He now imagines some things, comes to the first axiom and finds out
that the things he imagined do not fulfil this axiom. Maybe he can now imagine other things
which do satisfy this axiom; he reads on and finds out that he fails at a later axiom. Soon he
will look for a principle according to which he can imagine the axiom system, and since he does
not find one, he will, if what is sought does not strike him purely accidentally, raise the question
how at all this axiom system can be realised in thought.’
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of the 19th century, when he was loosening the bond with reality by not adhering
to a definite meaning of mathematical concepts, but where he did not defend the
purely formalistic point of view where every bond with the human mind is cut.

Baldus proceeds with a presentation of intuitionism. He characterises intu-
itionists as a group of mathematicians who are opposed to Cantorian set theory,
starting with Kronecker, further developing by the French semi-intuitionists, and
finding in Brouwer their most radical representative. The first characteristic of
intuitionism which Baldus mentions is its view on existence. He mentions the set
theoretical paradoxes as the immediate cause for the intuitionists to reconsider the
logical means of proof employed in mathematics. Contrary to formalists, who take
consistency as the only criterion for existence, Baldus explains that intuitionists
consider certain objects to be intuitively given, like the natural numbers. Besides
these, only those objects exist which can be constructed mentally or which can
be expressed in a finite number of words. Pure existence statements do not con-
stitute proper existence statements for intuitionists. Taking all characteristics on
intuitionism into account, Baldus concludes that intuitionism has succeeded in
singling out the logically compelling part of mathematics from consistent mathe-
matics.?*8

Thus, Baldus essentially explains intuitionism well. The only problem is
that he does not distinguish between the views of Kronecker, the French semi-
intuitionists and Brouwer. Because of that, he overrates the role the set theoretical
paradoxes played in (Brouwerian) intuitionism, and he uses two different descrip-
tions of what mathematical existence means for intuitionists, one stemming from
Brouwer, the other from Borel.?4°

Hilbert as a formalist? It should be pointed out that Baldus’ address is the
first contribution to the foundational crisis in which Hilbert is clearly characterised
as a formalist. Brouwer had explicitly designated Hilbert as a formalist only in his
review of Mannoury’s book, and had implied so in his inaugural address Intuition-
isme en formalisme.?°0 Weyl, who started the whole debate, had never indicated
Hilbert’s position by this term. Hilbert himself, finally, used expressions such as
‘axiomatics’ and ‘proof theory’ to refer to his own views on the foundations of
mathematics,2°! and even seemed to use the term ‘formalistic’ in a negative sense
as well.252 Bernays did use the word ‘formalism’ when describing Hilbert’s view,

248[Baldus 1924, pp. 23-26; 34

2490n Borel, see 1.3.2.

250Gee 2.5.

251 Hilbert 1922, p. 160; 174]

252¢Wihrend lange Zest hindurch die symbolische Logik nichts anderes als eine formalistis-
che dusserliche Weiterbildung der Aristotelischen Schlussfigurentheorie zu sein schien, (...).
(‘While symbolic logic for a long time seemed nothing more than a superficial formalistic de-
velopment of Aristotle’s theory of inference figures, (...)."), Hilbert manuscript on Behmann’s
dissertation, 1/2/1918, [Mancosu 1999B, p. 317; 327].
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but in the sense of a ‘formal system’.2%% And Fraenkel, the best-read commentator
to the debate, described the foundational conflict as one between classical and in-
tuitionistic mathematics in the second edition of his Finleitung in die Mengenlehre
in 1923;2%* in the third edition, published in 1928, he was to use the denomination
‘formalistic’ for Hilbert only between quotation marks.?%

It should also be noted that the description of formalism which Baldus
presents differs from the one given by Brouwer. Although all the characteristics
which Baldus mentions, such as consistency being sufficient for existence, and the
unrestricted use of the principle of the excluded middle, do apply, the essential
feature of looking at (ordinary) mathematics as a purely formal system without
contents is notably absent. It seems that Baldus has some kind of contentual view
on formalistic mathematics, possibly believing in a general validity of what later
was proved as the model existence lemma. Of course, the strict distinction between
syntax and semantics had only just been developed at the time.?> Baldus claims
that most mathematicians are formalists.?%” In his description of formalism, this
was probably true. In Brouwer’s, however, it most probably was not.

4.3 The debate widened

From 1924 onwards, the debate extended beyond the initial group of the directly
involved Brouwer, Weyl, Hilbert, and Bernays, the commentator Fraenkel and the
relative outsiders Becker and Baldus. Not only the number of people involved
increased, but also the languages used, a fact that considerably widened the group
of people that could participate in the discussion. For the first time after the
publication of Weyl’s paper, the debate was brought to the English reading public,
by Dresden.?%®

The following overview shows who became involved in the discussion. It is
worth noting that all but Von Neumann agree that the predicate ‘constructive’
belongs to the intuitionistic side. Also, whereas at least Weyl and Bernays had
still tried to explain what ‘constructive’ should mean, this aspect has by now dis-
appeared from the debate. Apparently, ‘constructivity’ had become a term which
was judged more important as a label than for its contents. Finally, Weyl withdrew
his full support for intuitionism as the only correct way to do mathematics.

Weyl in 1924 In a paper submitted in October 1923 and published the follow-
ing year in the Mathematische Zeitschrift, Hermann Weyl substantially modified

253[Bernays 19224, p. 15], [Bernays 1922B, p. 98]

254Gee 4.2.4.

255 Fraenkel 1928, p. 377]

256Zach argued the case that Bernays was the first to completely distinguish between syntax
and semantics, in his Habilitationsschrift of 1918, [Zach 1999, p. 342].

257 Baldus 1924, pp. 18-19]

258 [Dresden 1924]
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his initial position towards intuitionism. Futhermore, he clarified some of his in-
tuitionistic ideas.

Weyl modifies his stance in that he now maintains that mathematics should
not only be done in Brouwer’s, but also Hilbert’s way. For, Weyl maintains, the
example of physics shows that it is not always necessary for every individual propo-
sition to have meaning, but that one can use the system as a whole for meaningful
purposes.?®¥ It is very well possible that Weyl’s occupation with the space prob-
lem in the early 1920s contributed to his changed appreciation of intuitionism, as
Leupold suggested.?6°

The clarification concerned the intuitionistic position on mathematical ex-
istence. Weyl takes up the fundamental theorem of algebra as an example of a
theorem that had never been proved in a way satisfying Brouwer’s demands. Ap-
plied to this theorem, the intuitionistic requirements read: given an approximation
method of the coefficients a; of the equation

T+ ap2" P4+ +ay=0,

determine the roots of the equation in such a way that, if the approximation of
the coefficients becomes increasingly more precise, so must the determination of
the roots. The crucial step in the classical treatment of the theorem, Weyl claims,
is that it steps over the difficulty of explicitly giving such an approximation. This
is due to its Existentialabsolutismus, which assumes that the coefficients have an
existence anyway.26}

Towards the end of the paper, Weyl expresses his earlier statement on the
relation between constructions and proofs in a modified way. Formal argumenta-
tion, he maintains, should not be regarded too highly. For the actual difficulty
mostly lies not so much in presenting a proof when a construction is given, but in
finding the construction itself. It is just as in the case of the fundamental theorem
of algebra: once the construction, i.e., the approximation of the roots has been
given, the remaining proof that these are the roots of the equation is relatively
simple. And this, Weyl claims, is almost always the case.?6?

Dresden in 1924 In 1924, the first American contribution to the debate ap-
peared. The Dutch-born Arnold Dresden, who had studied and written his dis-
sertation at the university of Chicago,?% was the first in this region to react to
intuitionism. I do not know whether his Dutch background played a role in his
interest for intuitionism, but his knowledge of the Dutch language (though not
fluent) certainly did help. Dresden had translated Brouwer’s inaugural lecture into

259[Weyl 1924, pp. 149-150]
260[Leupold 1961, pp. 28-29]
261[Weyl 1924, pp. 142-143)
262[Weyl 1924, p. 149]
263[Poggendorff 19361940, p. 600]
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English, so it is reasonable to assume that they had been in contact before.2%* In

a paper presented to the American Mathematical Society in December 1923 and
published the following year, Dresden treated Brouwer’s contributions to the foun-
dations of mathematics. Dresden had corresponded with Brouwer about the paper,
and his objective was to clear the way for intuitionism in the United States.?5® He
introduces intuitionism by stressing its constructive character:266

Brouwer conceives of mathematical thinking as a process of construc-
tion, which builds its own universe, independent of the universe of our
experience, somewhat as a free design, under the control of nothing
but arbitrary choice, restricted only in so far as it is based upon the
fundamental mathematical intuition.

This ‘constructive’ aspect of intuitionistic mathematics recurs time and again
throughout the paper.

Dresden treats the issue of mathematical existence by quoting Brouwer, who
held that it was never proved that once, e.g., a number satisfies a non-contradictory
system of conditions, that it then also actually exists.28” Although Dresden was
the first to bring the foundational crisis to the English speaking world, there was
no reaction. His paper was only mentioned in Heyting’s dissertation, by Je¢rgensen,
and, of course, by Fraenkel.26%

Doetsch in 1924 In January 1924, the Halle professor in geometry Gustav
Doetsch gave philosophical lectures for the local sections of the Kant-Gesellschaft
in Halle and Magdeburg on the meaning (Sinn) of pure mathematics and its ap-
plications. He included a short description of intuitionism, where he explicitly
characterises intuitionism by its ‘constructive’ method, and opposes it to the for-
malistic existence absolutism. Having explained Hilbert’s demand of consistency
in order to secure the existence of a mathematical system and the problem of

proving it, he turns to the intuitionistic alternative:2%9

Nun kann man allerdings dem Problem der Widerspruchslosigkeit da-
durch aus dem Wege zu gehen versuchen, daf man die axiomatische
Methode, Begriffe durch ihre Relationen zu definieren, durch eine ‘kon-
struktive’ Methode ersetzt: Man denkt die Gebilde durch schrittweise

264The translation was published in the Bulletin of the American Mathematical Society,
[Brouwer 1913].

265Letter from Dresden to Brouwer, 17/9/1923, [MI Brouwer|. In the first of his letters to
Brouwer, Dresden does not introduce himself, which indicates that there had indeed been contact
at some earlier date.

266Dresden 1924, p. 32]

267[Dresden 1924, p. 37]; Dresden refers to Brouwer’s thesis, [Brouwer 1907, pp. 180-181]; see
2.3.1.

268 Heyting 1925, p. 93], [Jorgensen 1931, p. 55| and [Fraenkel 1927A, p. 36]

269 Doetsch 1924, p. 449]
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Konstruktion entstanden. (...) Annahmen tber die Existenz von Be-
griffen kommen hier nicht vor, sondern alle Objekte werden regelrecht
erzeugt.270

Doetsch’s conclusion regarding intuitionism is implicitly negative, for he fin-
ishes the description by mentioning that by proceeding in this way, large parts
of mathematics have to be given up, and then continues with the alternatives of
Hilbert and Russell.

Doetsch’s contribution appeared in the Kantstudien, the leading philosophi-
cal journal at the time.?"! Nevertheless, it did not evoke a single reaction.

Fraenkel in 1924 1In a lecture delivered for the Gesellschaft zur Beforderung
der gesamten Naturwissenschaften (‘Society for the advancement of all natural
sciences’) in Marburg in June 1924, Fraenkel spoke on the current crisis in the foun-
dations of mathematics. He traces the method of constructive proofs to Kronecker,
and mentions Brouwer’s and Weyl’s rejection of pure existence statements.?’ His
treatment of mathematical existence and constructivity is marginal—this was to
change a year later.

Von Neumann in 1924 In the same year, a 21-year-old Hungarian mathemati-
cian made his first appearance in the debate. Janos (John) von Neumann at the
time lived three different lives: formally enrolled as a mathematics student at the
university of Budapest, at the same time studying chemistry at the Fidgendssische
Technische Hochschule in Ziirich, since his father wished that he should learn some-
thing practical, Von Neumann spent most of his time doing mathematical research
in Ziirich and Berlin, on his own or together with some of the local professors.2”®
At the time, he frequented Hilbert’s house in Goéttingen, and he had also got to
know Weyl and Fraenkel personally.?’? One of Von Neumann’s first papers was
published in the prestigeous Journal fir die reine und angewandte Mathematik.
Its main subject was the axiomatisation of set theory, but it also contained some
small remarks which are of interest to us here.

In Von Neumann’s paper, it is clear that he uses the term ‘constructive’ in
Hilbert’s sense. This is not surprising, since he wanted to contribute to Hilbert-style
mathematics. For example, Von Neumann lists what he calls arithmetic and logical
‘construction axioms’, which contain nothing but pure existence statements.?”®

270¢For the rest, one can try to evade the problem of consistency by replacing the axiomatic
method of defining notions by means of their relations by a ‘constructive’ method: one thinks
of the buildings as come into being by gradual construction. (...} Here, assumptions about the
existence of notions do not occur, but all objects are directly generated.’

271Virtually all German philosophers were member of the Kant-Gesellschaft and thus received
the Kantstudien.

272 [Fraenkel 1924B, pp. 123-124], [Fraenkel 1925A, p. 253|. The lecture was published twice, in
somewhat different forms.

273 [Fraenkel 1967, p. 168]

274[Reid 1970, p. 172], [Ulam et al. 1969, p. 236], [Fraenkel 1967, pp. 168-169]

275[Von Neumann 1924, pp. 224-225]
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Having obtained a system of axioms for set theory, Von Neumann devotes
a small paragraph to the question of possible models for his system. Ie notes
that especially one axiom, which prescribes an upper bound on the admissible
functions, gives rise to difficulties. And any axiom replacing the one causing the
problem must, so he argues, be an impredicative one. The demands presented by
the axiomatic system are so complicated, Von Neumann continues, that he cannot
point out a corresponding model,?76

(...) obgleich die Konstruktion durchfiihrbar sein muf, falls die Men-
genlehre auf nicht-intuitionistischer Basis tiberhaupt méglich ist.27

Here, the word ‘construction’ is used against intuitionism, in line with the meaning
Von Neumann attaches to the term.

4.3.1 Existence in a central position

Until halfway 1924, questions of mathematical existence were treated in the reac-
tions to Brouwer’s intuitionism, but as a rule not extensively. Apparently, most
contributors to the debate did not see it as a central matter to intuitionism or to
its opposition to formalism. No generally accepted image had developed of what
the foundational crisis centered on.?”® It should be pointed out that all contribu-
tions but one to this part of the debate paid attention to the idea of constructions
or of constructive mathematics, the exception being Hilbert’s 1922 lecture.

From 1924 on, these aspects changed. Papers and books appeared which
put mathematical existence in a more central position, notably Wavre’s 1924 Y
a-t-il une crise des mathématiques?, Fraenkel’'s 1927 Zehn Vorlesungen dber die
Grundlequng der Mengenlehre and Becker’s 1927 Mathematische Ezistenz.2™® At
the same time, more contributions were made in which existence statements were
discussed without referring to their supposedly constructive character.

I first analyse the items which treated mathematical existence as a central
question to the opposition between intuitionism and formalism, or in which a
substantial contribution to the discussion on mathematical existence was made.
In the next section, I consider the contributions between 1924 and 1928 which
dealt with the subject of mathematical existence as a side issue.

Wavre in 1924 In a paper published in 1924, the Genéve professor Rolin Wavre
presented a survey of the foundational debate as it had developed until then.
Wavre’s own field was differential and integral calculus, and most of his publi-
cations were on mathematics applied to physics or astronomy. However, he also
wrote three papers on foundational questions in the Revue de Métaphysique et de

276[Von Neumann 1924, p. 237]

277¢ (... ) although the construction has to be feasible, if set theory on a non-intuitionistic basis
is at all possible.’

278Gee 3.3.1.

279 [Wavre 1924], [Fraenkel 1927A] and [Becker, O. 1927]
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Morale, of which this was the first one. He allegedly also defended the intuitionistic
point of view at meetings of the French speaking Swiss mathematicians.?8® Wavre
based his presentation on publications by Brouwer, Weyl, Hilbert and Bernays.
The purpose of the paper was to?8!

(...) faire entrevoir que 'opposition [entre formalisme et intuitionisme,
DH] devient tout a fait nette ‘4 propos de la notion d’existence et d’'une

application suspecte du principe du tiers exclu’.28?

Note that Wavre presents the subject of mathematical existence as one of the two
issues where the opposition between intuitionism and formalism becomes clear.

Wavre starts by pointing out that Lebesgue had already earlier criticized the
classical notion of existence,?®? a criticism which was pushed further by Brouwer
and Weyl. He explains Weyl’s view by means of the following example. Given a
sequence S of natural numbers, it is clear that the following two propositions are
opposed to each other:

{0) All numbers in S are odd;

(e) There is a number in § which is even.

But the questions that matters is: are they opposed as contradictories or not?28

As long as S is a finite sequence, nobody will doubt this to be the case. But for an
infinite sequence opinions may diverge.?®® The answer to the question will depend
on the meaning one attaches to the existence statement in proposition (e). With
respect to this issue, Wavre notes that?%6

Le logisticien, le formaliste fait par définition de ‘il existe’, I'équivalent
de ‘non tous’, c’est son droit; mais, en faisant cela, il introduit un
nouvel axiome ou une nouvelle définition.?87

Wavre’s claim is clear: the intuitionists are the ones who adhere to the meaning
of the word ‘existence’, while formalists and logicists change its meaning in order
to save the principle of the excluded middle.?3® Note that whereas Weyl had only

289[Juvet 1927, p. 137)

281 [Wavre 1924, p. 436]

282¢(...) show that the opposition [between formalism and intuitionism, DH] becomes clear
‘regarding the notion of existence and a dubious application of the principle of the excluded
middle’.” The quotation marks indicate the subtitle of Wavre’s paper.

2835ee 4.1.2.

284 Aristoteles called two propositions ‘opposed as contradictories’ which cannot both be true
and cannot both be false, [Kneale & Kneale 1964, pp. 54-67]; see 5.1.1.

285The importance of this matter for the debate on the validity of the principle of the excluded
middle is discussed in 5.3.

286[Wavre 1924, p. 443

287¢The logicist, the formalist by definition makes the ‘there exists’ equivalent to ‘not all’. He
may do so; but, in doing so, he introduces a new axiom or a new definition.’

288 Wavre does not mention the changed interpretation of the ‘or’. From the discussion he
presented later in the paper, it is clear that he tacitly assumed a constructive interpretation: one
has to be able to point out which part of the disjunction is true. Most contributors to the debate
focused on the interpretation of the existential quantifier and paid little attention to the ‘or’.
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condemned the classical use of pure existence statements as meaningless, Wavre
points out that they have a different meaning.?®°

The question arises whether Wavre’s judgement about who adhered to the
real meaning of mathematical existence was correct. This is hard to determine.
As the debate on mathematical existence shows, the ‘old’, ‘traditional’ or ‘true’
meaning of ‘there exists’ in mathematics was more than mere consistency. Even
those seen as formalists often argued that some kind of existence was implied
because of the consistency of the system. Whether this means that existence was
seen as constructivity, as the intuitionists argued it should be, or as some kind of
Platonic existence, is harder to say. The important thing, however, is not which
of the currents held on to the ‘old’ meaning of existence, but the fact that Wavre
stressed the different meanings intuitionists and formalists attached to the same
term. I return to this after the next example in Wavre’s paper.

Wavre continues his exposition with the example of a number of the form

my,=22"" 11 with n € N,

290
291

and asks whether such a number m,, exists which is composite (i.e., not prime).
He next introduces a fictional ‘idealist’ (formalist) and ‘empiricist’ (intuitionist),
who discuss the question in a way similar to Wey!’s private discussion in his Grund-
lagenkrise paper.?®? The intuitionist argues that he can only prove the existence of
such a number by actually presenting one. The formalist replies that they appar-
ently have different conceptions of what ‘existence’ means, since he will be satisfied
by a proof showing the existence of a composite m.,, also if the proof contains no
construction of the required number. Whereupon the intuitionist elaborates his
position: the construction itself is not necessary; the only thing he asks for is that,
if he wished so, he could actually produce the required number in a finite number
of steps. But, the formalist holds, this demand is superfluous; for if the number
exists, it certainly can be found somewhere in the sequence of natural numbers
after a finite number of steps. One simply starts with the numbers 1,2,3,..., and
this number m,, will either be found or it will not be found.?*> Whereupon the
intuitionist replies: If you would only replace the ‘the number will be found’ by ‘the
number has been found’, our opposition would disappear. For in your description

289Brouwer had made the same point before, but had not stated it prominently, see 2.6.2.

290The numbers Wavre uses are the Fermat-numbers F, = 22" + 1 from n = 8 on. Fermat had
conjectured these numbers to be prime on the basis of this being so for n =1, ..., 4. Later, Euler
proved that F5 is composite. Until now, all the other Fermat numbers that have been checked
turned out to be composite. There is, however, no proof that F; to Fy are the only primes.

291Wavre uses the terms which Paul Du Bois—Reymond employed in the end of the 19th century,
[Du Bois-Reymond, P. 1882, p. 3]. For the sometimes confusing terminology, see 4.1.1.

292Gee 5.2.1.

293What Wavre’s fictional formalist defends comes close to what is nowadays known as Markov’s
principle. In formalised form, this principle reads [V(z)(A(z)V-A(z)) A——3(z) A(z)] — I(z) A=),
where A is an algorithmically decidable predicate. In Troelstra and Van Dalen’s words, it can be
paraphrased as holding that if there is an algorithm for testing A, and if we know by ‘indirect
means’ that we cannot avoid encountering an x such that A(z) holds, then we can in fact find
such an z, [Troelstra & Van Dalen 1988, Vol. 1, pp. 203—204].



4.3. THE DEBATE WIDENED 161

you would have to go through the infinite sequence of natural numbers in order to
prove that you did not find such a number, which you will never do.?%

Wavre used this discussion in order to analyse the arguments of his ideal-
typical exponents of both currents. I think it is interesting, and I have presented
it at some length, not only because it clarifies both positions, but also because
it shows most accurately that when intuitionists and formalists engage in a de-
bate, they are likely to talk at cross-purposes.?®® Although they often use the
same terms, namely the ones mathematics has ‘always’ used {‘there exists’, etc.),
the meaning of these terms may vary according to which current the speaker be-
longs to. Looked at in this way, the foundational debate between formalism and
intuitionism can be seen as a battle about the meaning of classical mathematical
terms.

The term related to existence, ‘construction’, does not appear prominently
in Wavre's exposition. He mostly uses it in his description of the intuitionistic
conception of set theory. In this view, Wavre claims, sets cannot be given by a
characteristic property, but they should be constructed. ‘To construct’ in a narrow
sense would mean to enumerate the members of the set one by one; but this would
place too much restrictions on mathematics. Brouwer’s way out, he explains, is to
introduce the concept of a choice sequence.2%

In his concluding remarks, Wavre returns to the question of mathematical
existence: 297

L’existence idéale n’est pour 'empiriste [intuitionist, DH] qu’une fausse
fenétre pour la symétrie logique des propositions portant sur 'ensemble
fini d’une part, sur l'infini de Pautre; fiction des logiciens imaginée non
pour sauver la logique, elle n’est pas en danger, mais pour arrondir son
royaume.?%®

Intuitionistic existence, Wavre maintains, is the ‘representation’ of an object,
whereas the formalist is satisfied if consistency has been proved. In a less-than-clear
comparison with the relativist school in physics, Wavre presents the intuitionists
as the more prudent ones: their position is not to proclaim the existence of objects
that cannot be defined. But because of the different meanings of the word ‘ex-
istence’ in formalism and intuitionism, Wavre concludes, there is not much hope
that the dispute will be settled.??"

294[Wavre 1924, pp. 443-445]

295Good examples of this behaviour are [Bernays 1922A] and the beginning of the discus-
sion Wavre himself later had with Lévy, cf. [Wavre 1926A], [Lévy 1926A], [Wavre 1926B] and
[Lévy 1926B].

296|Wavre 1924, p. 457

297[Wavre 1924, p. 467]

298deal existence is for the empiricist [intuitionist, DH] nothing but a fake window for the
logical symmetry of propositions bearing on finite sets on the one hand and on infinite sets on
the other; logicians’ fiction made up not to save logic, for it is not in danger, but to enlarge its
kingdom.’

299[Wavre 1924, pp. 467-468]
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Wavre’s paper, which appeared in the Revue de Métaphysique et de Morale, was
read more than most other papers on the foundational crisis. Various authors such
as Heyting, Gonseth, Becker, Fraenkel, Dresden, and Jgrgensen referred to it.3%
Heyting was the only one of them who commented negatively, by stating that the
paper contained some errors and did not get to the core of the matter.

The importance of Wavre’s contribution to the foundational debate lies in
his demonstration of where the differences between intuitionism and formalism
lay regarding the central issues of mathematical existence and the principle of the
excluded middle, and of the different meanings they attach to the same terms. A
coherent exposition of the intuitionistic point of view, however, was still lacking,
and had to wait for Fraenkel’s 1927 book.30!

Hilbert in 1925 In June 1925, the Westfilische Mathematische Gesellschaft
(‘Westphalian Mathematical Society’) organised a meeting in Miinster to com-
memorate WeierstraB.3? One of the speakers was Hilbert, who delivered a lecture
called Uber das Unendliche (‘On the infinite’). It was published the following year
in the Mathematische Annalen.

The lecture witnesses one step more in the development of Hilbert’s point of
view, moving away from the contents of mathematical signs towards a more formal
interpretation. Until then, Hilbert had held on to the idea that also the formalised
part of mathematics was linked to contents, since it consisted of the representations
of mathematical thoughts.?*®> Now, he partially dropped this claim and moved
more towards the purely formalistic position which Brouwer had depicted before.

This time, Hilbert describes the formalised part of his proof theory as follows:304

(-..) so wird die Mathematik zu einem Bestande von Formeln, und
zwar erstens solche, denen inhaltliche Mitteilungen finiter Aussagen
entsprechen, und zweitens von weiteren Formeln, die nichts bedeuten
und die idealen Gebilde unserer Theorie sind.30°

Thus, Hilbert preserves his claim that formalised mathematics represents math-
ematical thoughts for finite propositions, but he drops it for infinite ones. The
reason why he arrived at this conclusion is that he want to keep the simple rules
of Aristotelian logic.3%6

300[Heyting 1925, p. 93], [Gonseth 1926, p. 192], [Becker, O. 1927, p. 775, [Fraenkel 1927A, p.
36], [Dresden 1928, p. 440], [Jgrgensen 1931, p. 51]

301See 4.3.1.

302Weierstra was born in Westphalia on October 31, 1815; he had studied some months in
Miinster and taught there for a year. He died in 1897, [Biermann 1976, pp. 219-220]. The reason
why such a commemoration should be held in June 1925 is not clear to me. Maybe it had been
planned in 1915, but was postponed because of the war.

3038ee 4.2.2.

304[Hilbert 1926, p. 175]

305¢(...) in this way mathematics becomes a stock of formulas, namely in the first place of such
formulas which correspond to contentual communications of finite judgements, and in the second
place of further formulas, which signify nothing and which are the ideal product of our theory.’

306Gee 5.3.1.
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If we take into account Hilbert’s lecture notes from which Sieg published citations,
it seems that Hilbert had already moved towards a more purely formalistic point
of view earlier. In the 1922/23 winter term notes we read:?07

(...) das Problem der Widerspruchsfreiheit gewinnt nunmehr eine ganz
bestimmte, greifbare Form: es handelt sich nicht mehr darum, ein
System von unendlich vielen Dingen mit gegebenen Verkniipfungs-
Eigenschaften als logisch méglich zu erweisen, sondern es kommt nur
darauf an, einzusehen, dass es unmoglich ist, aus den in Formeln vor-
liegenden Axiomen nach den Regeln des logischen Kalkiils ein Paar von
Formeln wie A und A abzuleiten.308

This means that already by the end of 1922, beginning of 1923 Hilbert was no
longer after a proof of the logical possibility of an axiomatic system, but only
after a formal proof of its non-contradictority. Thus, from then on Hilbert drew
the same conclusion regarding consistency as the intuitionists: a consistency proof
does not prove anything other than that no contradiction can occur. In particular,
it does not tell us anything about existence.

As to the question of mathematical existence, in the 1925 lecture Hilbert under-
stands that a mere consistency proof would not convince his intuitionistic oppo-
nents. He adds a historical argument to why his view on mathematical existence
is the correct one:3%?

Auch alte Einwendungen, die man lingst abgetan glaubte, treten in
neuem Gewande wieder auf. So wird neuerdings etwa dies aufgefiihrt:
Wenn auch die Einfithrung eines Begriffes ohne Gefahr d.h., ohne Wi-
derspriiche zu erhalten, moglich sei und dies erwiesen werden kénne, so
stehe damit noch nicht ihre Berechtigung fest.3!? Ist dies nicht genau
der Einwand, den man seinerzeit gegen die komplex-imaginéren Zahlen
geltend machte, indem man sagte: freilich konne man zwar durch sie
keine Widerspriiche erhalten; aber ihre Einfiihrung sei dennoch nicht
berechtigd; denn die imaginéren Grofen existierten doch nicht?3!!

307 Sieg 1999, p. 40]

308¢(. ..} the consistency problem from now on acquires a most specific, concrete form: it is no
longer a question of proving that a system of infinitely many things is logically possible, but only
of recognizing that it is impossible to derive a pair of formulas like A and —A from the axioms
extant in the formulas according to the rules of the logical calculus.’

309 Hilbert 1926, pp. 162-162]

310Hilbert speaks about the ‘justification’ of introducing new concepts. This is further away
from the more philosophical discussion of whether certain objects exist. However, I am not sure
whether much weight should be attained to this, since I do not have the impression that Hilbert
was always very careful in the choice of the terms he used in the discussion.

311‘Bven old objections that have long been regarded as settled reappear in a new guise. In
this way, we in recent times come upon statements like this: even if we could introduce a notion
safely (that is, without generating contradictions) and if this were demonstrated, we would still
not have established that we are justified in introducing the notion. Is this not precisely the



164 CHAPTER 4. REACTIONS: EXISTENCE AND CONSTRUCTIVITY

The historical correctness of Hilbert’s reasoning is dubious. In the first place, it is
not clear to whom Hilbert is referring. Furthermore and more importantly, at the
time of the introduction of the complex numbers the notion of consistency did not
appear in the discussion. Thus, it seems that Hilbert projected his own ideas about
the existence of a mathematical system back onto the history of mathematics.

Hilbert continues his discourse by adding that the only criterion which one
could accept on top of that of consistency is the success a mathematical theory
has.312

The argumentation used by Hilbert would not satisfy an intuitionist. Indeed,
in 1927 Becker wrote to Mahnke about Weyl:*!3

Hilbert selbst habe er [Weyl, DH] ofters nach dem Sinn seiner (H.’s)
‘idealen Aussagen’ gefragt und H. habe ‘regelmiflig den Kopf wegge-
wendet und von etwas anderem gesprochen.’34

But Hilbert’s realisation that for intuitionists a consistency proof does not suffice
means that from now on there was, at least in principle, the possibility of exchang-
ing arguments why to take a certain position, instead of talking at cross-purposes.

The description Hilbert gives in the lecture of an existence statement is rather
obscure. He claims that a statement of the form ‘there is a number with such
and such a property’ only obtains meaning as a ‘partial judgement’, i.e., as part
of a more specified judgement, the contents of which is unnecessary for many
applications.?!® Sieg found lecture notes of Hilbert to which this position seems to
go back. In his 1921/22 lecture, Hilbert had said almost literally the same. Then
he had continued:316

Die Existenzbehauptung hat hier iiberhaupt nur einen Sinn als ein
Hinweis auf ein Verfahren der Auffindung, welches man besitzt, das
man aber fiir gewohnlich nicht naher anzugeben braucht, weil es im
allgemeinen geniigt, zu wissen, dass man es besitzt.?17

This looks rather like Weyl’s Urteilsabstrakt in a watered-down version.3!®

same objection as the one formerly made against complex numbers, when it was said that one
could not, to be sure, obtain a contradiction by means of them, but their introduction was
nevertheless not justified, for, after all, imaginary magnitudes did not exist?’ Translation from
[Van Heijenoort 1967, p. 370]

312Weyl would later pick up this reasoning, see 4.3.2.

313Letter from Becker to Mahnke, 9/1927; quoted from [Mancosu & Ryckman 2002]

314‘He [Weyl, DH] had asked Hilbert himself several times about the meaning of his (H.’s) ‘ideal
statements’, and H. had ‘regularly turned his head away and changed the topic of discussion.’
315 Hilbert 1926, p. 173]

316[Sjeg 1999, p. 28]

317¢The existence theorem only has meaning at all as a reference to a method of discovery which
one possesses, but which, as a rule, one does not have to indicate further, because in general it
suffices to known that one has it.’

318Gee 4.2.1.
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It should be noted that, again, Hilbert does not claim the term ‘construc-
tive’ any more. In the same year, Bernays went one step further by recognizing
constructive mathematics as distinct from axiomatic mathematics.®'® Thus, they

had both dropped their earlier claim to ‘constructivity’.32°

Fraenkel from 1925 to 1928 In June 1925, Fraenkel gave a series of lectures
for the Kant-Gesellschaft (‘Kant Society’) in Kiel on the foundations of set theory.
This happened on invitation of Heinrich Scholz, a philosopher at the university
of Kiel who later was to specialise in mathematical logic. Scholz had contacted
Fraenkel after he had read the second edition of his Finleitung in die Mengenlehre,
and a friendship for life developed.??! The Kant Society was an important one,
since virtually all German philosophers were a member of it. Fraenkel’s talks were
published in 1927 as Zehn Vorlesungen iber die Grundlegung der Mengenlehre
(“Ten lectures on the foundations of set theory’).3%?

One of the lectures dealt with intuitionism. In his exposition, Fraenkel first
refers to an unpublished formulation of the basic principles of intuitionism which
Brouwer had written in a letter to Fraenkel.3? In Fraenkel's words, these are the
following: firstly, the principle of the independence of mathematics from mathe-
matical language, and secondly, the principle of a constructive set definition as
a basis for mathematics.3?* Note that these principles are far more general than
the ones Fraenkel had used in 1923 in presenting intuitionism, e.g. the refusal to
accept the universal validity of the principle of the excluded middle.?25

Fraenkel next moves on to his own presentation of intuitionism. This may
seem strange, but it is explained by what had happened between Brouwer and
Fraenkel. The incomplete information we have about the episode is the follow-
ing.3?® From a letter by Brouwer to Fraenkel in January 1927, we read that the
latter had seen some behaviour of Brouwer’s as a ‘declaration of war’.32" Appar-
ently, Fraenkel was referring to remarks Brouwer had made while proof-reading
the manuscript of Fraenkel's book. In his response, Brouwer denies this definitely,
claiming that, quite on the contrary, the fact that he had convinced the publisher
Teubner again to accept major changes in Fraenkel’s text shows that he is try-

3197 etter from Bernays to Finsler, 18/01/1925 [ETH Bernays, HS 648-4]

3208ee 4.2.2.

321 [Fraenkel 1967, pp. 179-181]. Scholz later lobbied to have Fraenkel appointed at the university
of Kiel, which indeed happened in 1928.

322[Fraenkel 1927A]; the published text is the one on which this analysis was based. It is likely
to differ from the lectured one, since it took Fraenkel until December 1926 to finish completing
the manuscript.

323[Van Dalen 2000, p. 289}

324[Fraenkel 19274, p. 35]

325See 4.2.4.

326 A more complete version of the episode can be found in [Van Dalen 2000].

327¢Kriegserklirung’, [BF Fraenkel, Letter from Brouwer to Traenkel, 28/1/1927);
[Van Dalen 2000, p. 303]. In fact, Brouwer had also described Fraenkel’s behaviour as a
declaration of war, by the description of intuitionism Fraenkel intended to put forward in his
book.
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ing to avoid every conflict between him and Fraenkel. Brouwer’s letter shows that
the formulation of the basic principles of intuitionism used in the final version of
Fraenkel’s booklet, paraphrased above, was taken literally from Brouwer. In this
light, it seems reasonable to assume that Fraenkel allowed for two presentations
of intuitionism in his book in order to pacify Brouwer.32®

Fraenkel starts his own exposition by remarking that he will only present
some of the basic ideas of intuitionism and that he will reduce them to ‘a few
roots — maybe only one root’.3%° He then gives the basic thesis of intuitionism:
mathematical existence = constructivity:33°
Die Grundanschauung, aus der sich alle die zum Teil so iiberraschend
scheinenden Behauptungen der Intuitionisten mehr oder weniger kon-
sequent ableiten lassen, betrifft einen (...) Punkt: die scharfe Unter-
scheidung zwischen Konstruktionen und reinen Ezistenzaussagen und
die alleinige Anerkennung der ersteren unter Verwerfung der letzteren.>3!

Note that Fraenkel speaks about the sharp distinction between constructions and
pure existence statements. The following year, Menger was the first to voice a
protest against the in his view vague use of the word ‘constructive’ in intuitionism,
and many were to support him.332

Fraenkel’s formulation means a major improvement in the presentation of
intuitionism. Finally there was a book, written by a well-known mathematician,
available to everybody from 1927 on, which stated in clear terms a unification
of all intuitionistic claims under one consistent point of view. This was exactly
Fraenkel’s purpose with his new presentation of intuitionism.333

Fraenkel next applies the intuitionistic demands to set theory. It is the well-
ordering theorem that is hit hardest by the intuitionistic criticism. This theorem
states that every set can be well-ordered, without telling us how to achieve this.
The only value, Fraenkel repeats after Weyl, that intuitionists can attain to pure
existence proofs is that they stimulate people to look for its constructive version.
Fraenkel briefly explains that constructions should be seen as thought construc-
tions, originating from some basic elements given intuitively.334

Fraenkel apparently was sufficiently satisfied with this presentation of intu-
itionism, since he repeated it almost verbatim in the third edition of his popular
FEinleitung in die Mengenlehre, which appeared in 1928.33% This meant that the

328Unfortunately, the Fraenkel part of the correspondence is missing.

329¢einige wenige Wurzeln — vielleicht (... ) eine einzelne Wurzel’, [Fraenkel 1927A, p. 36]
330 Fraenkel 1927A, p. 36]

331¢The principal idea from which all the in part seemingly so surprising assertions of the
intuitionists can be derived concerns one (... ) point: the sharp distinction between constructions
and pure existence statements and the sole recognition of the former under rejection of the
latter.

332Gee 4.4.3.

333 [Fraenkel 1927A, p. VI]

334[Fraenkel 1927A, pp. 37-38; 156

335[Fraenkel 1928, pp. 226-228)
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reach of Fraenkel’s view on the opposition between intuitionism and formalism
was enlarged substantially.

The prevailing opinion, Fraenkel further remarks, which stems not only from
Hilbert but also from Poincaré, is to demand only consistency for mathematical
existence. However, philosophers and logicians, Fraenkel claims, hold that it is
exactly the other way round: only if an object exists, it is consistent. Finally, there
is Brouwer’s view that existence requires a mental construction from intuitively
given basic elements. Correct as this presentation is, Fraenkel steps over the fact
that he is, in fact, comparing different categories. In the case of a consistency proof,
one always considers an axiomatic system, and hence a number of mathematical
objects. The view presented here as that of philosophers and logicians, on the other
hand, and also Brouwer’s view, is concerned in the first place with the existence
of an individual mathematical object.

Fraenkel sees little hope for a reconciliation between adherents of Hilbert’s
view and those of Brouwer:336

Der Gegensatz zwischen beiden Anschauungen ist von wesentlich dog-
matischer Art und 1d8t wenig Hoffnung auf einen Ausgleich durch
Uberzeugung des Gegners (... ).337

Dingler in 1926 In 1926, the philosopher Hugo Dingler (1881-1954) published
the book Der Zusammenbruch der Wissenschaft und der Primat der Philosophie
(“The collapse of science and the primate of philosophy’). Dingler was a university
professor in Munich, who had among other things worked on the foundations of
geometry. The section “The chaos of opinions™3® is devoted to mathematics and
physics. Regarding the former subject, Dingler deals with the foundational crisis.
He makes a very clear distinction:339

Dies Wort [to exist, DH] heifit (wenn wir uns auf die Mathematik
beschrénken) zweierlei: 1. daf sich ein solches Gebilde, wie es da ver-
langt wird, wirklich konstruieren lasse, d.h. soweit logisch explizit durch
Bestimmungen festlegen, dafl es im mathematischen Sinn eindeutig
bestimmt ist; 2. daBl der gebildete Begriff widerspruchslos sei. Durch
unbewufites Hin- und Herpendeln zwischen diesen beiden Bedeutungen
des Terminus ‘existieren’, sind nun die meiste Schwierigkeiten dieses
Fragenkomplexes entstanden.?40

336 [Fraenkel 1927A, pp. 155-156]

337The opposition between both views is essentially dogmatic and leaves little hope for a
settlement by convincing the opponent (...).’

338 Das Chaos der Meinungen’, [Dingler 1926, pp. 75-124]

339[Dingler 1926, p. 90]

340‘This word [to exist, DH] means (if we restrict ourselves to mathematics) two things: 1. that
such a building, as is being required, can be actually constructed, i.e., fastened down logically and
explicitly by determinations to such an extent, that it is determined uniquely in a mathematical
sense; 2. that the concept built is consistent. Most problems in this complex of questions came
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Dingler here uses the word ‘to exist’ as referring to an existence statement about a
mathematical object, not about a mathematical system. Therefore, his description
of the second meaning of existence is somewhat imprecise. The point is not whether
the object itself is consistent, but whether the assumption of the existence of the
mathematical object in question leads to a contradiction in the mathematical
system we are considering.

Dingler proposes to call the first meaning ‘constructively existent’, the second
‘logically existent’. This is the first time someone came up with the remark that,
since constructivity and consistency are two different concepts, one should not use
the same word ‘existence’ for it, but different names. Later, Menger was to suggest
a similar solution.3*!

Turning to the foundational debate, Dingler notes that formalists are inclined
to see existence as logical existence, without, remarkably enough, saying anything
about intuitionists and their constructive interpretation of existence. Dingler’s
commentary becomes even stranger when he claims, without further explanation,
that ‘actually, concerning problems of decidability, the intuitionists are formalists,
but Hilbert and Bernays are intuitionists.’342

Dingler sees the foundational debate as part of a general sliding down of sci-
ence into chaos, since there is no definite means for one of the currents to refute the
other. The only solution, Dingler claims, is his own ‘constructive methodology’>*3
- note once more the popularity of the constructivity label.

Dingler only played a marginal role in the debate.

Wavre vs. Lévy, 1926 In 1926, a discussion developed in the Revue de Méta-
physique et de Morale between Rolin Wavre and the French mathematician Paul
Lévy (1886-1971), a student of Hadamard and professor at the Ecole Polytech-
nique. Lévy mostly worked in the fields of functional analysis and integral equa-
tions, and he had just started publishing important work in modern probability
theory, of which he was later recognised as the co-founder (together with Kol-
mogorov). Besides this, Lévy was also interested in philosophical questions.34
The starting point of the discussion was a paper by Wavre in which he, among
other things, once more explained the intuitionistic view on mathematical exis-
tence.3*® He illustrated the intuitionistic stance with a counter-example against
the principle of the excluded middle taken from Brouwer, based on the decimal
expansion of 7. Lévy reacted with an article under the telling title Sur le principe
du tiers exclu et sur les théorémes non susceptibles de démonstration (‘On the
principle of the excluded middle and on theorems not capable of demonstration’).

into being by unconsciously wobbling to and fro between these two meanings of the terminus ‘to
exist’.’

341Gee 4.4.3.

3424m echten Sinne genommen, was die Entscheidbarkeitsprobleme anlangt, die Intuitionisten
Formalisten, Hilbert und Bernays aber Intuitionisten sind’, [Dingler 1926, p. 92]
343konstruktive Methodologie’, [Dingler 1926, p. 95]

344[Lévy 1970], [Dieudonné 1972]

345 [Wavre 1926A]
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In the paper, Lévy claims that the discussion on the example taken from
Brouwer by Wavre is caused by a misunderstanding due to the definitions used.
For suppose, so he argues, that we would define the words ‘even’ and ‘odd’ in the
following way: an integer n is called even if one can find another integer of which
it is the double; and odd if n — 1 is even. Then the first winning number in the
national lottery from now on would be neither odd nor even, because we cannot
find a number p such that the winning number equals either 2p or 2p + 1. This
kind of definition, Lévy concludes, is nothing but a word game. His solution is the
following:346

Une définition des mots pair et impair qui ne donne pas lieu aux mémes
difficultés peut étre exprimée de la maniére suivante: un nombre entier
n est pair s’il existe un entier dont il soit le double; il est impair si
n — 1 est pair.3%7

Wavre, in his reaction, does not hesitate to point out that Lévy’s proclaimed
solution exactly constitutes the problem. Switching from the parity of a number
to its rationality, where the same kind of different definitions can be made, he

maintains:34®

(...) il faut se défier des mots qui n’étreignent souvent que des ombres,
de lexpression il existe dont le sens n’est pas toujours immédiat. Il ne
servirait & rien de dire: un nombre est rationnel s’il eziste une fraction
égale A ce nombre, car il faudrait encore trouver cette fraction.49

In the final contribution to the discussion, Lévy recognizes the value of the dif-
ferences intuitionism has brought about. But he still considers the intuitionistic
demands concerning mathematical existence ‘arbitrary’.?%Y

In a sense, the discussion was quite fruitful. Neither of the contributors man-
aged to convince the other, which was unlikely from the start since they departed
from different conceptions of mathematics, but at least Lévy in the end recognized
clearer than before the peculiarities of the intuitionistic point of view.

The discussion between Wavre and Lévy drew some attention. Borel sent a
letter to the editor of the Revue de Métaphysique et de Morale reacting to it, which
was published the same year. In the letter, Borel did not go into the intuitionistic

348[Lévy 1926A, p. 254]

347¢A definition of the words even and odd that does not bring about the same difficulties can
be expressed in the following way: an integer n is even if there exists an integer of which it is the
double; it is odd if n — 1 is even.’

348 Wavre 1926B, p. 426]

349¢(_ ) one has to mistrust words that often only embrace shadows, the expression there ezists
the meaning of which is not always direct. It would be of no use to say: a number is rational
if there exists a fraction which is equal to this number, since one would still have to find that
fraction.’

350¢arbitraires’, [Lévy 1926B, pp. 549-550]
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view which the discussion started about.3%! Besides that, the Wavre-Lévy discus-
sion was mentioned by Becker, Barzin and Errera, Fraenkel, and Heyting.3%?

Becker in 1927 By far the most extensive single contribution to the ques-
tion of mathematical existence at large was made by Oskar Becker, whose 1927
Mathematische Existenz. Untersuchungen zur Logik und Ontologie mathematischer
Phinomene (‘Mathematical existence. Research into the logic and ontology of
mathematical phenomena’) counted more than 350 pages. Becker had worked on
the publication at least from 1924 onwards.3* The year before, in 1923, he had
taken over Heidegger’s position as Husserl’s assistant in Freiburg.3** Even though
Becker worked together with Husserl, Heidegger’s influence is notable; already the
words ‘Existenz’ and ‘Ontologie’ in the (sub)title refer to Heidegger.3*® Math-
ematische Existenz appeared jointly with Heidegger’s Sein und Zeit (‘Being and
time’) in the Jahrbuch fiir Philosophie und phanomenologische Forschung, founded
by Husserl. To Husserl, this marked a special occasion. These publications were
designed to show that phenomenology was applicable both to the social sciences
and to mathematics and the sciences.3%® Nevertheless, Husserl was to read the
second half of Becker’s publication only ten years later.3%”

Becker treats the subject of mathematical existence in a much broader sense
than the way it usually was discussed in the foundational crisis. In the first place,
he devotes a lot of attention to philosophical and historical analysis that is not
strictly connected to the theme of mathematical existence as I am treating it here.
Secondly, Becker studies intuitionism at large, considering choice sequences, the
intuitionistic theory of the continuum, the principle of the excluded middle and
the like, subjects we are not concerned with here.3°® Finally, Becker deals with
the general question of mathematical existence, whereas we are only concerned
with the reception of the intuitionistic view on mathematical existence. For these
reasons, the treatment of Becker’s work here is not nearly as extensive as one might
expect because of its volume alone. An overview of what remains is given below.

Becker states that his publication is directed towards the Seinssinn der ma-
thematischen Phinomene (‘being-sense of mathematical phenomena’)— clearly a
philosophical (and Heidegger-inspired) goal. This objective should be reached by
methods of both Husserl’s transcendental phenomenology and Heidegger’s herme-

351 Borel 1926]

352Becker, O. 1927, p. 775], [Barzin & Errera 1927, p. 71], [Fraenkel 1928, pp. 352-353], and
[Heyting 1930D, pp. 957-959]

353Letter from Becker to Weyl, 10/10/1924, [ETH Weyl, HS 91-473]

354[Psggeler 1996, p. 27

355Husserl called Becker’s work a ‘direct application of Heidegger’s ontology’ (‘Direkte Anwen-
dung der Heid[eggerschen, DH] Ontologie’), letter from Husserl to Heidegger, 24/5/1927; cited
from: [Husserl 1994, Band IV, p. 143].

356[Psggeler 1996, p. 10]

357[Schuhmann 1977, p. 484]

358 Becker’s remarks on the principle of the excluded middle are treated in 5.3.1.
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neutic phenomenology.3*® The point of departure for Becker’s investigation is the
foundational debate between intuitionism and formalism.?60
Regarding the question of mathematical existence, Becker’s first definition is

the following:35!

Mathematisch existent heilen Gegenstindlichkeiten, die zum Thema
einer mathematischen Theorie gemacht werden und in dieser Theorie
widerspruchsfrei fungieren kénnen.3%?

Becker points out that the use of ‘to function’ is a way of circumventing the prob-
lematic issue of whether we are dealing with objects or not. Opposed to the above
definition is the view that only those objects can be seen as mathematically exis-
tent, which can be constructed from a fixed starting-point by fixed means. These
two definitions of mathematical existence can be linked to formalism and intu-
itionism respectively. Becker describes the difference between the two currents as
a difference on what the Seinssinn of mathematics should be: consistency or con-
structions. Note once more the clear linking of constructions with intuitionism.
Becker even goes further and reproaches formalists the use of pseudo construc-
tions.?62

Becker also explains the contrast between intuitionism and formalism in other
terms. Going back to Greek philosophy, he argues that one should distinguish be-
tween deduction and demonstration. Demonstrations are related to truth, whereas
deductions have a hypothetical character and do not say anything about the truth
or falsity of the deduced statement.?®* Thus the problem of consistency is to be
linked with deductions, that of decidability to demonstrations.?®® The opposition
between intuitionism and formalism can then be stated as demonstration versus
deduction. Becker argues that the problems of consistency and decidability do not
play such an important role in the opposite current. An intuitionist sees consis-
tency as self-evident, once the necessary constructions have been carried out. And
formalists do not put such stress on decidability, as for them mathematical entities
do not have to be put forward in order to exist.36°

3590ne of the main differences between Husserl’s transcendental phenomenology and Heidegger’s
hermeneutic phenomenology lies in the former’s acceptance of the possibility of intuitive access
to mental life, whereas the latter considers all form of human awareness to be interpretations,
[Nicholson 1997, p. 304]. Moreover, Heidegger’s goal is to obtain knowledge about being as such,
whereas Husserl focuses on consciousness.

360{Becker, O. 1927, pp. 441-442); Péggeler reports that it was Becker’s general view that world
interpretations are determined by opposites, [Poggeler 1969, p. 302].

361 Becker, O. 1927, p. 469)

362¢Objects are called mathematically existent if they can be made the subject of a mathematical
theory and if they can function consistently in this theory.’

363[Becker, O. 1927, pp. 469-471; 521]

364[Becker, O. 1927, pp. 511-514]

3651t is not clear where the question of decidability (Entscheidbarkeit) comes from. It seems
that Becker identifies the possibility of a construction with decidability.

366 [Becker, O. 1927, pp. 624-625]
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Thus, Becker’s presentation of the formalistic and intuitionistic views on
mathematical existence states that formalists look for deductions and consistency,
whereas intuitionists seek demonstrations, decidability and constructions. Now
Becker’s work is, as he himself points out, among other things based on the what
he calls the principle of transcendental phenomenology. In short, this principle
holds that every entity (Gegenstindlichkeit) can in principle be reached.*¢” Since
Hilbert’s view on existence allows for mathematical objects that cannot be reached,
it does not come as a surprise that Becker’s conclusion is completely on the side
of intuitionism:368

Damit entscheidet die phanomenologische Analyse als hermeneutische,
d.h. als auslegende auf das Dasein hin, die Streitfrage der Definition
der mathematischen Ezistenz zugunsten des Intuitionismus. Denn die
intuitionistische Forderung, jeder mathematisch existente Gegenstand
miisse durch eine in concreto und de facto vollziehbare Konstruktion
‘dargestellt’ werden konnen (beinahe im Sinne der ‘Darstellung’ eines
reinen Stoffes in der Chemie) enthilt nichts anderes als das Postu-
lat: alle mathematische Gegenstinde sollen durch faktisch vollziehbare
Synthesen erreicht werden kénnen.3%9

Although Becker valued the philosophical value of intuitionism highly, he was not
very optimistic about the chances of an intuitionistic breakthrough. In 1926, he
noted the first sign of a public victory of Hilbert’s side. In a letter to Weyl he
states that he can understand the latter’s sympathy for symbolic mathematics,
because of the regret of seeing the mathematical buildings break down. Becker
continues:370

Dass in der offentlichen Meinung der Mathematiker Hilbert, oder (...)
irgend eine (...) Erneuerung des alten ‘Existentialabsolutismus’ siegen
wird, scheint mir beinahe gewiss.3"!

367 Becker, O. 1927, p. 502]. Geiger, who also was a student of Husser]l, and who occupied
himself with the philosophy of mathematics at the university of Gottingen, severely criticised
the use of this principle in his review of Becker’s book. He claimed that Becker had nowhere
grounded the principle, and that he ignored phenomenological analyses which maintained that
the principle was not valid, [Geiger 1928, p. 409], [Dahms 1987B, p. 172].

368 Becker, O. 1927, p. 636]

369¢Therefore, the phenomenological analysis as hermeneutical, i.e., as interpreting towards
being, decides the question at issue of the definition of mathematical existence in favour of
intuitionism. For the intuitionistic demand that every mathematically existent object has to be
‘processable’ by a construction which is in concreto and de facto executable (almost in the sense
of the ‘process’ of a pure substance in chemistry) contains nothing else but the postulate: all
mathematical objects have to be attainable by actually executable syntheses.’

370 etter from Becker to Weyl, 16/8/1926 [ETH Weyl, HS 91-475]

3714It seems almost sure to me that in the public opinion the mathematician Hilbert, or (...)
some (...) renewal of the old ‘existence absolutism’ will gain the victory.’
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Since not many people expressed themselves on which current the academic com-
munity thought was winning the fight, it is hard to say if Becker’s view represented
the communis opinio in those days.372

Brouwer seems to have taken Becker’s work seriously. In 1931, when a philo-
sophical chair was vacant in Amsterdam, he considered Becker as one of the can-
didates and asked Husserl for advice.3™

Hilbert and Weyl, 1927-1928 In July 1927, Hilbert again lectured on the
foundations of mathematics in Hamburg, the place where his public controversy
with Brouwer and Weyl had begun. Halfway the talk he turns to intuitionism,
the current to which, in Hilbert’s view, most publications in the foundations of
mathematics belonged. He opens his description of intuitionism with Brouwer’s
declaration that pure existence statements are meaningless. Hilbert counters this
by referring to Gauss’ declaration that, for analysis, one does not need more than
the complex numbers. In order to prove this statement, Weierstraf3 and Dedekind
had gone through all kinds of difficult argumentations and complicated computa-
tions. Hilbert points out that he was able to avoid all of this by using his logical
e-function,3™ even though the proposition he had thus proved was a pure existence
statement which ‘by its nature’>”® could not be turned into a proposition about
constructivity. This pure existence statement was the only way to avoid all the dif-
ficulties of Weierstrafl and Dedekind. Furthermore, Hilbert claims that only in this
way the inner reason for the validity of Weierstrafi’ and Dedekind’s argumentations
was shown.3"® He summarizes his position with the following words:377

Das Wertvolle der reinen Existenzbeweise besteht gerade darin, dafl
durch sie die einzelne Konstruktion eliminiert wird und viele verschie-
dene Konstruktionen durch einen Grundgedanken zusammengefafit wer-
den, so daB allein das fiir den Beweis Wesentliche deutlich hervortritt:
Abkiirzung und Denkékonomie sind der Sinn der Existenzbeweise.3"®

At first sight, the quote seems to suggest that Hilbert claims that every pure
existence statement could, if wished so, be replaced by a constructive one. This,
however, is not in accordance with Hilbert’s earlier statement about the pure
existence proposition which, by its nature, could not be converted into a theorem
of constructivity. Therefore, it seems more reasonable to interpret Hilbert as saying

372Becker expressed the same view in Mathematische Erxistenz, [Becker, O. 1927, p. 749].
373Letter from Husserl to Mahnke, 12/5/1931; in: [Husserl 1994, Band III, p. 478]

374The e-function is explained in 4.3.2.

375¢seiner Natur nach’, [Hilbert 1927, p. 77]

376[Hilbert 1927, pp. 77-78]

377 [Hilbert 1927, p. 79]

378The value of pure existence proofs consists precisely in that the individual construction is
eliminated by them and that many different constructions are subsumed under one fundamental
idea, so that only what is essential to the proof stands out clearly; brevity and economy of thought
are the raison d’étre of existence proofs.” English translation from [Van Heijenoort 1967, p. 475].
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that once a pure existence proof has been given, there is no longer a necessity to
provide a constructive version.

Again, Hilbert does not claim the predicate ‘constructive’ for his proof the-
oretical mathematics.

In a discussion remark in reaction to Hilbert’s lecture, Weyl comes to the defense
of intuitionism. He does not treat any specific differences between intuitionism and
proof theory, but concentrates on the basic points of view to which all differences
can be reduced.

Weyl opens by stating that, before Hilbert had developed his proof theory,
mathematics was regarded as a system of meaningful truths. Brouwer, however,
was the first to recognize that mathematics had by far exceeded the borders of
meaningful thinking, and this was also the tendency against which Weyl himself
had protested with his 1921 paper. Hilbert, Weyl maintains, respects these same
borders on the meaningful level of meta-mathematics. Therefore, one cannot speak
of arbitrary forbiddings. The level of support Brouwer received, Weyl continues,
should not come as a surprise, since his conclusions follow logically from a thesis
which was supported by all mathematicians before Hilbert had put forward his
proof theoretical point of view. Hilbert only managed to save classical mathematics
by radically changing its interpretation. This, Weyl maintains, was not so much a
free decision, but it became necessary under pressure of the circumstances.*”®

Weyl notes with pleasure that, in the epistemological evaluation of the new
situation, nothing separates him from Hilbert. He maintains that even the strictest
intuitionist has to recognize that proving real propositions by means of the addition
of ideal elements, as supported by Hilbert, is legitimate — something to which
Brouwer, however, did not agree. Weyl finishes with a philosophical conclusion:38°

Setzt sich die Hilbertsche Auffassung, wie das allem Amnschein nach
der Fall ist, gegeniiber dem Intuitionismus durch, so erblicke ich darin
eine entscheidende Niederlage der philosophischen FEinstellung reiner
Phinomenologie, die damit schon auf dem primitivsten und der Evi-
denz noch am ehesten ge6ffneten Erkenntnisgebiet, in der Mathematik,
sich als unzureichend fiir das Verstidndnis schopferischer Wissenschaft
erweist.3®!

By that time, Weyl had restored his relationship with Hilbert. As he wrote in
a letter in February 1927, he was glad to be in a harmonious relationship with
Hilbert again, since the spirit in which he did mathematics was Hilbert’s.*82

379 [Weyl 1927A, pp. 86-87]

380[Weyl 1927A, p. 88)

381¢If Hilbert’s view wins ground against intuitionism, as in all likelihood is the case, then I
consider that as a decisive defeat of the philosophical mentality of pure phenomenology, which
by that already in the most primitive field of knowledge, which is the first one opened to evidence,
in mathematics, turns out to be insufficient for the understanding of creative science.’

3821 etter from Hermann Weyl, 21/2/1927; cited in: [Kénig 1956, p. 243]
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In his famous address at the International Mathematical Conference in Bologna
in September 1928, Hilbert only marginally touched upon the question of math-
ematical existence. The one remark he makes on this subject is that the difficult
existence proofs have, over the last decades, attained the highest degree of ‘simplic-
ity’ and ‘clarity’ by adoption of methods taken from the calculus of variations.?*3
Maybe Hilbert was hinting at the famous Dirichlet principle, of which Hilbert
was the first to give a proof, be it under certain restrictions. The so-called di-
rect method Hilbert used in the proof was set up in such a way that it was also
applicable to other problems in the calculus of variations.3®* In the 1905 paper
in which the proof was presented, Hilbert had praised the arguments used with
literally the same terms of ‘Einfachkeit’ and ‘Durchsichtigkeit’. Furthermore, he
had already at that time pointed out the way the Dirichlet principle helps us in
finding existence proofs, and he had mentioned the advantage of his method being
also applicable to, e.g., mathematical physics.3%?

4.3.2 Existence as a minor subject

In the contributions to the debate mentioned in the preceding section, mathemat-
ical existence was treated as a major subject, or an important contribution was
made to the discussion on mathematical existence. Apart from these contributions,
there were many papers and lectures in which the issue of mathematical existence
was also discussed, but only as a minor subject. Most of those cases were separate
contributions to the debate on mathematical existence.

What follows is an overview of these separate items.

Various authors, 1925-1927 The intuitionistic view on mathematical exis-
tence was spread further in expositions by several authors. These included the
Norwegian mathematician Thoralf Skolem, who gave a lecture for the Norsk
Matematisk Forening (‘Norwegian Mathematical Society’) in September 1925.380
At about the same time, Torsten Brodén gave a very Hilbertian presentation of in-
tuitionism at the Scandinavian Mathematical Conference in Copenhagen. Brodén
describes intuitionism as a continuation of the Kroneckerian programme, restrict-
ing mathematics to objects that one has come across. A construction procedure is
needed in order to consider the object mathematically existent. In Brodén’s view,
this intuitionistic demand is primarily motivated by fear for (possibly future) anti-
nomies. Since Brodén thinks the antinomies can be solved in a different way, he

reproaches intuitionism for ‘extreme cowardice’:*87

383¢Einfachkeit’, ‘ Durchsichtigkeit’, [Hilbert 1930A, p. 1]

384 Monna 1975, pp. 55-56]

385 Hilbert 1905B, p. 11; 14]

386[Skolem 1926, pp. 12-13]. Skolem devoted more attention to the discussion on the principle
of the excluded middle, see 5.3.1.

387¢extreme Feigherzigkeit’, [Brodén 1925, p. 236
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(...) sie [die Intuitionisten, DH] scheinen (... ) den sehr guten Grund-
satz ganz iiber Bord zu werfen, dass man alle logische Mdoglichkeiten
offen halten soll. (...) Schon bei der geringsten Gefahr retten sie sich
so zu sagen durch die Flucht.38®

Nobody referred to Brodén’s contribution to the debate.

The gymnasium mathematics teacher Walter Lietzmann, who also lectured
at the University in Gottingen and who was president of the Deutsche Verein fir
Forderung des mathematischen und naturwissenschaftlichen Unterrichts (‘German
Society for the Fostering of mathematics and science education’),389 explained
the intuitionistic view on mathematical existence in an article for a German di-
dactical journal in 1925.3% The paper did not play any role in the foundational
debate. Fraenkel once more presented existence in intuitionistic mathematics in
the journal Scientia in the same year.3°! Rivier mentioned it in a paper in a
theological-philosophical journal.39?

Bieberbach touched upon the issue of mathematical existence in two lec-
tures, one delivered in April 1925, the other in February 1926. In the former,
Bieberbach merely describes the intuitionistic point of view, stating that only con-
cepts which can be exhibited explicitly by constructive methods have the ‘math-
ematical citizen’s right’.3?3 The following year, he has become a full supporter
of the intuitionistic point of view. He characterises intuitionism as the current
which takes into account that mathematics is done by human beings. Regarding
mathematical existence, intuitionists maintain that only objects exist for which a
procedure is known which enables one to construct them. Existence in the formal-
istic conception of consistency does not, Bieberbach explains, constitute knowledge
to the intuitionist.3%4

In a paper published in 1926, Otto H6lder merely mentions the intuitionistic
point of view on mathematical existence, as put forward by Weyl.3%®

In his Fiktionen in der Mathematik, published the same year, Christian
Betsch mentions that both in intuitionism and in proof theory one works con-
structively, not asking himself what the meaning of the term in any of the cases
could be.396

In a paper in the Revue de théologie et de philosophie, Larguier des Bancels
explains the intuitionistic point of view on mathematical existence by means of

388¢(,..) they [the intuitionists, DH] seem to (...) completely throw overboard the very good
principle that one has to keep open all logical possibilities. Already in the slightest danger they
so to speak save themselves by fleeing.’

389 Lietzmann 1960, p. 5]

390[Lietzmann 1925]

391 Fraenkel 1925B, pp. 209-218]

392[Rivier 1925, p. 216]

393¢das mathematische Biirgerrecht’, [Bieberbach 1925, p. 398]

394 Bieberbach 1926, p. 21]

395[Holder 1926, p. 248]

396[Betsch 1926, pp. 339-348]
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the occurrence of a series of digits in the decimal development of 7: one has to
have found the series in order to be able to claim its existence.?%7

The following year, Carnap published a paper in which he, too, mentions
the intuitionistic point of view on mathematical existence. He adds that as soon
as a formal model for an axiomatic system is known, that is, in the intuitionistic
point of view, is constructible, one can find a method to derive arbitrary many
models for the system. Carnap does not give any proof for the statement.?%8

Barzin and Errera maintain that, for intuitionists, existence can only be
proved by a construction starting from the natural numbers.3??

The other contributions were more substantial and are treated below.

Heyting’s dissertation, 1925 In his dissertation on intuitionistic axiomatics
of projective geometry, written under supervision of Brouwer and published in
1925, Heyting*® linked the questions of the principle of the excluded middle and
mathematical existence. In the introduction to his thesis he writes:1%!

Het geloof in het ‘principium tertii exclusi’ berust meestal op den waan,
dat het woord ‘bestaan’ in ontologischen zin zonder meer duidelijk is.
Daardoor zien de meeste wiskundigen de mogelijkheid en noodzakelijk-
heid, een dergelijk ‘bestaan’ als grondslag voor abstracte wiskunde te
wraken, niet onmiddellijk in. Zij komen dan licht tot de meening, dat
de vraag, of een entiteit met gegeven eigenschappen ‘bestaat’, een van
ons denken onafhankelijke beteekenis heeft. 4?2

Heyting explicitly excludes formalists from such a naive conception, since they
are willing to give up the meaningful character of classical mathematics, in order
to save its classical form. He even claims that some of them, e.g. Bernays, can
therefore truly understand what intuitionism stands for. Heyting is the first person
after Becker who at least mentions the philosophical existence problem.

Zariski in 1925 In 1925, the importance of the matter of mathematical exis-
tence was stressed in Italy in a paper on set theory by the algebraic geometer Oscar
Zariski. Born in Poland, he was at the time working at his dissertation in Rome

397[Larguier des Bancels 1926, pp. 120~121]

398[Carnap 1927, p. 363]

399 Barzin & Errera 1927, pp. 56-57)

400Bjographical information on Heyting is given in 5.4.1.

401 Heyting 1925, pp. 1-2]

402¢The belief in the ‘principium tertii exclusi’ is mostly due to the delusion that the word ‘exis-
tence’ in the ontological sense is clear without due consideration. Therefore, most mathematicians
do not immediately see the possibility or the necessity of denouncing such an ‘existence’ as a
foundation for abstract mathematics. They then easily come to the view that the question if an
entity with given properties ‘exists’ has a meaning which is independent of our thought.’
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under the guidance of Castelnuovo. Zariski again used different names for intu-
itionism (‘nominalism’) and (naive) formalism (‘realism’), but his characterisation
of the difference between them was quite correct:**3

Ora, dal punto di vista di un matematico nominalista [intuitionistic,
DH], dare una corrispondenza (o dire que una corrispondenza esiste)
significa costruirla effettivamente in base ad una legge precisa. (...) Ve-
diamo che il dissenso [between intuitionism and formalism, DH] nasce
qui in tema del significato da attribuire nella matematica all’attributo
d’esistenza. 04

The only point where Zariski goes wrong is that his explanation of ‘giving a cor-
respondence’ is too narrow for an intuitionist. For it excludes choice sequences,
which by definition are not law-like. Zariski’s paper did not play any role at all in
the debate.

Weyl, 1925-1927 Weyl’s 1925 paper on the foundational crisis, Die heutige
Erkenntnislage in der Mathematik (‘The present knowledge condition in mathe-
matics’), did not contain many new ideas on the subjects of mathematical existence
and constructivity. Weyl traces the term ‘constructive’ back to Euclid, and repeats
some of his ideas put forward earlier in the neue Grundlagenkrise. He adds the
remark that the view he had put forward on mathematical existence in that paper
was in fact not exactly Brouwer’s, but was what seemed natural to Weyl when he
was captivated by Brouwer’s ideas.40°

By 1926, Weyl took up an even more pragmatic stance in the foundational
debate than before. Becker reported the following quote of Weyl in a letter to
Mahnke:406

Fiir mich hat der Kampf Brouwer—Hilbert freilich eine ganz prinzipielle
Bedeutung. Ich bin zu sehr Mathematiker, um mich dem Eindruck
verschliessen zu kénnen, dass praktisch die Brouwersche Mathematik
nicht das ist, was wir brauchen, und sich nicht durchsetzen wird. Ich
bin in dieser Hinsicht geschichtsglaubig und ein frommes Weltkind,
dass ich mit Hilbert finde, der Erfolg ist das Entscheidende.7

403[Zariski 1925, p. 70]

404Now, from the point of view of a nominalistic [intuitionistic, DH] mathematician, to give
a correspondence (or to say that a correspondence exists) means to construct it effectively by
virtue of a precise law. (...) We see that the dissent [between intuitionism and formalism, DH]
on this subject arises from the meaning attributed to the property of existence in mathematics.’

405[Weyl 1925, p. 529

406T etter from Becker to Mahnke, 22/8/1926; cited from [Mancosu & Ryckman 2002]

407¢For me, the battle Brouwer-Hilbert has of course a very fundamental significance. I am too
much of a mathematician to be able to shut my eyes to the impression that in practice Brouwer’s
mathematics is not what we need and that it will not prevail. In this respect, I believe in history
and T am a pious child of this world, in that, together with Hilbert, I find that success is what is
decisive.’
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Weyl's reference to Hilbert probably goes back to Hilbert’s 1925 lecture. 402

In his book Philosophie der Mathematik und Naturwissenschaft,**® which
appeared in 1927, Weyl once again expressed his sympathy to constructivist ideas,
but he made no positive contribution to it. He devotes a section to Brouwer’s
‘intuitive mathematics’, and he further clarifies his view on existence statements.

Gonseth in 1926 In his book Les fondements des mathématiques (‘The foun-
dations of mathematics’), Gonseth discusses intuitionism at length but treats the
question of mathematical existence only marginally.*'® Having discussed the value
of the limit concept in the infinitesimal calculus, he asks himself if intuitionists do
not have the right to pose the following question:*!

Admettant que la notion de limite puisse logiquement exister, que
méme elle soit nécessaire, je vous mets en demeure de m’en donner la
preuve. C’est justement ici le point sensible de la question. On ne peut
logiquement prouver d’aucun concept que finalement il n’entrainera
pas contradiction. Si — par un miracle inexpliqué — nous sommes entrés
en possession de telle ou telle notion, nous n’avons pas & prouver qu’elle
existe, puisque nous la possédons.4!2

Several things go wrong here. In the first place, intuitionists do not ask for a logical
proof of the existence of a certain concept, but for a proof of its existence as a
mental construction. Secondly, one can very well prove logically that a certain
concept does not lead to contradictions within a given axiomatic system. Finally,
Gonseth's way out is a very easy one and can hardly be said to clarify anything
on the issue of mathematical existence.

Gonseth's book drew some attention in the French speaking world, "3 and it
was mentioned in the third edition of Fraenkel’s Einleitung in die Mengenlehre.*14

Von Neumann in 1927 In 1927, Von Neumann published a paper on Hilbert’s
proof theory, in which he gave a consistency proof for a certain part of first-order
arithmetic. In the paper, Von Neumann points out that the existence statements he
produces in an axiomatic way are not without meaning to intuitionists. However,
he is mistaken, for in the axioms he uses Hilbert’s T-operator.*'® Hilbert had

408Gee 4.3.1.
409 [Weyl 1927B]
410Gonseth’s book, as well his own background, is discussed in more detail in 5.3.1.
411{Gonseth 1926, p. 203
412¢Admitting that the notion of a limit can logically exist, that it is even necessary, I urge
you to present me a proof of it. This is exactly the sensitive point of the question. One cannot
prove logically of any concept that in the end it will not lead to a contradiction. If — by some
unexplained miracle — we have come to possess such and such a notion, we do not have to prove
that it exists, since we possess it.’
413[Juvet 1927], [Reymond 1932A), and [Dassen 1933]
414 Fraenkel 1928]
415Von Neumann 1927, p. 17]
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introduced the operator in print in 1923.4'6 The idea is that 7(A) picks out a
counter-example to a property A(a) with a free variable a, if such a counterexample
exists. If there is no counterexample, then 7(A) is chosen arbitrarily. This means
that, given 7(A) = ¢, we can easily check if there exists a counter-example to A
or not by checking if A(7(A)) holds. If this is the case, then we know that there
is no counter-example to A and the predicate A applies to all objects involved. If
A(7(A)) does not hold, then 7(A) is a counter-example. In axiomatic terms, the 7-
operator satisfies the transfinite axiom A(7(A4)) — V(a)A(a). From its definition, it
is clear that the operator is a non-constructive device.*!” Von Neumann’s remark
is all the more strange, since Hilbert himself had explicitly mentioned that the
T-operator belonged to the category of functions that was ‘forbidden’ by Brouwer
and Weyl.4'® Weyl later described Hilbert’s T-operator as a ‘divine automaton’,
and repeatedly called the belief in its existence ‘pure nonsense’.#!® (In a 1925
paper,*? Hilbert replaced the T-operator by its inverse, the e-operator,??! which
is equally non-constructive.42?)

Von Neumann’s remark indicates that even as late as 1927 some of the better
informed mathematicians misunderstood the intuitionistic view on mathematical
existence.

Burkamp in 1927 In 1927, the German philosopher Wilhelm Burkamp (1879
1939) published a book called Begriff und Beziehung (‘Concept and relation’).
Burkamp had a strong interest in biology and psychology and tried to provide
empirical foundations for philosophical concepts. He only started as a Privatdozent
in 1923, at the age of 44, at the university of Rostock. His interest in logic dates
back to his Habilitationsschrift, published the year before. Begriff und Beziehung
was his first publication fully devoted to logic.??

In the foreword, Burkamp explicitly states that he does not want to go into
the battle between formalism and intuitionism. He only maintains that*2

416 Hilbert 1923, p. 183]. Hilbert first used the T-operator in his 1922 lectures, [Sieg 1999, p.
36].

47For a further explanation of the T-operator and its use for the introduction of quantifiers,
see [Smoryriski 1988, pp. 32-33].

418erboten’, [Hilbert 1923, p. 185]

419 gittlichen Automaten’, ‘der reinste Unsinn’, [Weyl 1927B, p. 46]; [Weyl 1929, p. 164]
420and in 1922/23 in his lectures, [Sieg 1999, p. 36]

421Hilbert 1926, p. 178]

422The e-operator is a choice function which fulfills the axiom A(a) — A(eA). In words: if there
exists an element for which A is true, then the e-function picks out such an element, otherwise
it chooses an arbitrary element. As Kreisel remarked, the advantage of the e-function is that in
any given proof, the e-function is used only finitely many times. Therefore, we do not need all
its values, but only the ones used in the proof, [Kreisel 1964, p. 165]. Hilbert pointed out so in
[Hilbert 1923, p. 187]. His description of it as ‘the transfinite logical choice function’, however,
seems to imply that he saw it as something transcending our finite knowledge, [Hilbert 1926, p.
178].

423[Weller 1994, pp. 133-136].

424Burkamp 1927A, p. VI]
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Der Existenzbegriff ist ja plotzlich fiir die Mathematik, fir den Streit
zwischen Formalisten und Intuitionisten iiber die Grundlegung der
Mathematik hochaktuell geworden. Mir scheint aber nicht bei den In-
tuitionisten und erst recht nicht bei den Formalisten Klarheit dariiber
zu herrschen, welche komplizierte Bedeutung dem Existenzbegriff zu-
kommt (...).#%

Burkamp himself uses a notion of existence which, not surprisingly, differs from
those of intuitionism and formalism. In his view, a concept can be considered
existing if it satisfies the following two conditions: it should be valid and it should
be related to a definite or a ‘more or less indefinite’#?¢ individual position in reality.
The requirement of a relationship to an individual position is included in order to
exclude laws, such as the law of gravity, which are valid, too, but do not exist. Even
though Burkamp adheres to a concept of reality which is independent of human
beings,*?” it is his second demand which brings him closer to the intuitionistic
view on mathematical existence. For in the formalist opinion, no bond with reality
is needed.

Burkamp’s book was praised by Fraenkel,4%® but mentioned by very few oth-
ers who were involved in the foundational crisis.*?® However, it was influential
enough in other circles to make the philosophical faculty of the university of Ros-
tock decide to accord Burkamp the title auferordentlicher auferplanmdfiger Pro-
fessor. 439

In the same year, Burkamp published a paper on ‘the crisis of the principle of
the excluded middle’, in which he again touched upon the issue of mathematical
existence.*3' Burkamp refers to Weyl’s 1921 paper in which the latter had argued
against ‘propositional abstracts’ such as ‘there exists a natural number with a
certain property’. Burkamp calls such statements indefinite existence statements,
since they do not point out any specific object which the existence statement
is about. However, Burkamp maintains, Weyl’s expression would too easily ‘se-
duce’3? one to consider indefinite existence statements not as propositions at all,
or only if they are derived from a definite existence statement. That, indeed, is
what Weyl meant. But, Burkamp argues, indefinite existence statements can very
well have a meaning, as in the case ‘there is a senior in the new Reichstag?® (even

425For the notion of existence has suddenly become most topical for mathematics, for the
conflict between formalists and intuitionists on the foundations of mathematics. But it seems to
me that there is no clarity, not among intuitionists and definitely not among formalists, about
how complicated the meaning is that belongs to the notion of existence.’

426‘mehr oder weniger unbestimmten’, [Burkamp 1927A, Band I, pp. 146-147]

427(Ziegenfuss 1949-1950, Vol. 1, p. 160]

428 [Fraenkel 1928, p. 264]

4290ne of the exceptions was Cassirer, [Cassirer 1929, p. 436).

430 Weller 1994, p. 137]

431The part of the paper which deals with the excluded middle is dealt with in 5.3.1.
432¢yerleiten’, [Burkamp 1927B, p. 71]

433the German parliament
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if nobody has determined who he is).’*** The example Burkamp uses makes it
clear that he has not understood the intuitionistic criticism. Since the number of
members of the Reichstag is finite, the problem of determining the senior among
them is solvable by constructive methods.

Dresden in 1927 In December 1927, the American Mathematical Society held
a joint meeting with the Mathematical Association of America, in which also
intuitionism was discussed. It was presented to the audience in two lectures, one
by James Pierpont and the other by Arnold Dresden. The latter had in that year
become professor of mathematics at Swarthmore College.?3> Concerning the topic
we are dealing with in this chapter, his lecture is the more interesting one. Both
lectures attracted little attention; the only one to write about them was Hedrick,
who did so more than five years later.*3¢
In his lecture, Dresden compares Brouwer’s view on logic with the emergence
of non-Euclidean geometry.*3” In his view, Brouwer has ‘freed the mind from the
compulsory use of the Aristotelian base’.3® He then draws the following conclu-
sion:139
[I)f the entire mathematical structure, not the basis only [i.e., the prim-
itive ideas and postulates, DH], but also the guiding principles for its
development, is at the choice of the individual, we have to admit that a
mathematic exists only in the minds of the individual, and that with-
out the activity of the human mind there would be no mathematics.
This carries with it furthermore, that a mathematic exists only in so
far as it has been developed, that is, is invented rather than discov-
ered; (...) that mathematical entities may exist to-morrow which do
not exist to-day, that their existence depends upon the construction of
a process, which can call them into being.

Like Fraenkel had done before, Dresden presents intuitionism as a coherent philoso-
phy of mathematics instead of a set of more or less arbitrary points of view. In Dres-
den’s presentation, the point of departure for intuitionism is that not all classical
logical rules should be considered universally valid. The logical rules which guide
the development of mathematics are at the choice of the individual. But if this is
the case, Dresden argues, then there can be no mathematical existence indepen-
dent of the mathematician. In this way, Dresden reasons from Brouwer’s rejection
of the principle of the excluded middle to the intuitionistic view on mathematical

434/ Burkamp 1927B, pp. 70-71]

435[Poggendorff 1936-1940, p. 600]

436[Hedrick 1933, p. 336]

437Dresden remarks that the controversy which emerged from Brouwer’s writings provides us
with ‘a vivid realization of the reasons which may have led Gauss to withhold his discovery of
non-euclidean geometry from publication’, [Dresden 1928, p. 441].

438[Dresden 1928, p. 448]

439Dresden 1928, pp. 449-450]; note that Dresden uses the singular ‘mathematic’.
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existence. This is exactly the opposite from what Fraenkel had done.**® The latter
departed from the intuitionistic point of view on mathematical existence, and then
derived the other intuitionistic conclusions regarding, e.g., logic. Dresden’s argu-
mentation departs from Brouwer’s own point of view, but still presents a coherent
picture of intuitionism.

The fundamental difference, Dresden maintains, between the current which
still adheres to an absolute mathematical certainty and the one, inaugurated by
Brouwer, which is doubtful of a large part of the mathematical conclusions, lies in
the characterisation of mathematical existence. He judges positively the fact that
there now are different views on mathematical existence: in diversity, as he puts
is, there may lie strength, and we can learn more about mathematics by looking
at it in different ways.44!

Finally, it should be remarked that Dresden was well informed, since he men-
tioned a large part of the literature published on the foundational controversy in
Europe in the references.

4.4 Later reactions

From 1928 on, when the foundational crisis was over,**? some reactions to the intu-
itionistic view on mathematical existence and constructivity arose which are worth
mentioning. I selected these contributions because they either mark an important
event in the foundational discussion (the Konigsberg conference), or they present
the reaction of an important thinker (Wittgenstein), or they show developments
which are related to parts of the discussion presented earlier (such as in the cases
of Bernays and Weyl). Thus, instead of giving an overview of the debate as I have
done so far, I here only highlight some reactions from the later period.

4.4.1 The Konigsberg conference

The debate about what ‘constructivity’ should mean in mathematics was discon-
tinued for several years, but reappeared in 1930. In September of that year, the
second Tagung fir Erkenntnislehre der exakten Wissenschaften (‘Conference on
the Epistemology of the Exact Sciences’) was organised in Kénigsberg.#*3 The
main theme of the conference was the foundations of mathematics,*** and nowa-
days the conference is perhaps mostly known for Goédel’s first public announcement
of his first incompleteness theorem.

4408ee 4.3.1.

441 Dresden 1928, pp. 450-451]

4428ee 3.4.

443Nowadays Kaliningrad; the first Conference was held in Prague in 1929.

444The theme of the conference was suggested by Hahn, as mentioned in a letter from Carnap
to Schlick, [ASP Carnap, 029-30-10].
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Tagung fir Erkenntnislehre The conference was organised by the Berlin
Gesellschaft fir empirische Philosophie and the Vienna Verein ‘Ernst Mach’, and
was held in conjunction with the Deutsche Physiker- und Mathematikertag and
the meeting of the Gesellschaft deutscher Naturforscher und Arzte 45

For the first time, the proponents of all three currents intuitionism, formalism
and logicism were present at one meeting, and a discussion followed afterwards.
For the first time, the debate was officially taken out of the journals, books and
letters and made the focus of a conference that specifically dealt with foundational
issues. It was the younger generation that spoke: formalism was represented by Von
Neumann,**% intuitionism by Heyting, and logicism by Carnap.?*” Hilbert and
Brouwer had left the scene (Russell had never been on it), although Hilbert was
present at the conference.**® The organising committee had taken the decision
to ask younger researchers to give the lectures without further motivation. But
Reidemeister, who was a member of the committee, personally thought that young
researchers often presented topics in a more understandable way, and that the
possibilities for discussion were greater. Furthermore, he argued, the conference
was directed towards young researchers, so it was also an expression of modesty
not to ask for the great names.**’

The lectures and the discussion were published afterwards in the journal Erkennt-
nis, the successor of the Annalen der Philosophie, which was published jointly by
the same two associations. By organising international conferences and by publish-
ing a journal, the societies tried to strengthen their aim of a scientifically oriented
philosophy. Reichenbach and Dubislav, among others, were active in the Berlin
group; Schlick, Hahn, Neurath, Carnap and Zilsel were among the Viennese par-
ticipants. The Verein ‘Ernst Mach’, founded in 1929, was seen as an externally
oriented version of the Wiener Kreis.*0

The published versions of the lectures are rather short. Nevertheless, all three
expositors spoke for one hour.??! Therefore, it seems probable that the published
papers were shortened versions of the lectures actually given. From correspon-
dence between Carnap and Von Neumann, it becomes clear that both of them
made objections against the publication of the lectures, due to the fact that Godel
had proved the incompleteness theorems.? Because of this, Von Neumann even
considered the situation as discussed at the Konigsberg conference rendered out

445 Rundschau 1930, p. 80]

4461n the conference announcement, Von Neumann’s contribution went under the title ‘Die
ariomatische Begrindung der Mathematik’, [Rundschau 1930, p. 80].

447Originally, Hahn was going to speak on logicism, as mentioned in a letter from Carnap to
Schlick, [ASP Carnap, 029-30-10]. It is not clear why Carnap ended up doing it.

448[Van Dalen 2001, p. 358]

449 etter from Reidemeister to Heyting, 4/5/1930; [TLI Heyting, B rei3-300504]

450[Neurath 1930, p. 312]. More information on the Wiener Kreis and the Berlin Gesellschaft
is given in 3.3.3.

451[Rundschau 1930, p. 80]

4520n the incompleteness theorems, see 5.4.2.



4.4. LATER REACTIONS 185

of date. However, in the end they agreed to publish the lectures as an indication
of the state of the art in September 1930.%°3 Since the published papers are the
only things left to us, I based my interpretation on them.

Constructivity The lectures did not contain many new points of view. However,
the way in which the philosophy of each current was presented was striking. All
proponents professed to possess the truly constructive version of mathematics.
Thus, Von Neumann describes formalism in the following terms:*>?

Ihr Grundgedanken ist diese: Auch wenn die inhaltlichen Aussagen der
klassischen Mathematik unzuverléssig sein sollten, so ist es doch sicher,
daB die klassische Mathematik ein in sich geschlossenes, nach festste-
henden, allen Mathematikern bekannten Regeln vor sich gehendes Ver-
fahren involviert, dessen Inhalt ist, gewisse, als ‘richtig’ oder ‘bewiesen’
bezeichnete, Kombinationen der Grundsymbole sukzessiv aufzubauen.
Und zwar ist dieses Aufbauverfahren sicher ‘finit’ und direkt konstruk-
tiv. 495

Next Carnap characterises logicism:4?6

Das Wesentliche an der angedeuteten logizistischen Methode der Ein-
fiihrung der reellen Zahlen ist, daf hier diese Zahlen nicht ‘postuliert’,
sondern ‘konstruiert’ werden. (...} Diese ‘konstruktivistische’ Auffas-
sung gehort zu den Grundtendenzen des Logizismus.2%”

Heyting only makes mild use of the constructivist image, claiming simply:4%®

Ein Beweis fiir ein Aussage ist eine mathematische Konstruktion (... ).1%°
These positions require some clarification.

Carnap explains his position by pointing out that logicism starts with certain
(undefined) logical concepts, such as disjunction and negation. All mathematical

453Letter from Von Neumann to Carnap, 7/6/1931; letter from Carnap to Von Neumann,
11/07/1931; |ASP Carnap, 029-08-03], [ASP Carnap, 029-08-02]; the letters are published in
[Mancosu 1999A, pp. 39-42].

454[Von Neumann 1931, pp. 116-117]

455¢Its principal idea is the following: even if the meaningful judgements of classical mathemat-
ics would be inadmissable, still it is sure that classical mathematics involves a method which
is closed in itself, which proceeds according to fixed rules known to all mathematicians, and
which consists in successively building up certain combinations of primitive symbols which are
designated as ‘correct’ or ‘proved’. This building method, moreover, is definitely ‘finitary’ and
directly constructive.’

456[Carnap 1931, p. 94

457:The essential point of the indicated logistic method of introducing the real numbers is that,
here, the numbers are not postulated, but constructed. (...) This constructivistic conception is
one of the fundamental tendencies of logicism.’

458Heyting 1931A, p. 114]

459¢A proof of a proposition is a mathematical construction (... ).’
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notions are given by explicit definitions in terms of logic. Contrary to formalism,
implicit or ‘creating’ definitions do not occur. This way of proceeding, Carnap
maintains, is common to both logicism and intuitionism. However, in addition to
the construction rules accepted by the intuitionists, logicism also accepts the ap-
plication of the expression ‘for all properties’.#6® What Carnap calls a ‘property’
is what is nowadays known as a ‘predicate’. Carnap’s claim thus means that logi-
cists would accept second order predicate logic,®! whereas intuitionists would not.
Whether this is correct depends on the interpretation one gives to the quantifica-
tion ‘for all predicates P, Q(P) holds’. If one uses the game theory interpretation
(“if you give me a predicate P, I will prove that @ holds for P’) or the proof in-
terpretation (‘I have a method which, given a predicate P, automatically proves
Q(P)’), intuitionists could also accept it. This does not mean that one has to
know the class of all predicates. However, around 1930 these concepts were not
that clearly developed.

Von Neumann clarifies his point of view by giving the example of a mean-
ingful, non-constructive proof. Such a proof may, for example, prove the existence
of a real number r with certain complicated properties, without giving a proce-
dure for actually finding such a number. In such a case there is no possibility for
checking the contentual statement in a finite way. However, Von Neumann reasons,
the formal proof by which the statement was proved can be checked by a finite
procedure, and this is what he calls constructive.462

Heyting states only that a mathematical construction is a ‘method of proof’,
by which an intention (in the phenomenological sense) can be fulfilled.45® Through-
out his talk, he gives several examples of mathematical constructions, e.g. by means
of choice sequences.

It is worth considering the different claims to constructivity. Nowadays, math-
ematicians would call Heyting’s and possibly also Von Neumann’s point of view
constructive. Carnap’s use of Dedekind cuts in the creation of the real numbers
is definitely not constructive. More importantly, however, I would argue that to
the majority of their contemporaries only Heyting’s use of the term ‘construc-
tive’ was in accordance with its general usage at the time. The discussion on the
meaning of the concept ‘constructive’ had disappeared from the general debate
in 1925, and all explanations since then had agreed that intuitionism should be
called ‘constructive’. This may also explain why both Carnap and Von Neumann
put such stress on the ‘constructivity’ of their theories: they still had to fight for
the label, whereas Heyting did not.6* Possible explanations for why all currents

460[Carnap 1931, pp. 92-94; 104-105]

4611 second order predicate logic, one can quantify not only over the elements of a given set,
but also over subsets and their cartesian products.

462[Von Neumann 1931, p. 117]

463 ‘Beweismethode’, [Heyting 1931A, p. 114]; as Becker had claimed in 1927, see 5.3.1.
4648een in this light, Heyting’s remark thirty years after the Konigsberg conference that ‘it
is undeniable that the appreciation of constructivity has considerably fallen since 1930’ seems
inappropriate. The concept of constructivity in fact became clearer through the years. Therefore,
it was inevitable that the mere term ‘constructive’ would lose adherents: those who found out
that the meaning of ‘constructive’ was not (or not any more) what they wanted it to stand for.
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wanted to be seen as constructive are the classical use of the term in geometry
and the popularity of the constructivity concept in a larger cultural sphere, most
notably in art.*%% It should also be noted that the similarity between logicism and
intuitionism as pointed out by Carnap is only superficial and somewhat forced.
Intuitionism, rather than starting with logic, considers logic to be simply a part
of the mathematical language, dependent on mathematics itself.

Mathematical existence The matter of mathematical existence was also dis-
cussed, although the claims made in this respect were not as opposed as in the
case of constructivity.

Heyting presents the intuitionistic point of view on mathematical existence in
a more moderate way than Brouwer used to do. Intuitionists, Heyting maintains,
do not ascribe to mathematical objects any existence independent of thought. For,
he continues,*%®

Vielleicht ist es wahr, daf jeder Gedanke auf einen als unabhangig von
ihm bestehend gedachten Gegenstand Bezug nimmt; wir konnen das
dahingestellt bleiben lassen. Jedenfalls braucht dieser Gegenstand nicht
vom menschlichen Denken iiberhaupt unabhéngig zu sein. Die mathe-
matische Gegenstéanden, wenn auch vielleicht unabhingig vom einzel-
nen Denkakt, sind ihrem Wesen nach durch das menschliche Denken
bedingt. Ihre Existenz ist nur gesichert, insoweit sie durch Denken be-
stimmt werden konnen; ihnen kommen nur Eigenschaften zu, insoweit
diese durch Denken an ihnen erkannt werden kénnen. Diese Moglichkeit
der Erkenntnis offenbart sich uns aber nur durch das Erkennen selbst.
Der Glaube an die transzendente Existenz, der durch die Begriffe nicht
gestiitzt wird, muB als Beweismittel zuriickgewiesen werden.67

Note that Heyting claims that there is no necessity for assuming, as classical math-
ematics does, that mathematical concepts have an existence independent of our
mental activities. Regardless of what kind of metaphysical existence mathematical
objects may possess, all we know is conditioned by the epistemological possibili-
ties, and these can only be proved possible by actually being realised. Therefore,
only mentally realised judgements can be used in mathematics. In this way, he

465Gee 6.5.1.

466[Heyting 1931A, pp. 106-107]

467¢[t might be true that every thought refers to an object conceived to exist independently of
this thought; we can let this remain an open question. In any case, such an object need not be
completely independent of human thought. Even if they may be independent of individual acts of
thought, mathematical objects are by their nature dependent on human thought. Their existence
is guaranteed only insofar as they can be determined by thinking; they have properties only insofar
as these can be recognized in them by thought. But this possibility of knowledge is revealed to
us only by the act of knowing itself. The belief in transcendental existence, not supported by
notions, must be rejected as a means of proof.’” English translation based on [Heyting 1983, p.
53]. Heyting had already taken such a stand in his dissertation, [Heyting 1925, p. 1].
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places the burden of proof with the classical mathematicians, who believe in a
transcendental existence, and use this in their mathematical proofs. They should
therefore support this belief with additional arguments.

After all three currents had been presented their contribution, a forum discus-
sion was organised with, besides the speakers, Scholz, Reidemeister and Gdodel.
The Austrian mathematician Hans Hahn (1879-1934), who chaired the discussion,
made an important remark. Having put forward his view that the only possible
view of the world is the empirical one, and that logic, interpreted as a system of
rules indicating how given linguistic symbol complexes can be changed into others,
is consistent with this empiricist view,%%® Hahn turns to the question of existence
statements. The meaning of an existence statement, he argues, is not, as the intu-
itionists insist, a statement of constructivity; but it is not devoid of content either.
For assume that the proposition ‘there is a continuous function without a deriva-
tive’ be proved in a non-constructive way. Would anyone then, Hahn asks, try to
prove the theorem ‘every continuous function has a derivative’? Of course not:46

Und damit hat dieser blofie Existentialsatz eine faktische Bedeutung;
nicht die, dafl irgendwie eine solche Funktion in der Welt empirisch
aufweisbar sei; auch nicht die, daf} sie ‘konstruierbar’ sei; wohl aber
die, ich mochte sagen ‘wissenschaftstechnische’ Bedeutung einer War-
nungstafel: Suche nicht den Satz: ‘Jede stetige Funktion hat eine Ablei-
tung’, zu beweisen, denn es wird dir nicht gelingen.*™

Like Wavre had done before, Hahn states, in modern terms, that 3z—¢(z) should
be read as ~Vzp(z). Hahn’s contribution is a very good example of the degree to
which intuitionistic arguments were taken over. The explanation Hahn gives of the
meaning of a pure existence statement is completely in line with what intuitionists
had claimed, namely that classical mathematicians have only proved that the
assumption of the negation of the complementary universal statement gives rise to
a contradiction.?”! Hahn only differs from intuitionism in one respect: he continues
to call such a statement an existence statement, even though it does not indicate
the existence of anything, and refuses to limit this notion to the intuitionistically
constructable. This, I think, is also what happened in the mathematical community
at large.

468[Hahn et al. 1931, pp. 135-137]

469Hahn et al. 1931, p. 140]. Hahn’s example is somewhat unfortunate, since in intuitionistic
analysis functions behave differently. From the context it is clear that Hahn’s example is meant
within classical mathematics.

470¢And thus the mere existence theorem has a factual meaning; not the one that such a function
could be empirically pointed out in the world; nor the one that it would be ‘constructible’; but
the, I would say ‘scientific-technical’, one of a caveat: do not try to prove the theorem ‘Every
continuous function has a derivative’, for you will not succeed.’

471Gsdel, who wrote his dissertation under Hahn, later (implicitly) used the same idea for his
translation between classical and intuitionistic first-order arithmetic. In the Godel translation, a
classical existence statement 3(z)P(x) is turned into —V(z)-P(z), see 5.4.2.
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Report Kurt Hirsch (1906-1986) wrote a report in serial form on the Konigsberg
conference and the philosophy of mathematics. It is neither clear where the report
was published, nor when; however, since Hirsch worked for the liberal newspa-
per Vossische Zeitung since 1928 and since the conference was held in 1930, the
articles were presumably published in the Vossische Zeitung in 1930. Hirsch had
studied mathematics and philosophy in Berlin from 1925, taking lectures from,
among other persons, Bieberbach, Von Mises, Schmidt and Schur. His doctoral
dissertation was devoted to the foundational debate, which he interpreted in a
philosophical way. He passed the oral examination for his dissertation with Bieber-
bach in 1930. However, he could only receive the degree after the dissertation had
been printed, and since Hirsch was married and had a child, he could not afford
the costs. The dissertation was finally printed in 1933.472

In the report, Hirsch first sketches the background of the Konigsberg con-
ference, namely the foundational debate. He stresses the philosophical nature of
the controversy and remarks that, if mathematicians are occupying themselves
with these questions, that is because philosophers have not found answers to their
question. In introducing the different parties in the debate, Hirsch follows a sel-
domly used distinction between five currents.?”® Besides intuitionism, formalism
and logicism, these are conventionalism and empiricism. However, following the
organisers of the Konigsberg conference, Hirsch left out the two last ones.

Hirsch next describes the lectures delivered by Carnap, Heyting and Von
Neumann clearly and accurately. Regarding intuitionism, he remarks that this
point of view, by its separation between mathematics and mathematical language,
presupposes a certain solution to the problem of the relation between language

and thought. He continues:*™*

Nimmt man aber die Losung des Problems im gewiinschten Sinn vor-
weg, dann verlieren die Ueberlegungen der Intuitionisten ihre oft emp-
fundene Befremdlichkeit.*”>

He mentions the intuitionistic point of view on existence as construction as a
‘pragmatic™7® component of their thought.
The only mistake Hirsch makes is that he maintains that, from a mathemat-

ical point of view, intuitionism, formalism and logicism all amount to the same
thing.4""

472(Gruenberg 1988, pp. 350-351]; the dissertation is [Hirsch 1933].

4730nly Ackermann had used the same distinction to characterize the foundational debate,
[Ackermann 1927]. Hirsch does not refer to Ackermann in the report.

474[Hirsch 1930]; the clippings I have do not contain page numbers.

475But if one in advance accepts the solution to the problem in the desired way, then the
intuitionistic considerations lose their often experienced surprisingness.’

476¢pragmatistisch’, [Hirsch 1930}

477 Hirsch 1930]
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4.4.2 Wittgenstein

“The most influential 20th-century philosopher in the English-speaking world’,*™®
Ludwig Wittgenstein (1889-1951), was born in Vienna in 1889. Wittgenstein stud-
ied for six years in Berlin, among other places, to become an engineer. In 1912,
he went to Trinity College to study with Russell, on the advice of Frege. In the
Great War, he served as a volunteer in the Austrian army, during which time he
worked on the Tractatus. The Logisch-Philosophische Abhandlung, or Tractatus
Logico-Philosophicus, was the only book he published during his lifetime. After
its publication in 1921, Wittgenstein worked as an elementary teacher in rural
Austria, as a gardener and as an architect. By 1928, he had achieved fame in some
circles, notably in the Wiener Kreis, ™ as the author of the Tractatus. In 1929 he
went back to Cambridge, where he received a Ph.D. for the Tractatus. From then
on, Wittgenstein lectured in Cambridge.*8°

Brouwer’s influence A widely defended thesis is that two phases can be dis-
tinguished in Wittgenstein’s philosophical work. The first one is characterised by
logical analysis and its main representative is the Tractatus. The second phase, the
most important work of which is the Philosophische Bemerkungen, focuses on the
concept of meaning.*8! This implies that there must have been a critical period in
Wittgenstein’s philosophy when he moved from the former position to the latter.
It was Brouwer who played a dominant role in this transition.

The general story about how Brouwer influenced Wittgenstein is well-known
and has been told by several authors.®? In 1928, Wittgenstein attended a lecture
by Brouwer in Vienna, which was decisive in Wittgenstein’s return to philoso-
phy.*83 The value attached to the event, however, differs from person to per-
son. Wright even calls the whole story a ‘legend’.#%* Hacker, in his important
Wittgenstein study Insight and illusion, argues the possible influence of Brouwer
on Wittgenstein as follows:*8°

The fundamental idea that neither language, nor mathematics, nor
logic are anything but free creations of the human will imposing an or-
der on reality may well have appeared a deeply liberating conception.
(...) Brouwer’s schematic outline of his views not only challenged the
key doctrines of the tradition of thought in which the Tractatus was

478[Brown, Collinson & Wilkinson 1996, p. 846]

4790n the Wiener Kreis, see 3.3.3.

480[Brown, Collinson & Wilkinson 1996, pp. 845-847], [Reeder 1997B, p. 732]

481Mason 1996, pp. 846-848]

482Cf, for example, Monk’s Wittgenstein-biography [Monk 1990, pp. 249-251].

4831n fact, Brouwer delivered two lectures in Vienna, see 2.7.3. Menger claims that Wittgenstein
only attended the first, [Menger 1994, p. 138]. Schlick, however, maintains that Wittgenstein
attended both of them (letter from Schlick to Carnap, 27/3/1928; [ASP Carnap, 029-30-31]). It
is not clear to me whose version is correct.

484[Wright 1980, p. vii]

485Hacker 1975, pp. 102-104]
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firmly embedded, it pointed the way to a diametrically opposed theory
not just of mathematics but of general critical philosophy. (...) The
general convergence of ideas between Brouwer’s sketch and Wittgen-
stein’s later work, whether causally explicable or not, is crucially impor-
tant from the point of view of interpreting Wittgenstein’s notoriously
controversial later philsophy of language.

There seems to be no extensive analysis available as to the more specific question
in what way exactly Wittgenstein was influenced by Brouwer.**6 In the following,
I present a first version of such an evaluation.

After the publication of the Tractatus in 1921, Wittgenstein had remained
silent for years on philosophical issues. In the foreword to the Tractatus, he had
claimed that he considered the problems he had treated to be solved now and for
ever.*8” He seemed to adhere to this opinion, for he often remarked that all he had
to tell was written in the Tractatus, and that he had nothing to add.

Apparently, this attitude changed when Brouwer visited Vienna in March
1928 to deliver two lectures. At the suggestion of Menger, Wittgenstein attended
the first of these, on ‘Mathematics, science and language’.*5® First-hand evidence
of the effect Brouwer’s lecture had on Wittgenstein comes from Herbert Feigl, who
also attended the lecture. In Feigl’'s words, written down decades afterwards, the
following happened:*5°

Waismann and I, after having overcome considerable resistance on

Wittgenstein’s part, managed to persuade him to attend this [Brouwer’s,
DH] lecture. Afterwards Wittgenstein], Waismann and I spent a few

hours in a cafe. It was fascinating to behold the change that had come

over W/ittgenstein| that evening. He became extremely voluble and be-

gan sketching ideas that werc the beginnings of his later writings. {...)

As T recall it, W[ittgenstein] agreed essentially with Brouwer’s finitism

but disagreed in some details which I unfortunately cannot remember.

In any case, I believe that evening marked the return of W[ittgenstein]

to strong philosophical interests and activities.

To this description one may add Menger’s remark that during the talk Wittgen-
stein’s expression changed from one of amazement to one of enjoyment.*?" Feigl’s
opinion about the change Wittgenstein underwent should be taken seriously, since
Feigl belonged to the select group of people who met regularly with Wittgen-

486 Although Richardson pretends to give answers to questions such as how and why Brouwer
influenced Wittgenstein in his book The grammar of justification, Brouwer’s influence in fact
plays only a very meagre role in Richardson’s a-historical analysis, [Richardson 1976].

487 Wittgenstein 1921, p. 9]

488 Menger 1994, p. 131], [Monk 1990, p. 249]

489 etter from Feigl to Pitcher, 25/09/1962, [ASP Feigl, HF 03-150-02]; a slightly more drama-
tised version can be found in [Feigl 1969, pp. 638-639].

490 Menger 1994, p. 131]
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stein in the years 1927 and 1928.4°! In this way, he must have been au courant
with Wittgenstein’s attitude before Wittgenstein heard Brouwer. The impression
Brouwer’s lecture made on Wittgenstein fits in very well with the later story that,
after the lecture, Brouwer and Wittgenstein spent a day together on an island
discussing their ideas.?9?

It seems that Brouwer’s lecture was Wittgenstein’s first real introduction to
intuitionistic thought. Although Wittgenstein was interested in questions relat-
ing to the foundations of mathematics, the first time he came across Brouwer’s
intuitionism appears to have been in Ramsey’s paper on the foundations of math-
ematics.*®3 The article came to his attention through Schlick, and Wittgenstein
reacted to it in July 1927. However, his response concerned the notion of iden-
tity, not intuitionism.?* In the same month, Wittgenstein met with Schlick and
Carnap, and they discussed, among other subjects, intuitionism and Esperanto.%®
Whether he at that occasion discussed intuitionism in a more detailed way is un-
known.

The new direction of Wittgenstein’s thought did not go unnoticed. By 1930,
Russell was aware that Wittgenstein was inclined to follow Brouwer’s reasonings
in the foundations of mathematics. In discussing with Moore the continuation of
a Council of Trinity grant to Wittgenstein, Russell noted:*%%

Then he [Wittgenstein, DH| has a lot of stuff about infinity, which is
always in danger of becoming what Brouwer has said, and has to be
pulled short whenever this danger becomes apparent. His theories are
certainly important and certainly very original. Whether they are true,
I do not know; I devoutly hope they are not, as they make mathematics
and logic almost incredibly difficult.

It is clear that the broad lines of Brouwer’s 1928 lecture had a strong influ-
ence on Wittgenstein’s thinking. For the following sixteen years, the philosophy
of mathematics was one of Wittgenstein’s main areas of interest, and large parts
of the 1929-1930 and 1932-33 typescripts, nowadays known as the Philosophi-
sche Bemerkungen and the Philosophische Grammatik, deal with this topic.9”
Furthermore, in Wittgenstein’s 1937-1944 Bemerkungen tber die Grundlagen der
Mathematik, intuitionistic features such as criticism of the unrestricted use of the
principle of the excluded middle and of non-constructive proofs still appear.49

These intuitionistic characteristics of Wittgenstein’s arguments have made
some people place Wittgenstein in Brouwer’s camp. Dummett, for instance, la-

491 Waismann 1993, p. 15]; others who came to these meetings were Schlick, Carnap and Wais-
mann.

492[Van Dalen 2001, p. 476

493[Ramsey 1926A]

494[Monk 1990, p. 245]

495(Jber Wittgenstein’, [ASP Carnap, 102-78-07)

496 Russell 1968, Vol. II, p. 198]

497 Wright 1980, p. vii]

498[Fogelin 1968, p. 153]
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belled Wittgenstein a constructivist of a ‘much more extreme kind’ than intuition-
ists.*%° However, it should be pointed out that, although Wittgenstein sometimes
criticized classical mathematics along intuitionistic lines, he never made any at-
tempt to construct an alternative type of mathematics.?°

Wittgenstein’s turn — intentionality and grammar An extensive work on
Wittgenstein's turning-point is Wolfgang Kienzler’s dissertation. In this work,
Kienzler argues convincingly that, regarding the question of infinity, Wittgenstein
moved from an ‘intentional’ point of view in 1929 to a ‘grammatical’ position in
1931. In other words, at first Wittgenstein maintained that infinity only existed as
an intention, that is, that only potential infinity existed; later, he did not express
opinions on existence, but restricted himself to noting the different meanings of
the word ‘infinity’. Thus, he passed from a normative or prescriptive position to
a more descriptive one. Since Wittgenstein’s later philosophy is generally charac-
terised by stating that philosophy leaves everything as it is, merely describing the
rules of language by using the notion of ‘meaning is use’,’°" the shift in Wittgen-
stein’s judgement of infinity can be seen as part of Wittgenstein’s more general
change. As one of the main reasons for this change in position, Kienzler mentions
Wittgenstein’s discussions with Ramsey in 1929.592

In what follows, I move from a general observation of resemblances between
Wittgenstein’s and Brouwer’s views on the foundations of mathematics to more
specific points. By means of a historical investigation into Wittgenstein’s view on
mathematical existence, I argue that Wittgenstein’s switch to his later philosophy
is likely to have been a two-step event. First, Wittgenstein more or less agreed
with Brouwer’s normative, intuitionistic line, but later, possibly in reaction to the
Brouwer-Hilbert fight, he took up a more descriptive position, simply describing
the different uses of mathematical expressions.

In my interpretation of Wittgenstein’s turn, I relied on Waismann’s notes on
conversations which Wittgenstein, Schlick and he had in Vienna from December
1929 to July 1932.%93 These notes were chosen because they cover the whole period
which is relevant to this review. Certainly, one has to be prudent in interpreting
the views expressed during these conversations in the form in which they are left to
us as Wittgenstein’s views, because they were not written down by Wittgenstein
himself and they were not even published during Waismann’s lifetime. But they
can, I think, be taken to show some of the directions in which Wittgenstein was
thinking, and they reveal some of the themes which influenced him.

With respect to Kienzler’'s above-mentioned analysis, I would comment as
follows. In the first place, Wittgenstein’s intentional view on infinity is likely to

499Dummett 1964, p. 504]

500[Kjenzler 1994, p. 122]

501[Hacker 1975, p. 124]

502[Kienzler 1994, pp. 122-152; 206]

503pyblished from Waismann’s Nachlaf by McGuinness, [Waismann 1993]; the original is in
Gabelsberger shorthand.
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have been triggered by Brouwer.’** In the Vienna lecture which Wittgenstein
attended, Brouwer made the following statement:3"®

In dieser Weise wurden auch fiir die Mathematik der unendlichen Sys-
teme (...) Aussagen ‘idealer Wahrheiten’ hergeleitet, welche von den
Mathematikern fiir mehr als leere Worte gehalten wurden.?%

In Brouwer’s view, ideal truths are obtained in mathematics by an unjustified
application of logical principles, which are valid in finite systems, to infinite sys-
tems. This application is carried out without further discussing the meaning of
mathematical concepts involved.?”

Secondly, as far as the discussion notes by Waismann permit any conclusion
to be drawn with respect to Wittgenstein’s view on mathematical existence, I think
Kienzler’s thesis can be extended to include this topic. In order to substantiate
this idea, I go into the reports of the meetings where Wittgenstein expressed his
view on mathematical existence most clearly.

Existence — normative The first time Wittgenstein considered the existence
question was during the second discussion in the series of conversations, held on
December 22, 1929. Wittgenstein here discusses the example where someone has
seen two cloths of the same colour. He asks what the statement ‘the two cloths
had the same colour’ should mean.*%®

Da koénnte man glauben, es heift: ‘Es waren beide griin oder beide
blau oder ...’ Es ist uns allen klar, daf es das nicht heiflen kann. Wir
konnen ja eine solche Aufzihlung nicht produzieren.5%°

It is clear that Wittgenstein here is also thinking about mathematical existence,
since he continues the discussion by applying the same mode of argumentation
to the example ‘there is a circle in the square’. In this case, too, Wittgenstein
maintains that one cannot interpret the statement as ‘this circle is in the square
or this circle or ... .

The statement just cited fits in very well with the picture created by Kienzler.
Wittgenstein is not just analysing the way in which the existence statement ‘there
is a colour which is the colour of both cloths’ is used, but he is judging whether
the statement satisfies his demand that one should be able to actually produce
what is stated. That is, he already has a meaning of the words ‘they have the

504Unfortunately, Kienzler does not discuss a possible influence by Brouwer on Wittgenstein.
505[Brouwer 1929, p. 424]

506¢In this way, propositions of ‘ideal truths’ were deduced also in the mathematics of infinite
systems (... ), which were taken by mathematicians as more than empty words.’

507 [Brouwer 1929, p. 424]

508 [Waismann 1993, p. 39)

509¢Then, one could think this means: ‘both were green or both were blue or ...’ It is clear to
all of us that this cannot be its meaning. For we cannot generate such an enumeration.’
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same colour’ in his mind. Since the proposed interpretation involves enumerating
an infinite sequence, he considers the statement not to fulfill the demand.

Further on in the same discussion, Wittgenstein criticises existence state-
ments very much along the lines of Weyl. With regard to propositions containing
variables, such as ‘there is a circle in the square’, Wittgenstein remarks:?°
Und jetzt ist die Frage: Wie lautet der richtige Ausdruck des Satzes?
Ich meine: der Ausdruck lautet nicht: ‘3(x).¢(z)’, sondern ‘p(z)’. (...)
‘o(z)’ ist also ein richtiger Satz, nicht erst in Vorbereitung zu einem
Satz.51!

The way in which Wittgenstein arrives at the conclusion, however, differs from
Weyl’s. In Wittgenstein’s argumentation, which I cannot follow completely, the
decisive point is that an existence statement can be negated in two ways (namely,
=3(x)p(z) and I(z)~p(z)). Therefore, Wittgenstein concludes, the correct expres-
sion is not J(x)¢(x), but ¢(x).512 This point seems to be directed mainly against
Russell’s formulation of an existence statement.

It should be pointed out that Brouwer nowhere in his Vienna lecture explic-
itly criticised existence statements. This leaves us with the question how Wittgen-
stein arrived at his judgement. Two possible explanations come to mind: either
he concluded it himself from Brouwer’s analysis, as Weyl had done before; or he
took it over from Weyl. The latter hypothesis is supported by the fact that we
know for certain that Wittgenstein had read Weyl’s Die heutige Erkenntnislage in
der Mathematik®'3 on January 2, 1930, and that he was interested in the views on
mathematical existence expressed in that work. On the other hand, Wittgenstein’s
reason for rejecting existence statements differs from Weyl's. Therefore, I cannot
make a definite judgement.

At a meeting in January 1930, where Wittgenstein explicitly discusses Weyl’s
view on mathematical existence, Wittgenstein’s normative approach again be-
comes clear. Weyl’s heutige Erkenntnislage serves as a basis for the discussion.?!4
In the paper, Weyl had repeated his view expressed earlier in the neue Grund-
lagenkrise, namely that existence statements are nothing but propositional ab-
stracts, and that only a construction that has been carried out is worthwhile.?!?
Wittgenstein, in reacting, applies his method of verification when distinguishing
between several expressions. A universal statement, he maintains, is expressed
correctly by induction, and therefore cannot be negated.’'® A fortiori, its nega-

510[Waismann 1993, p. 40]

511¢And now the question is: what is the correct expression of the theorem? I mean: the theorem
does not read: ‘3(z).¢(x)’, but ‘o(z)’. (...) thus, ‘p(z)’ is a proper theorem, not just a preparation
of a theorem.’

512[Waismann 1993, p. 40]

513 [Weyl 1925]

514discussion on January 2, 1930, [Waismann 1993, pp. 81-82]

515Gee 4.3.2.

516This is mentioned without further explanation, which makes it hard to determine what
exactly Wittgenstein may have meant.
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tion cannot be an existence statement. A statement expressing the existence of a
mathematical object at a certain position, for instance at a certain place in the
decimal development of 7, can be negated, but its negation simply means that the
object does not occur at that particular place. In Wittgenstein’s view, the general
statement ‘the number 7 appears’ (e.g. in the decimal expansion of 7) is devoid
of meaning, since there is no way of verifying it. What one could state is that the
number 7 appears between the positions p; and ps in de decimal development of ;
then the verification method is clear. Wittgenstein’s judgement here is normative
because in his view, a statement that is used in mathematics, like ‘the number 7
appears’, has no content.??

The question of constructivity does not play an important role in Wittgen-
stein’s argumentation. When it appears, however, Wittgenstein does tend to prefer
constructive statements. In the summer of 1930, he uses construction in a way sim-
ilar to verification:%'®
Die Definition eines Begriffes weist den Weg zur Verifikation, die De-
finition eines Zahlwortes (einer Form) den Weg zur Konstruktion.>'?

Presumably, Wittgenstein thought of the ‘verification of a notion’ as a procedure
in which, given a notion N, N is compared to the definition of notion B, to verify
if N is B.

It is unclear to me to what extent Wittgenstein’s constructions coincide with
Brouwer’s. On the one hand, he uses ‘construction’ in the Brouwerian sense, as in
the quotation given below on the fundamental theorem of algebra; on the other
hand he also seems to include symbolic constructions.

Existence — descriptive In September 1931, Wittgenstein returns to the ques-
tion of mathematical existence. Discussing the fundamental theorem of algebra,
he expresses a radically different view on existence statements:52°

Wenn ich einmal beweise, daf eine Gleichung n-ten Grades n Losungen
haben muf}, indem ich z.B. einen der Gauf’schen Beweise gebe, und
wenn ich ein zweites Mal die Existenz dadurch beweise, das ich das
Verfahren zur Konstruktion der Losungen angebe, so habe ich nicht
etwa, zwei verschiedene Beweise fiir denselben Satz gegeben, sondern
ich habe ganz verschiedene Dinge bewiesen.%?!

517Brouwer used these kind of statements in his counterexamples against the principle of the
excluded middle, see 2.6.2.

518[Waismann 1993, p. 226]

519¢The definition of a notion shows the way to verification, the definition of a number word (a
form) the way to construction.’

520[Waismann 1993, pp. 172-173]

5214 I once prove that an equation of degree n must have n solutions, for example by giving the
GauBian proof, and if I prove the existence a second time by indicating the construction method
of the solutions, then I have not, let us say, given two different proofs for the same theorem, but
I have proved completely different things.’
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The point that Wittgenstein is making is that, although the same wording ‘there
exist n solutions’ is used in both cases, there are actually two versions of (in this
case) the fundamental theorem of algebra. Since the proofs for them are different,
so are the meanings of the theorems. This is completely in line with Wittgenstein’s
new maxim ‘the meaning of a sentence is its mode of verification’.

Wittgenstein’s turn revisited I think the foregoing observations may give us
a better explanation of Wittgenstein’s turning point than has been given so far.
The evidence available points in the direction of a two-step shift. At first, when
listening to Brouwer’s Vienna lecture, Wittgenstein was drawn to intuitionism.
This is in accordance with both Feigl's and Russell’s report, and with opinions
held by Wittgenstein until about 1930 on such themes as the meaning of the
infinite and of existence statements.

Later, however, Wittgenstein changed his mind, and moved from a normative
to a more descriptive position. Hence, he did not prescribe what ‘there is’ should
mean in mathematics, but he described only the different uses of the phrase and
therefore the different meanings.

The accordance noted above between Wittgenstein’s judgement of different
existence statements and his general ‘meaning is use’ concept can be interpreted
in two ways. First, it can be seen as an application of Wittgenstein’s general view
to specific problems in the foundations of mathematics. But one could also look at
it the other way round. In the light of the evidence that one of the main character-
istics of Wittgenstein’s later philosophy was its focus on ‘meaning is use’, that this
characteristic applies very well to the foundational debate between Brouwer and
Hilbert and that Wittgenstein applied it to the foundational debate, one could
interpret Wittgenstein’s changing view in the following way. Having considered
the matter again, Wittgenstein came to the conclusion that, because Hilbert and
Brouwer accepted different proofs in mathematics, in fact the meaning of the math-
ematics they defended differed. For the meaning of a statement lies in its use. Just
as the uses of mathematical concepts in intuitionistic and formalistic mathematics
differed, so did the concepts themselves, despite the fact that they were described
by the same term. Thus, it could well have been the foundational battle between
Brouwer and Hilbert which stimulated Wittgenstein to hold his later views.52?

This explanation, if accepted, would provide us with an answer to two impor-
tant historical questions: why did Wittgenstein return to philosophy, and where
did his new line of thought come from? As to the first question, the conjecture

Brouwer had, together with De Loor, given a constructive proof of the fundamental theorem
of algebra, see 2.6.2; so had Weyl, independently of them, see 4.3, and Skolem, [Skolem 1924].
The example appears in Brouwer’s Mathematik, Wissenschaft und Sprache, too; [Brouwer 1929,
p. 427].

522The interpretation is admittedly quite speculative, since I did not pursue the matter to in-
clude all possible materials. Further research by people who are more familiar with Wittgenstein’s
writings would be needed to put the claim to the test.
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put forward here explains better than the traditional account why Wittgenstein
again started philosophising. It was not simply because of some kind of inspiration
he experienced while listening to Brouwer, but it was because he agreed to some
extent with Brouwer’s intuitionistic views on such items as the infinite and mathe-
matical existence. Regarding the second question, the origin of Wittgenstein’s new
line in philosophy can be found in his reaction to the foundational conflict between
Brouwer and Hilbert.

It should be pointed out that Wittgenstein’s development was not necessarily
so straightforward; there is another possibility, namely that the later Wittgenstein
was not consistent. Gillies has argued this point, and there is certainly some ev-
idence for a lack of consistency. As examples Gillies mentions that on the one
hand Wittgenstein criticised the principle of the excluded middle, which implies a
revisionist attitude in the philosophy of mathematics, whereas on the other hand
Wittgenstein took the view that philosophy should in no way interfere with the ac-
tual use of language, its only aim being to describe it.5?3 Since both these remarks
stem from the 1940s, it seems likely that from 1928 on Wittgenstein occasion-
ally changed positions, moving between a normative and a descriptive view in the
philosophy of mathematics.

4.4.3 Others

Menger from 1928 to 1933 Karl Menger (1902-1985) was the person who
gave a prominent place to the protest against the in his view vague meaning of the
term ‘constructive’. From 1924 to 1927, Menger had worked in Amsterdam on a
Rockefeller fellowship as Brouwer’s assistant, in the first place as a topologist, but
also in order to clarify his thoughts on intuitionism.5?* By 1925, he had become
convinced of the intuitionistic point of view regarding existence statements. He
wrote to Brouwer that52®

mich Ihre Kritik der reinen Existenzialurteile in der Arithmetik nun-
mehr iiberzeugt hat. Derartige Sétze sind leere Formen, die nur durch
konstruktive Ausfiillung einen sinnvollen Gehalt bekommen koénnen.
DafR aber eine solche konstruktive Ausfiillung immer moglich sei,— dafiir
ist ein Grund bisher nicht angefiihrt worden und 148t sich, wenn man
auf konstruktiven Boden steht, vielleicht iiberhaupt nicht anfiihren.
Man kann an die Méglichkeit einer solchen Ausfiillung hochstens glau-
ben; aber die Strenge der konstruktiven Schlufiweisen hat dann eine
Ende erreicht.526

523[Gillies 1982, p. 423

524[Kass 1996, p. 559)

525Letter from Menger to Brouwer, 11/2/1925; [MI Brouwer, CB.MEN-1.§]

526¢your criticism of pure existence statements in arithmetic has now convinced me. Such propo-
sitions are empty forms, which can only obtain meaningful value by a constructive substantiation.
But that such a constructive substantiation is always possible, — for that no reason has been given
and possibly cannot be given at all, if one stands on constructive ground. One can at most believe
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Although Menger maintained that he had become convinced by reading Brouwer’s
work, the argumentation he uses resembles more Weyl’s 1921 paper than Brouwer’s
publications.

Apparently, Menger later changed his mind and was not convinced any more
by the argumentation he had used himself. Where Fraenkel had spoken about
the ‘sharp distinction’ between constructions and pure existence statements,%27
Menger wrote in a series of papers on foundational questions published in 1928:°28

Dabei mochte ich betonen, dafi ich das Wort ‘Konstruktivitdt’ fiir ein
wenn iberhaupt, so vermutlich auf verschiedene Arten und in ver-

schiedenen Abstufungen préazisierbares (bisher noch nicht prézisiertes)
Wort halte.5??

Although he denied that constructivity was well-defined, Menger did try to work
with the constructivity concept, by using possible definitions of constructivity. For
example, he proved that if the definition of a set can be shown to be constructive,
then also the set of all its finite subsets is constructively definable.?3%

Two years later, Menger’s view had radicalised, and he specifically attacked
intuitionism for using vague terms such as ‘constructive’:>!
Was nun die bisherigen intuitionistischen Versuche taten, war, daf
jeder von ihnen sich dogmatisch auf einen bestimmten (meist (...)
gar nicht klar umschriebenen) Konstruktivitatsbegriff festlegte und die
zugehorigen Entwicklungen als sinnvoll, die weitergehenden als sinn-
los bezeichnete. Nach Ansicht des Verfassers dieses Aufsatzes hat aber
eine derartige Aussage nicht den mindesten Erkenntnisinhalt. Denn es
handelt sich in der Mathematik und Logik nicht darum welche Ax-
iome und SchluBprinzipien man annimsmt, sondern darum, was man
aus ihnen bzw. mit ihrer Hilfe herleitet. Ob der Mathematiker A das
Auswahlsaxiom als ‘zuléissig’ erklart, an dasselbe ‘glaubt’ und es an-
wendet und ob der Mathematiker B es als ‘unkonstruktiv’ oder ‘weil
er keinen Sinn damit verbinden kann’ ablehnt, — diese Tatsachen sind
fiir die Biographie der Mathematiker A und B von Interesse, eventuell
fiir die Geschichte, keinesfalls aber fiir die Mathematik und Logik.>3?

in the possibility of such a substantiation; but then the rigour of constructive reasoning has come
to an end.’

527See 4.3.1.

528 Menger 1928A, p. 225]

529<Besides, I would like to stress that I take the word ‘constructivity’ to be a word that can
be specified, if at all, presumably in various ways and in various nuances (and so far it has not
been specified).’

530 Menger 1928C, p. 306]

531 [Menger 19304, pp. 324]

532¢What the intuitionistic attempts did so far was that each of them dogmatically tied itself
down to a notion of constructivity (mostly (...) not at all clearly described) and designated
the according developments as meaningful, those going further as meaningless. In the author’s
view, however, such an expression contains no knowledge at all. For the important thing in
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Menger argued the same point in two short papers in the Vienna Anzeiger and in
his Vier na lecture Die neue Logik (‘“The new logic’).533

Mannoury was not impressed by Menger’s criticism, and countered by ob-
serving that such remarks ‘apply mutatis mutandis to a very large part of the
epistemological literature of all ages’.>34

It is interesting to note that Menger only attacks intuitionism for using the
label ‘constructive’, where in fact Hilbert and Carnap had claimed the same label at
different occasions.?3® This may be caused by Menger’s wish to attack intuitionism,
or because by the time of writing intuitionism was generally considered to be the
constructive current.

Menger’s criticism of the unspecified use of the term ‘constructive’ found
several echos, for example with Fraenkel and Dubislav.?36

It is only after 1930 that specifications were put forward to explain what
‘constructive’ should mean.?3” Until that time, it seemed to fit into the ‘cloud of
suggestive slogans and fashionable terms’®3® that were widely used in academic
lectures. The difference between the ‘constructive’ label and others, however, is
that ‘constructive’ went against the life-philosophical tide, whereas most others
were used in order to conform with it.%3?

Menger not only criticised intuitionism, he also came up with a solution. In a
1931 paper on intuitionism, he argued that most discussions to which intuitionism
led were terminological ones. Menger’s solution to the discussion on mathematical
existence and constructivity is, thus, a terminological one. One should simply start
using two expressions: one, ‘there exists’, to indicate classical existence, the other,
‘there is’, to indicate intuitionistic existence.’*® Menger’s solution is similar to the
one Dingler had suggested in 1926.54!

Heyting in 1930 There are two publications of Heyting in 1930 which are rel-
evant for the discussion on mathematical existence. The first was an important

mathematics and logic is not which axioms and rules of inference one assumes, but what one
can deduce from or by means of them. Whether mathematician A declares the axiom of choice
to be ‘admissable’, ‘believes’ in it and applies it, and whether mathematician B denounces it for
being ‘not constructive’ or ‘because he cannot associate any meaning with it’ — these facts are
interesting for A’s and B’s biographies, they may be interesting for history, but they definitely
are not for mathematics and logic.’

533[Menger 1930B], [Menger 1931] and [Menger 1933] respectively.

534¢¢rifft mutatis mutandis fiir einen sehr groBen Teil der erkenntnistheoretischen Literatur aller
Zeiten zu’, [Mannoury 1934A, p. 293]

535See 4.2.2 and 4.4.1.

536[Fraenkel 1930A, p. 291], [Dubislav 1930, p. 35]

537The notion of constructivity was specified by the work of Turing, Church, Kleene and Gédel,
see 4.4.3.

538 Ringer 1969, p. 393]

539Gee 6.4.2.

540[Menger 1930A, pp. 320-321)

5418ee 4.3.1.



4.4. LATER REACTIONS 201

series of papers in which he put forward a formalisation of intuitionistic mathe-
matics and logic.%4? The second was a paper of a more expository character.

In the formalisation papers, Heyting describes an existence statement as follows:>43

(Ez)a bedeutet: ‘Es kann ein Gegenstand z angegeben werden, fiir
welchen der Satz a gilt.”>*4

He does not elaborate the point, nor does he mention anything about required
constructions. What is clear, as Sundholm pointed out to me, is that Heyting
gives a more liberal interpretation to an intuitionistic existence statement than
Weyl. Where Weyl had argued that the mere possibility of a construction did not
suffice,’4® Heyting allowed exactly this.

Heyting next gives three axioms for the existential quantifier, from which
he infers a number of theorems. In the discussions that were analysed in the
preceding section, a recurring question was whether the negation of a univer-
sal statement implies an existence statement, or, in formalised language, does
=V{(z)p(z) — I(z)—p(x) hold? Classically, this amounts to the same as asking
whether —V(z)—¢(z) — 3(z)(z)? Heyting does not address the question directly,
but he proves®46

Theorem 2 + —~V(z)-p(z) — =-3(x)p(z).5"

Furthermore, for propositional logic he had already proved®*®

Theorem 3 F p — ——p,

whereas the converse can only be proved if the principle of the excluded middle is
assumed to hold for p:

Theorem 4 F (pV —p) — (==p ~ p).

By combining these theorems, one can infer that the classically valid step from
=V(z)—p(z) to I(z)p(z) can only be made intuitionistically if the principle of the
excluded middle is assumed to hold for Jz¢(x) — which intuitionists deny in its
general form.

In the expository paper Sur la logique intuitionniste (‘On intuitionistic logic’),
Heyting treats the meaning of logic from the intuitionistic point of view. He re-
proaches Lévy, in his discussion with Wavre on mathematical existence,**? of main-

taining that everybody understands the word ‘existence’ in its usual meaning:%°

542Heyting’s formalisation of intuitionistic logic is treated in more detail in 5.4.1.
543(Heyting 1930B, p. 207]

544¢(Ex)a means: ‘an object = can be pointed out, for which the theorem a holds.” ¢
5453ee 4.2.1.

546 Heyting 1930B, p. 213]

547 A1l formalised theorems are presented here in the contemporary formulation.
548Heyting 1930A, pp. 198-199]

549Gee 4.3.1.

550[Heyting 1930D, p. 233-234]
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Voila une affirmation bien audacieuse, car dés qu’on sort du domaine de
la vie cotidienne, ou la signification exacte d’un mot a moins d’impor-
tance que son efficacité, pour entrer dans le domaine de la philosophie,
le sens du mot ‘exister’ donne lieu & une controverse des plus profonde;
c’est sur ce point que se séparent les grands systémes.®%!

Heyting’s remark is most correct; the different systems he is referring to are the
ones we nowadays call realism and anti-realism.®? He paraphrases Brouwer’s de-

mand as follows:5%3

L’idée d’une existence hors de notre esprit des entités mathématiques
ne doit pas entrer dans les démonstrations.?®*

Even realists, Heyting continues, should recognize the importance of the question
to what extent mathematics can be developed without making use of the assump-
tion of a transcendental existence of mathematical entities.55°

Carnap in 1934 One of the persons most able to grasp both the philosophical
and the mathematical implications of the foundational debate was Rudolf Car-
nap (1891-1970), whose educational background was in philosophy as well as in
mathematics and physics. He had studied in Jena and Freiburg; Gottlob Frege was
one of his main teachers, whereas also Hugo Dingler had an important influence
on his early development. After having finished his dissertation in 1921, Carnap
moved closer to Russell’s views.5*¢ Carnap was one of the prominent members of
the Wiener Kreis,>>” which he joined in 1926, when he became Privatdozent in Vi-
enna. His public reactions to intuitionism were scarce until September 1930, when
the main fight was over.5*® However, he had been introduced earlier to Brouwer’s
ideas on the foundations of mathematics. As Carnap reports in his intellectual
autobiography, several Wiener Kreis members met Brouwer privately when he
came to lecture in Vienna in 1928. He recalls that understanding Brouwer, either
via written documents or oral presentations, was not always easy. Nevertheless,
as Carnap writes, ‘the constructivist and finitist tendencies of Brouwer’s thinking

551¢That is quite a bold statement, because as soon as one leaves the domain of everyday life,
where the exact meaning of a word is of less importance than its efficacy, to enter into the domain
of philosophy, the meaning of the word ‘to exist’ causes one of the most profound controversies;
at this point, the great philosophical systems separate.’

552Gee 4.1.1.

553 [Heyting 1930D, p. 234]

554¢The idea of an ezistence of mathematical entities outside our mind should not enter in
proofs.’

555 Heyting 1930D, p. 234]

556[Grattan-Guinness 1997, p. 408]

5570n the Wiener Kreis, see 3.3.3.

558 Carnap’s 1930 contribution is treated separately, in the section on the Kénigsberg conference,
see 4.4.1. In an earlier paper, Eigentliche und uneigentliche Begriffe, Carnap had made some
comments on the intuitionistic point of view, [Carnap 1927, pp. 363-365].
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appealed to us [the Wiener Kreis members, DH] greatly’.>5 Already in the fol-
lowing year Carnap acknowledged — at least privately — the validity of much of
Brouwer’s criticism of universal and existence statements.%°

In 1931, Carnap became professor of natural philosophy at the German uni-
versity in Prague. There, a Ph.D. student of his worked on a construction of math-
ematics with a criticism of the concept of existence which was partially based on
Brouwer.%6!

The main part of Brouwer’s influence on Carnap’s thinking, however, can
be found in the Carnap’s Logische Syntar der Sprache (‘Logical syntax of lan-
guage’).>%? This work, published in 1934, is seen as the culmination of the so-called
constructional phase in Carnap’s career.?%3

The aim of the Logische Syntazx, according to Carnap, is to provide an exact
method for the analysis of propositions about propositions. This was part of the
attempt by the Wiener Kreis to replace philosophy by the logic of science, the
latter to be understood as the Jogical syntax of scientific language®®* — hence the
title. Carnap works out two languages and gives a sketch of a general syntax for
arbitrary languages. The first two languages, called Language I and Language II,
are of interest to us here.

Carnap describes Language I as a language that only includes elementary
arithmetic of the natural numbers to a certain, limited extent, in accordance with
views ‘that consider themselves constructivistic, finitistic or intuitionistic’.5%% Lan-
guage II is much broader: it includes classical mathematics (such as real and com-
plex functions and set theory), and it enables one to formulate physical proposi-
tions.%%6 One of the main differences between Language I and II is the limitation
of quantifiers. Carnap introduces limitation of quantifiers in the following way:
3(z)3P(z) means: there is an z up till and including 3, for which P(z) holds;
Y(x)3P(x) is defined analogously.?®” In Language I, all universal and existence
quantifiers are limited; in Language II unlimited quantifiers are allowed, too. The
advantage of limiting the scope of the quantifiers, Carnap claims, is that the main
demands of Brouwer’s intuitionism, such as the rejection of pure existence state-
ments, can be fulfilled without there being any need to give up the principle of the

559[Carnap 1963, pp. 48-49]

560Carnap, R., ‘Bemerkungen zu Kaufmanns MS ‘Das Unendliche in der Mathematik’’, unpub-
lished manuscript, April 1929; [ASP Carnap, 028-26-10]

561]ASP Carnap, 102-67-01]

562Carnap explicitly mentioned Brouwer in the foreword as one of the authors from whom he
had learned a lot, even though he did not completely share his views, [Carnap 19344, p. VII].

563[Sarkar 1992, pp. 1-2]

564{Carnap 1934A, pp. III-1V]

565¢die sich als konstruktivistisch, finitistisch oder intuitionistisch bezeichnen’, [Carnap 1934A,
p- 10]

566 [Carnap 1934A, p. 74]

567Carnap’s idea of the limitation of quantifiers is strikingly similar to Wittgenstein’s remarks
on existence statements regarding the appearance of a certain number in a decimal development,
see 4.4.2.
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excluded middle.%%8 Tt is true that the principle of the excluded middle holds for
limited quantifiers, since the limitation of quantifiers makes all propositions decid-
able. However, the price which Carnap has to pay is that he can no longer state
propositions about infinite collections, something which is allowed in intuitionism.

In his intellectual autobiography, Carnap states that his original intention was
to construct only Language I, ‘in agreement with the finitist ideas with which we
sympathized in the Circle’.*®® But in the book he stresses that Language I was not
chosen because it was seen as ‘the only possible or the only justified language’.>"®
It seems, thus, that Carnap originally was strongly attracted by Brouwer’s views
on mathematical existence, but later downgraded the philosophical importance of
such distinctions. In the Logische Syntax Carnap is very clear about his stand
with regard to different mathematical languages. Carnap’s Principle of Tolerance
reads:®"!

[W]ir wollen nicht Verbote aufstellen, sondern Festsetzungen treffen.
(...) In der Logik gibt es keine Moral. Jeder mag seine Logik, d.h.
seine Sprachform, aufbauen wie er will.>"?

If accepted, the principle would provide anyone with enough justification to con-
struct any language whatsoever. Therefore, the need to justify a language choice
would disappear — one of the explicitly stated main goals of Carnap’s book.5"
Nevertheless, Carnap apparently felt obliged to justify his own acceptance of Lan-
guage II, for he devoted a section to it. As he puts it, the general criticism of an
unlimited existence statement is that it is meaningless, since we have no way of
looking for the answer; and the meaning of a concept lies only in the method of ob-
serving whether the concept applies or not. As one can see, Carnap’s formulation
is a mixture of Brouwerian and Wittgensteinian terms. Carnap’s answer is that
we may not have a method of looking for the answer, but we do know what an
answer looks like. This gives us the possibility of finding an answer, and therefore
there is no ground for rejecting the statement as meaningless.®”™

In a letter to Carnap, Menger claimed priority for the Principle of Tolerance,
which Godel, among other persons, had taken over from him. Menger stressed that,
although it admittedly cost him (i.e., Menger) little effort to develop the idea, it
was diametrically opposed to both Hilbert’s and the intuitionistic view.5”> Judged
to Menger’s publications on the different interpretations of constructivity,5’® his
claim seems to be correct.

568[Carnap 1934A, p. 43]

569[Carnap 1963, p. 55)

570[Carnap 1934A, p. 42]

571[Carnap 1934A, pp. 44-45]

572¢(W]e do not want to issue prohibitions, but to make determinations. (...) In logic, there is
no moral. Anyone may construct his logic, i.e., his language form, as he wishes.’

573[Carnap 1934A, p. V]

574[Carnap 1934A, p. 114]

575Letter from Menger to Carnap, 15/3/1934; [ASP Carnap, 029-01-09)

576Gee above.
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Bernays, Behmann and Turing, 1930-1937 Bernays was one of the math-
ematicians who had first claimed the label ‘constructive’ for Proof theory,””” but
later recognised the difference between constructive and axiomatic mathemat-
ics.®”® In the aftermath of the debate, Bernays was still occupied with the meaning
of the term. He originally disliked what he saw as the vague idea of constructivity,
but changed his mind under the influence of Turing and ended up using it again.

Bernays’ original negative attitude towards the concept of constructivity can
be seen from his reaction to Behmann’s work on constructive mathematics. The
German logician Heinrich Behmann (1891-1970) had written his dissertation under
Hilbert in 1918, with the aim of introducing Russell and Whitehead’s Principia
Mathematica to a wider audience. He next worked as a Privatdozent in Gottingen,
from 1921 to 1925, and at the university of Halle.57

Around 1930, Behmann was involved in investigating which part of mathe-
matics is affected by the demand of constructivity.?®® The philosopher Felix Kauf-
mann, who frequented meetings of the Wiener Kreis, had suggested to him the
following problem: is it possible to show that all proofs of existential claims, ex-
cept those obtained by means of the axiom of choice, in fact contain implicitly an
instantiation of the existential statement? Kaufmann’s conjecture was that this
was the case, and that thus Brouwer’s demand for constructivity would to a great
extent have been met.?®! Behmann set out to prove the conjecture.82

To Behmann, the relevance of constructivism was that it provided a mathe-
matical (as opposed to a philosophical or epistemological®®3) way of distinguish-
ing between purely formal mathematics and what he called ‘factual’ (sachliche)
mathematics. Thinking of Brouwer’s and Weyl’s earlier characterisations of intu-
itionism, it seems reasonable to interpret ‘factual’ as ‘meaningful’, which means
that for Behmann constructivity was a formal criterion for differentiating between
meaningful and purely formal mathematics. Behmann did not consider himself to
be a constructivist,’®! and he was not interested in questions about the justifi-
cation of constructivistic demands.?®® Nevertheless, he thinks that investigations
into constructive mathematics are useful>8®

577See 4.2.2.

578Gee 4.3.1.

579 Mancosu 1999B, pp. 305-308), [Poggendorff 1936-1940, Teil 1, p. 161]

580Letter from Behmann to Kaufmann, 14/10/1930 [ASP Carnap, 028-06-16]

5811n his book Das Unendliche in der Mathematik und seine Ausschaltung, Kaufmann had
made a similar claim, namely that all (non-constructive) classical existential proofs, except those
in non-denumerable domains, remain valid intuitionistically, cf. {Kaufmann 1930, p. 67].

582The account given here on Behmann's contribution to the debate on constructivity made use
of [Mancosu 2002] for filling in the missing parts of the story.

583Epistemology, as explained in the glossary, is the study of knowledge and the justification of
belief, [Dancy 1989, p. 1].

584Behmann even claimed that he took up a position of ‘absolute neutrality’ towards construc-
tive demands.

585Letter from Behmann to Kaufmann, 22/10/1930 [ASP Carnap, 028-06-13]

586 etter from Behmann to Bernays, 24/10/1930 [ETH Bernays, 975-275]; published in
[Mancosu 2002, p. 23].
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(...) damit die praktische Tragweite der konstruktivistischen Prinzi-
pien nicht tiberschitzt und infolgedessen unberechtigterweise grofie Tei-
le der Mathematik in Frage gestellt werden.58”

Even though Behmann worked on constructivism, he preferred to do so within
formal mathematics.

In October 1930, Behmann submitted his paper Zur Frage der Konstruk-
tivitat von Beweisen (‘On the question of the constructivity of proofs’) to Bernays,
who was then assistant editor of the Mathematische Annalen. Behmann points
out that two of the main restrictions applied in constructive mathematics are to
eliminate non-constructive existential axioms, in particular the axiom of choice,
and to eliminate non-constructive existential proofs. Regarding the latter point,
he distinguishes between direct existential proofs (by instantiation) and indirect
ones (by contradiction). He then presents a demonstration of Kaufmann’s con-
jecture by applying topological and graph-theoretical considerations to proofs.58®
Kaufmann, upon reading the draft paper, proposed to add an appendix claiming
that Behmann’s proof showed that, although the intuitionistic requirement of con-
structivity is legitimate, its realisation does not entail a reduction of mathematics.
Behmann declined to do so, on the grounds that he did not want to alienate part
of the audience for ideological reasons.

Godel and Bernays, however, were less positive about Behmann’s paper.
Godel uses a Brouwerian counterexample based on Goldbach’s conjecture to show
that Behmann’s statement is not correct.’®® Bernays, in turn, points out that
Behmann has not realised the proof. What is needed, in order to prove the claim,
is a procedure which, given a provable proposition P, produces a provable proposi-
tion P’ in which all existential statements are replaced by instantiations. Moreover,
the procedure itself may not be formulated in terms of existential expressions.>%
Note that Bernays is here asking for an explicit procedure, thus for a constructive
proof. Behmann acknowledged the value of Bernays’ criticism, and the paper was
never published.

Bernays was not very pleased to find one of Hilbert’s former Ph.D. students in-
volved in constructive mathematics. In a letter to Behmann written in 1930 he
complains:>?!

Warum begniigen Sie sich, der Sie in dem Formalismus der Logik so
zu Hause sind, mit solchem unscharfen Begriffen wie ‘konstruktiv’,

587¢(...) so that the practical import of the constructivistic principles is not overestimated

and consequently large parts of mathematics are, unjustifiably, called into question.” Translation
based on the English translation in [Mancosu 2002, p. 2].

588 Behmann’s paper is discussed in more detail in [Mancosu 2002].

589 Carnap, memorandum of 16/10/1930; published in: [Dawson 1997, p. 73]

5907 etter from Bernays to Behmann, 17/11/1930 [ETH Bernays, 975-5769]

591Tetter from Bernays to Behmann, 31/10/1930 [ETH Bernays, 975-5768]
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‘Aufweisung’, an deren Stelle doch die logische Symbolik viel schirfere
Unterscheidungen an die Hand gibt?5%2

Behmann, however, was clear about what he meant by constructivity. As he ex-
plains to Bernays, he calls a proposition ‘constructive’ if every existential statement
used in its proof can be replaced by an instantiation.?®3

From about 1935, new formulations of constructive mathematics appeared. The
British mathematician Alan Turing, known nowadays particularly because of the
so-called Turing machine, did much work on constructivity and computability. His
concept of constructive mathematics, which was published in 1936 and provided
an important step in the development towards the modern computer, was based
on the notion of computable numbers. He described computable numbers as those
numbers that are calculable by a (finite) computing machine, i.e., numbers for
which there exists a computing machine, through which a tape runs with symbols
printed on it and which is capable of calculating the number.?*¢ Computable func-
tions, predicates, etc., are then defined in an analogous way.>®® In Bernays’ view,
Turing’s concept of computability led to a form of constructive analysis which was
‘much more winning’ than Brouwer’s.?%%

In this way, the term ‘constructive’ in the end obtained a more precise mean-
ing by the work of logicians who had mostly not or scarcely participated in the
foundational debate and whose work, so it seems, was hardly influenced by it.5%7
Some 15 years after the fight for the term had started, Menger’s demand for clari-
fication had finally been fulfilled.5*® However, since by that time the foundational
crisis was largely over, the results of Turing, Church, Kleene and Gédel and the like

592¢Why are you, who is so at home in the formalism of logic, content with such vague notions as
‘constructive’ and ‘indication’, instead of which logical symbolism puts much sharper distinctions
in one’s way?’

593Letter from Behmann to Bernays, 01/11/1930 [ETH Bernays, 975-276]

594 A more rigorous description of Turing’s definition can be found in the original [Turing 1936,
pp. 230-233].

595Later, it was proved that Turing’s concept of computability coincides with Gédel and Her-
brand’s notion of general recursiveness and with Church’s A-definability, [Church 1938, p. 227];
the proofs are in [Kleene 1936, Turing 1937]. A history of the origin of the different versions of
computability and their interaction can be found in [Davis 1982)].

596Letter from Bernays to Church, 22/04/1937 [ETH Bernays, 975-781]. After Turing’s in-
terpretation, Bernays again used words like ‘constructive’ and ‘construction’ without hesita-
tion (cf., e.g., letter from Bernays to Fraenkel, 12/05/1938 {ETH Bernays, 975-1435]). Some-
times, he regarded the term ‘constructive’ as equivalent to ‘intuitive’ (anschaulich, letter from
Bernays to Beth, 18/09/1945 [ETH Bernays, 975-331]) or ‘contentual’ within the domain of
meta-mathematics (letter from Bernays to Fraenkel, 12/05/1938 [ETH Bernays, 975-1435]).

597 Turing and Kleene did not react to intuitionism at all in the period considered here. Brouwer’s
influence on Church is unclear. Church had spent some time as a National Research Fellow in
Amsterdam between 1927 and 1929, where he visited Brouwer, [Enderton 1995, p. 486]. He did
react to intuitionism, but only on the issue of intuitionistic logic, see 5.3.1. Gédel is the exception.
Although most of his reactions also focus on intuitionistic logic, Gédel’s view on constructivity
is clearly influenced by intuitionism, see below. However, Godel did not stress the point.

598Gee 4.4.3.
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did not influence its outcome. Rather, they started a new chapter in the history
of mathematics.

Godel from 1929 to 1938 Godel®®® published a number of papers on intu-
itionism, some of which also deal with the question of existence statements.

In his dissertation, accepted in 1930, Godel proves the completeness of what
we now call first order predicate logic.5%? In the original version, Gédel uses the
introduction to discuss the relationship between his work and the views put for-
ward by Brouwer and Hilbert. In the published version, however, the introduction
is skipped and there is no reference to the foundational debate.5%! As Godel main-
tains in the introduction, the completeness theorem is equivalent to the statement
that every consistent axiom system has a model.592 He remarks that Brouwer has
‘emphatically stressed’®%® that one cannot simply conclude that one can construct
a model as soon as an axiomatic system is consistent. Now one could, Gédel con-
tinues, define the existence of the concepts contained in an axiomatic system by
the consistency of the system. However, this presupposes the solvability of every
mathematical problem. For, Gédel argues, if one could prove the unsolvability of
a certain mathematical problem, for example in the field of the real numbers, then
the ‘existence as consistency’ definition would provide us with two non-isomorphic
models of the reals, whereas one can on the other hand prove that every two models
are isomorphic.%%4

Godel’s argumentation shows that, concerning the question of mathematical
existence, he sided with Brouwer rather than with Hilbert. Furthermore, he was
more specific than most participants to the debate by speaking about the construc-
tion of a model.®> Finally, however, his argument about any two models of the
reals being isomorphic is not completely correct as it stands, since, as was proved
later, there exist non-standard models for the real numbers which are not isomor-
phic to the standard one. The difference is caused by the question whether one uses
first order logic, in which case there exist non-standard models, or second order
logic, in which case one can indeed prove that any two models are isomorphic.86

In June 1932, Godel lectured at Menger’s colloquium in Vienna on the re-

599For biographical information and more details on Gédel’s work in intuitionistic logic, see
5.4.2.

600Nowadays, completeness is defined as I' = ¢ < T' F p. Godel took completeness to mean
what we would now describe as ' = =T F ¢.

601[Godel 1930

602The equivalence can be proved (non-constructively) in the following way. Assume the com-
pleteness theorem, and assume that the axiomatic system I' has no model. Then I = L, thus, by
completeness, I' - |, which means that T is inconsistent, contradiction. Conversely, assume that
every consistent system has a model, and that I' = ¢. Suppose I' ™ ¢, then I' U - is consistent,
and thus has a model. But this is in contradiction with I' = ¢.

603¢mnijt Nachdruck hingewiesen’, [Godel 1929, p. 60]

604[Godel 1929, pp. 60-62]

605G&del uses both the term Realisierung and Modell, [Gédel 1929, p. 60).

606Cf. [Dreben & Van Heijenoort 1986, p. 170]. Examples of non-standard models of the reals
are given in [Van Dalen 1997, pp. 124-126].
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lationship between classical and intuitionistic (first-order) arithmetic.®°” Basing

himself on Heyting’s formalisation of intuitionistic logic and expanding upon ear-
lier work by Glivenko, Gddel presents a translation from classical arithmetic into
its intuitionistic counterpart. This interpretation leads him to the conclusion that
intuitionistic arithmetic only appears narrower than classical arithmetic. Godel’s
explanation is that, even though it is not allowed to use pure existence statements
in intuitionism, one can still apply the absurdity predicate to universal statements,
which leads formally to the same result as in classical arithmetic.50%

In December 1933, Godel lectured to a joint meeting of the American Math-
ematical Society and the Mathematical Association of America in Cambridge,
Massachusetts.®%? Godel starts by stating that the question of providing founda-
tions for mathematics can be divided into two parts. First, the methods of proof
have to be reduced to the axioms and primitive rules of inference, and second, a
justification for the axioms has to be given. The first part, Gddel claims, has been
solved in a ‘perfectly satisfactory’ way by the formalisation of mathematics. The
second part, however, is in an ‘extremely unsatisfactory’ situation.5!°

Godel sees three main difficulties in attaching meaning to the symbols in-
volved in mathematics, one of them being the question of non-constructive exis-
tence proofs. He makes it clear that these can only be interpreted as meaningful
statements if one presupposes a kind of Platonism, ‘which cannot satisfy any crit-
ical mind’.5! His solution is a pragmatic one: maybe we are not able to attach
unobjectionable meaning to the symbols we use in our formal systems, but at least
we might succeed in giving a consistency proof by using unobjectionable methods.

Godel remarks that if we restrict ourselves to mathematics we can construct,
we get intuitionistic mathematics, but this is not uniquely determined. As Menger
had remarked before,?'? Gédel maintains that there are, in fact, different notions of
constructivity, each giving rise to different layers of ‘intuitionistic or constructive’
mathematics. In its strictest form, Godel maintains, constructive mathematics
should satisfy the following two demands. In the first place, universal quantification
should only be applied to infinite totalities for which we can give a finite procedure
for generating all their elements. And, secondly, existence propositions should only
be stated if we have found an example but, for the sake of brevity, do not want to
use it explicitly.1® Note that Gédel’s second demand is completely in accordance
with what intuitionism claims.

The idea of different layers of constructive mathematics was developed fur-
ther in Godel’s 1938 Zilsel lecture. In the lecture, Godel specifies different meanings

607 [Troelstra 1986, p. 282]. The lecture was published the following year.

608 [Gsdel 1933F, p. 294]; more details are given in 5.4.2.

609The analysis that follows was based on the version of Godel’s lecture as published in his
Collected Works, [Godel 19330].

610[Godel 19330, p. 45)

611 [Godel 19330, p. 50]; Feferman calls this statement surprising, in the light of evidence that
Godel had held Platonistic views since his student days, [Gédel 19330, p. 39].

6128ee 4.4.3.

613[Gédel 19330, p. 51]
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of constructivity, based among other things on computability and primitive recur-
siveness, and gives a hierarchy of constructive theories suitable for giving relative
consistency proofs for parts of classical mathematics.51* In this way, he uses the
notion of constructivity in order to save a modified version of Hilbert’s programme.
Thus, at various occasions Godel occupied himself with the question of math-
ematical existence, and took the intuitionistic demand of constructive existence
statements seriously. Godel refrained from going into the more philosophical ques-
tions. What he did do, following Heyting and Glivenko, was to further demystify
the intuitionistic view on mathematical existence by presenting a translation from
classical into intuitionistic arithmetic. Gédel’s view on what constructivity should
mean comes close to Brouwer’s. However, Godel was able to distinguish between
several kinds of constructivity. In this way, he could even use a modified idea of
constructivity to present a modified version of Hilbert’s programme.

Weyl’s last words, 1930-1953 When Weyl, who had begun as a student of
Hilbert, publicly changed camps and supported Brouwer in 1921, the question of
mathematical existence was one of his central themes. From 1923 on, he moderated
his views. Apparently, he had been looking for a kind of compromise, some way of
reconciliating the two views, ever since that time.

In October 1930, Weyl delivered a lecture at the occasion of the opening
of a conference in Jena. It was published the following year as Die Stufen des
Unendlichen (‘The levels of infinity’). Weyl labels as a ‘constructive turn’®1¢ the
recognition that a mathematical sequence not only describes a certain mathemat-
ical object the existence of which is secured independently, but that it should first
generate the object involved. At the end of the lecture, he sums up his own opinion
as follows:617
Nimmt man die Mathematik fiir sich allein, so beschranke man sich
mit Brouwer auf die einsichtigen Wahrheiten, in die das Unendliche
nur als ein offenes Feld von Maoglichkeiten eingeht; es ist kein Mo-
tiv erfindbar, das dariiber hinausdringt. In der Naturwissenschaften
aber beriihren wir eine Sphire, die der schauenden Evidenz sowieso
undurchdringlich ist; hier wird Erkenntnis notwendig zu symbolischer
Gestaltung, und es ist darum, wenn die Mathematik durch die Physik
in den Prozef} der theoretischen Weltkonstruktion mit hineingenommen
wird, auch nicht mehr nétig, dal das Mathematische sich daraus als ein
besonderer Bezirk des anschaulich Gewissen isolieren lasse: auf dieser
hoheren Warte, von der aus die ganze Wissenschaft als eine Einheit
erscheint, gebe ich Hilbert recht.%1®

614[Gsdel 1938A] and the commentary [Sieg & Parsons 1995

615Gee 4.2.1.

616konstruktive Wendung’, [Weyl 1931, p. 7]

617[Weyl 1931, pp. 17-18]

618Tf mathematics is taken by itself, one should restrict oneself with Brouwer to the intuitively



4.4. LATER REACTIONS 211

In the spring of 1931, Weyl delivered the Terry Lectures at Yale University,
published the following year as ‘The Open World’. In these talks, which were
originally written in German, Weyl frequently uses the term ‘constructive’. He
uses ‘construction’ in a broader sense, including both intuitionistic mathematics
and symbolic constructions.®'? The third and last lecture, on the infinite, is mostly
a repitition of his 1930 Jena lecture.

Two years before he died, Weyl stated his opinion in a slightly different form,

reducing the extent to which Brouwer was right even more:%2°

Der im Symbolismus der Quantificatoren sich ausdriickende ‘mathe-
matische Existentialismus’ ist recht und gut, solange es sich um die
Entwicklung allgemeiner Theorien handelt. Sobald aber in einem kon-
kreten Fall eine bestimmte numerische (...) Voraussage gemacht wer-
den soll, mufl man versuchen, die symbolisch sichergestellte Existenz
durch eine explizite Auswertung auszufillen, wie das die Brouwersche
Mathematik grundsitzlich verlangt.52!

And in one of his last lectures, published only recently and probably delivered

some time after 1953, he ends with the following words:%?2

Indeed my own heart draws me to the side of constructivism. Thus
it cost me some effort today to follow the opposite direction, putting
axiomatics before construction, but justice seemed to require this from
me.

cognizable truths and consider the infinite only as an open field of possibilities; nothing compels
us to go farther. But in the natural sciences we are in contact with a sphere which is impervious
to intuitive evidence; here cognition necessarily becomes symbolical construction. Hence we need
no longer demand that when mathematics is taken into the process of theoretical construction
in physics it should be possible to set apart the mathematical element as a special domain in
which all judgements are intuitively certain; from this higher viewpoint which makes the whole
of science appear as one unit, I consider Hilbert to be right.’ Translation cited from [Weyl 1932A,
p. 82].

619 Actually, constructivity had even a third and more general meaning for Weyl. At the end
of the Terry Lectures he states as the first thesis to be drawn from the history of mathemat-
ics in connection with the infinite: ‘In the spiritual life of man two domains are clearly to be
distinguished from one another: on one side the domain of creation (Gestaltung), of construc-
tion, to which the active artist, the scientist, the technician, the statesman devote themselves;
on the other side the domain of reflection (Besinnung) which consummates itself in cognitions
and which one may consider as the specific realm of the philosopher. The danger of constructive
activity unguided by reflection is that it departs from meaning, goes astray, stagnates in mere
routine; the danger of passive reflection is that it may lead to incomprehensible ‘talking about
things’ which paralyzes the creative power.” [Weyl 1932A, pp. 82-83]

620[Weyl 1953, p. 35]

621¢“Mathematical existence-ism’ as expressing itself in the symbolism of quantification is nice
and good, as long as it is about the development of general theories. However, as soon as a
specific numerical (... ) prediction has to be made in a concrete case, one has to try to insert an
explicit practice in the symbolically assured existence, as Brouwerian mathematics in principle
demands.’

622[Weyl 1985, p. 38]
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4.5 Conclusion

The debate on mathematical existence and constructivity was opened by Weyl’s
1921 paper Uber die neue Grundlagenkrise der Mathematik. Weyl put more stress
on an intuitionistic view on mathematical existence than Brouwer had done, reject-
ing pure existence statements as proposition abstracts. Not the existence statement
itself was valuable, in Weyl’s view, but the construction carried out in the proof.

Hilbert reacted immediately to Weyl’s paper. In lectures delivered in Copen-
hagen and Hamburg the same year, he opposed Weyl’s view by the idea of con-
sistency as a sufficient criterion for existence. Where Weyl had spoken about in-
dividual existence statements, Hilbert referred to the existence of a mathematical
system as a whole.

From then on, two main lines can be distinguished in the debate on mathe-
matical existence: one on existence itself, the other on the label ‘constructive’.

Existence From 1924 on, the debate on mathematical existence widened. Dres-
den brought it to the English-speaking public; Wavre did the same for the French
readers.

Wavre presented a clear interpretation of pure existence statements. Put in
modern terms, he stated that in the formalistic conception 3(z)—¢(x) should be in-
terpreted as —V(z)p(z). In Wavre’s view, intuitionists adhered to the real meaning
of mathematical existence. Thus, Wavre reduced the meaning of a pure existence
statement to its way of being proved. In the discussion at the 1930 Konigsberg
conference, Hahn put forward the same interpretation, explicitly stating that such
an existence statement did not express anything about constructibility. Godel later
used the same reading in his translation from classical into intuitionistic arithmetic.

In the debate that developed, most participants merely mentioned or ex-
plained the intuitionistic point of view on mathematical existence. Most contri-
butions did not treat the matter in detail. The main exception was Becker’s vo-
luminous Mathematische Ezistenz, published in 1927. Becker argued that, from a
phenomenological point of view, intuitionism was right. However, since his work
was hard to read for non-phenomenologists, it played only a marginal role in the
debate.

In 1926, Dingler presented the valuable contribution to simply differenti-
ate between ‘logical existence’, meaning consistency, and ‘constructive existence’.
However, Dingler hardly played a role of importance in the debate. Menger later
made the same suggestion.

Hilbert’s position regarding mathematical existence was ambiguous. On the
one hand, he took over most of the intuitionistic criticism on pure existence state-
ments already in 1922. Combining Brouwer’s and Wey!’s view on contentual math-
ematics, he maintained that in infinite totalities, there is a difference between ‘there
is’ and ‘there is available’. On the other hand, Hilbert was the main person putting
forward arguments to justify the idea of existence as consistency. In 1921, he still
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believed that a consistency proof implied the truth of all the mathematical propo-
sitions provable in the system under consideration. In 1922, he continued stressing
the importance of a consistency proof, but he did not state anything about the
character of the mathematical objects in the system proved consistent. By 1925,
Hilbert had explicitly moved towards a more formalistic position, admitting that
some of the propositions in formalised mathematics did not have any meaning.

Whereas Weyl had already in 1922 dropped the unique claim for intuitionism,
he again rose to the defence of intuitionism in 1927. Brouwer’s view, Weyl claimed,
was the one of holding on to the meaningful character of mathematics. Hilbert only
managed to save classical mathematics by radically changing its interpretation. By
1930, Weyl added a judgement to this description. If one takes mathematics by
itself, Weyl maintained, Brouwer is right. If, however, one moves on to science, one
cannot deny that there is a certain need for a symbolic construction of the world,
and from that point of view, he judged Hilbert to be right.

In 1930, Heyting published a formalisation of intuitionistic logic. He described
intuitionistic existence as ‘one can point out an object which satisfies the required
demand’. This runs contrary to Weyl’s original interpretation, which had started
the whole debate, in which possible constructions were rejected and only construc-
tions actually carried out were accepted.

The question of mathematical existence played an important role in the search for
a coherent presentation of the different consequences of the intuitionistic position.
In 1924, Wavre put forward the intuitionistic view on mathematical existence as
one of its two main principles (the other one being the rejection of the principle
of the excluded middle). In 1928, Fraenkel went further in the third edition of
his popular Einleitung in die Mengenlehre. He derived all intuitionistic statements
from one central point of view, namely the rejection of pure existence statements
in favour of constructive existence proofs. This was the first time a non-intuitionist
gave a completely coherent presentation of intuitionism, rather than to present it
as a collection of more or less arbitrary positions.

Wittgenstein returned to philosophy as a result of attending one of Brouwer’s
Vienna lectures. His second philosophy can be characterised by two periods, as far
as his views on mathematics are concerned. At first, he agreed with intuitionism on
such items as mathematical existence and the infinite. Later, however, he moved
on to his position of ‘meaning is use’. He then claimed that if one has given a
constructive and a non-constructive proof of an existence theorem, one has not
given two different proofs for the same theorem, but one has actually proved two
different theorems. Although the idea of ‘meaning is use’ applies very well to
existence theorems and Wittgenstein applied it in that way, it is hard to say
whether reflecting on these theorems drove him to take up his new position.

The overview of the debate on mathematical existence just presented leads to the
following conclusion. In the first place, the debate was mostly one of clarifica-
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tion. During the debate, the meaning of ‘existence’ in mathematics underwent the
following changes. On the level of meaning, Hilbert basically agreed with Weyl’s
criticism of pure existence statements. On the level of formal mathematics, exis-
tence statements should be interpreted as the negation of a universal statement,
as Wavre was the first to point out. Regarding the existence of an axiomatic sys-
tem, Hilbert at first adhered to the idea that a consistency proof proved the truth
of the propositions in the system, i.e., he believed in the existence of a unique
model for each consistent system. By 1925, however, he admitted that some of the
propositions in a consistent system actually had no meaning. In this way, Hilbert’s
weakened claim was more in accordance with what Brouwer had already claimed in
his dissertation, namely that a consistency proof only provides information about
the linguistic system, not about the mathematics that the system is supposed to
represent.

It took a long time before a terminological solution was accepted, indicating
the problem people had in accepting a plurality of views in mathematics. Secondly,
the subject of mathematical existence played an important role in a more unified
presentation of intuitionism, whereby the image of a more or less arbitrary col-
lection of positions was countered. The main person who accomplished this was
Fraenkel.

Constructivity Regarding the constructivity label, the developments for quite
some time were about form rather than contents. The label was claimed in 1921 by
both Hilbert and Bernays for the proof theoretic point of view. However, when the
debate widened, it soon became clear that almost all participants saw intuition-
ism as the constructive current. Hilbert and Bernays did not repeat their claim.
Thus, most contributions mentioned intuitionism as ‘constructive’ or as demanding
‘constructions’ for mathematical existence.

It took until 1928 before criticism arose regarding the exact meaning of the
word ‘constructive’. The change is very noticeable in Menger. In 1925, he had
become convinced that the intuitionistic criticism of pure existence statements was
correct, and that one should work with constructive existence statements. By 1928,
when Fraenkel still spoke about the ‘sharp distinction’ between pure existence
statements and constructions, Menger had become doubtful. He remarked that
‘constructivity’ could be interpreted in different ways, and that no specifically
intuitionistic interpretation had been given yet. In 1930, Menger’s position had
radicalised further, and he reproached intuitionists of dogmatically holding on to
one amongst several possible interpretations of constructivity. Menger’s criticism
found many echos, amongst others with Godel.

Nevertheless, ‘constructivity’ was still used as a label. In the 1930 Koénigsberg
conference on the foundations of mathematics, both Von Neumann, speaking on
formalism, and Carnap, speaking on logicism, claimed to be working ‘construc-
tively’. Only from 1935 on did constructivity get a more specific meaning, by
Turing’s interpretation in terms of computability.
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Thus, regarding the constructivity label, the following can be concluded. Construc-
tivity was a popular concept among mathematicians. It was first claimed by both
intuitionists and Hilbert and Bernays, but the former soon won. Apparently, its
image as a label was quite strong, for it took until 1928 before the first criticism
about the contents of the constructivity concept arose, by Menger. The question
why the constructivity label was so popular remains to be answered.%23

623Gee 6.5.1.



Chapter 5

Reactions: logic and the
excluded middle

Bei einem Vortrag eines der Fiihrer der Intuitionisten wurde diesem
entgegengehalten: Ja wenn es auch die Mathematiker heute noch nicht
wissen, so wird es doch z.B. der liebe Gott wissen, wir kénnen also
doch annehmen, dafl es entweder das eine oder das andere ist. Darauf
erwiderte der Intuitionist: Dann miissen Sie den lieben Gott sehr genau
kennen, wenn sie wissen, da8l er es wei3.!

Walter Lietzmann?

5.1 Introduction

In mathematics one uses various kinds of argumentations. Some are well-known
logical rules, such as the syliogism: all men are mortal, Socrates is a man, therefore
Socrates is mortal. Others are not formalised in strict rules and rely on ‘good
understanding’. Mathematicians usually agree on what they consider legitimate
arguments in a mathematical proof. But is this sufficient? Does this mean that the
argumentations mathematicians have employed for centuries are correct?

Some mathematicians might consider such questions too far-fetched. How-
ever, posing these kinds of questions in the past led to important developments in
mathematical logic. Furthermore, anyone who regards mathematics as more than

1‘At a lecture of one of the leading intuitionists, the following was held against him: Even if
mathematicians do not know it today, then still for example God will know, so we can assume
that it is either the one or the other. Thereupon the intuitionist answered: You must know God
very well, if you know that he knows so.’

2[Lietzmann 1925, p. 357]. A book Lietzmann wrote later reveals that the anecdote is about
Brouwer, {Lietzmann 1949, p. 165].
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an arbitrary game should have an answer to the question what makes the inference
rules applied in mathematics legitimate.

In the history of mathematics, such questions do not seem to have played an
important role. There always was a well-established paradigm, or if it changed,
most people agreed that it had to. Not so with Brouwer. Brouwer challenged
argumentations that had been employed from the very beginning of mathematics:
those of classical logic.

5.1.1 A short history of classical logic

Antiquity Although Plato was presumably one of the first persons to explic-
itly formulate some logical principles, classical logic is usually given its full start
with the (posthumous) publication of Aristotle’s Organon in 322 B.C.® This work
contains a number of Aristotle’s treatises, including De Interpretatione and Prior
Analytics. It determined to an important extent what was later to be called logic.
In another important work, Metaphysica, Aristotle formulated and accepted the
principles later known as the law of contradiction and the law of the excluded
middle, the latter also designated by its Latin name tertium non datur. In mod-
ern formulation, the former says that a proposition cannot be true and false at
the same time. The second states that for every proposition either the proposi-
tion itself or its negation holds; there is no third possibility. Kneale and Kneale
argued that Aristotle already questioned the validity of applying the principle of
the excluded middle to future events, although he did accept it in the end.* Thus,
Aristotle may have foreshadowed Brouwer’s criticism by almost 25 centuries.

Characteristic of Aristotle’s work is his grouping of statements in opposing
pairs, one element of the pair being contradictory to the other in the sense that one
must be true while the other is false. Thus, Aristotle classified general statements
in the following way:

| affirmative negative
universal | Every man is white No man is white
particular | Some man is white ~ Some man is not white

The statements in the opposing corners are opposed to each other as contradic-
tories. The distinction is still useful; the question whether certain statements are
opposed as contradictories or not played an important role in the foundational
crisis.

Finally, an important innovation Aristotle made in his Prior Analytics was
the introduction of letters as variables. Thus, he could make truly general state-
ments, instead of having to rely on his readers’ abilities to abstract general rules
from the examples he gave.

3The account given here was based on [Kneale & Kneale 1964], unless stated otherwise. I
highlight those aspects of the history of classical logic which are of importance to the foundational
debate.

4[Kneale & Kneale 1964 pp 46-54]. They refer to a passage in De Interpretatione (the orig-

inal name is ~ "~ ¢ - , but since the Renaissance it has been known by its Latin name).
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It is worth mentioning that, on a more philosophical level, Aristotle (like
Brouwer) maintains that one should distinguish between words and the mental
experiences they represent. Predicates like ‘true’ and ‘false’, Aristotle implies, be-
long primarily to the latter.> Thus, Scholz had a point when he later asserted that,
in a way, Aristotle was behind Brouwer and Weyl rather than behind Hilbert.®

Besides Aristotelian logic, the main current in Antiquity was Stoic logic.
This logic, founded by Zeno, put more stress on argumentations used in everyday
conversations.

Middle Ages Both Aristotelian and Stoic logic was taken up in Boethius’ work,
which became one of the most important means for the transmission of logic from
Antiquity until after the Middle Ages. Boethius, who was active around 600 AD,
published Latin translations of Greek works on logic, besides commentaries and
treatises of his own.

In the 12th century, when the first universities were founded, Abelard was
one of the most influential persons in the field of logic. He based his works on
Boethius and Aristotle and stressed the link between logic and oratorical skills.

Modern times By the end of the 17th century, Leibniz put forward the idea
of logic as a calculus, after the example of algebra. In this way, logic would come
to serve as a basis for several forms of mathematics. Even though Leibniz only
worked out the idea partially and it took some 200 years for his logical work to
become really influential, his idea was to prove to be decisive in the transformation
of logic.

Halfway the 19th century, Boole succeeded in realising Leibniz’ idea. He ex-
plicitly used algebraic formulas and operations in order to express logical rela-
tions.” The important thing, he stressed, was not the interpretation of the symbols,
but the ‘laws of thought’ to which the symbols obeyed. His book ‘An investigation
of the laws of thought, on which are founded the mathematical theories of logic
and probabilities’ opens with the following words:®

The design of the following treatise is to investigate the fundamental
laws of those operations of the mind by which reasoning is performed
(-..) and (...) to collect from the various elements of truth brought
to view in the course of these inquiries some probable intimations con-
cerning the nature and constitution of the human mind.

Thus, Boole sees a strong relationship between logic and the reasoning of the
human mind.

After Boole, Peirce and Schroder made important contributions to the de-
velopment of logic. Peirce introduced a theory of logical relationships in 1882,

5[Kneale & Kneale 1964, p. 45]
6[Scholz, H. 1930, p. 42]
7|Boole 1854, p. 27]

8[Boole 1854, p. 1]



220 CHAPTER 5. REACTIONS: LOGIC AND THE EXCLUDED MIDDLE

which could handle operations such as negation, sum and product. Furthermore,
three years later he formulated the universal and existential quantifiers. Schréder
took this up to develop classical logical algebra, permitting the use of algebraic
derivation rules in logic.®

The last big step in logic before Brouwer was made by Frege. In 1879, he
published his Begriffschrift, in which he used a completely symbolic language to
express arithmetic relations. In this way, Frege aimed at freeing logic from everyday
associations. Frege even reduced the natural numbers to (contentual) logic. He
defined the number 0 as the number belonging to the concept ‘not identical with
itself” (we would now say: the empty set), the number 1 as the number belonging
to the concept ‘identical with 0’, the number 2 as the number belonging to the
concept ‘identical with 0 or with 1’, etcetera. Frege’s work, however, was not widely
read at first. In the second part of his Grundgezsetze der Arithmetik, published in
1903, in which he further elaborated his ideas, he had to admit that Russell had
found a contradiction in his system.

Thus, two important developments in the evolution of logic may be noticed.
One is its move away from oratory rhetoric and towards mathematics, by the use of
algebraic operations. The other is its formalisation. In this way, logic became more
and more important for mathematics, up to the point that people like Frege and
Russell put forward logic as a foundation for mathematics. This was a tendency
Brouwer protested against. Furthermore, it seems that, since Aristotle, nobody had
doubted the validity of the logical principles. Whereas Euclidean geometry had lost
its absolute status in the first half of the 19th century due to the emergence of
the non-Euclidean variants, similar developments did not take place in the field of
logic. Presumably, the main difference was that logic was generally seen as part of
philosophy, whereas geometry was part of mathematics. Boole’s characterisation of
logic as the laws of thought continued to play an important role in the foundational
crisis and marks its prominent status.

It is against this background that one should see Brouwer’s criticism of the
unrestricted use of the principle of the excluded middle.

5.2 The beginning of the debate

In the beginning of the debate on the principle of the excluded middle, the same
protagonists figure as in that on mathematical existence: Weyl, Hilbert, Bernays,
and Fraenkel. The main absentee was Becker, which indicates that, regarding this
subject, the discussion entered philosophical circles later. Furthermore, the subject
was taken up early in university addresses, as in those by Wolff, Finsler and Baldus.

Pre-Weyl reactions The only publications I found treating Brouwer’s objec-
tions to the principle of the excluded middle before the publication of Weyl’s 1921

9[Beth 1944, pp. 65-67)
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paper were two contributions by De Haan: his inaugural lecture Wezen en taak
der rechtskundige significa (‘Essence and task of legal significs’) and the book
Rechiskundige significa (‘Legal significs’).19 Jacob Isradl de Haan (1881-1924) was
a poet, lawyer and Zionist who shocked the Dutch society with the publication of
his homo-erotic Pijpelijntjes in 1904. Like Brouwer, he was a member of the sig-
nific movement in the Netherlands,!! which he had got to know via Van Eeden. De
Haan had already touched upon Brouwer’s dissertation in his own dissertation. At
the defence of De Haan’s dissertation in February 1916, where Van Eeden acted as
a paranimf,'2 Brouwer was one of the persons who opposed.'® Brouwer published
two critiques of De Haan’s dissertation, which caused De Haan to study Brouwer’s
work more closely.!* The first results thereof can be seen in his inaugural lecture,
delivered in October of the same year. However, of the two publications mentioned
above, the book is the one in which De Haan treats Brouwer’s objections to the
principle of the excluded middle in more detail. De Haan found a both special
and sensible application of Brouwer’s criticism of the status of logical principles,
namely in law. Following an argument used by Brouwer to play down the value of
logical arguments, De Haan maintains:'%

Eveneens overal waar regelmatigheid in de taal, die recht begeleidt,
wordt uitgebreid over een taal van juridische woorden, die geen recht
begeleidt. Op die manier wordt slechts een taalgebouw verkregen, dat
van het recht onherroepelijk gescheiden blijft. De rechts-intuitie moet
het symbolengebouw van het recht op ieder punt van opbouw veri-
fieeren. 6

Apart from De Haan’s monograph, there were two private letters to Brouwer
which touched upon the issue before 1921. In 1908, the Dutch physicist Kohn-
stamm, a student of Van der Waals, wrote to Brouwer about his paper De on-
betrouwbaarheid der logische principes.'” Kohnstamm argues that he does not
consider the fact that there may be unsolvable mathematical problems to be a
violation of the principle of the excluded middle. He compares Brouwer’s argu-
mentation to the question ‘whether a square circle is supposed to be round or
angular’, that is, he thinks that Brouwer addressed the problem in a way which

*0[De Haan 1916B], [De Haan 1919]. In Vollenhoven’s dissertation, both the tertium non datur
and Brouwer are treated, but not in conjunction, [Vollenhoven 1918].

HGee 2.6.

12A traditional formal helper to the promovendus.

*3[Van Dalen 1999A, pp. 255-256]

14[Schmitz 1990, pp. 144-145]. Schmitz has more information on the impact of Brouwer's ideas
on De Haan’s work, cf. [Schmitz 1990, pp. 144-183].

15[De Haan 1919, p. 77]; on Brouwer’s argumentation, see 2.3.2.

16“The same applies everywhere where regularities in the language, which accompanies law,
is extended to a language of juridical words, which do not accompany law. In such a way only
a linguistic building is obtained, which remains irrevocably separated from law. The juridical
intuition has to verify the symbolic building of law at every point of its construction.’

17See 2.3.2.
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was not fruitful.!® The other letter came from the philosopher Hugo Dingler. Din-
gler reacts in a pragmatic way, claiming about mathematics without use of the
principle of the excluded middle:1®

Sicher ist (...) so etwas moglich, ebenso, wie nichteuklidische Geome-
trieen aufgebaut werden konnen.?0

5.2.1 Weyl’s Grundlagenkrise

In 1921, Hermann Weyl published his paper Uber die neue Grundlagenkrise der
Mathematik (‘On the new foundational crisis in mathematics’).?! The principle
of the excluded middle figures in the context of Weyl’s presentation of the intu-
itionistic continuum and is discussed at length. Weyl describes his disbelief in the
tertium non datur and the introduction of choice sequences as the two main items
he took over from Brouwer.22

Already before Weyl was converted to intuitionism, he had recognized the
limited practical value of logic. In his well-known work on relativity theory Raum
- Zeit - Materie (‘Space - Time - Matter’), published in 1918, he wrote:23

Was die formale Logik lehrt, griindet gewifi im Wesen der Wahrheit,
und keine Wahrheit verletzt ihre Gesetze. Ob aber eine konkrete Be-
hauptung wahr ist oder nicht, dariiber lehrt sie schlechterdings nichts,
das Inhaltliche der Wahrheit 148t sie ginzlich dahingestellt; der Grund
der Wahrheit eines Urteils liegt in der beurteilten Sache und nicht in
der Logik.2*

In his 1921 paper, Weyl went further and followed Brouwer in attacking the prin-
ciple of the excluded middle. The way he did so was, however, different from
Brouwer’s. Weyl presented his own thoughts and doubts at length in the article,
and I follow him in the presentation below.2®

Weyl’s argumentation starts with the subject of mathematical sequences. He
mentions that in his earlier work, i.e., Das Kontinuum, he had restricted sequences
to ones that he called umfangsdefinit (‘extent definite’).?6 A concept is called

18of een vierkante cirkel geacht moet rond te zijn dan wel hoekig’, letter from Kohnstamm to
Brouwer, 3/1/1908, [MI Brouwer, CB.AKO.1]

19Letter from Dingler to Brouwer, 26/7/1920; [MI Brouwer]

20For sure (... ) such a thing is possible, just like non-Euclidean geometries can be constructed.’

21The background of Weyl’s conversion to intuitionism, as well as the contents of his paper
as far as mathematical existence is concerned, is treated in 4.2.1. Weyl’s use of metaphors is
discussed in 6.2.

22[Weyl 1921, p. 226]

23[Weyl 1918B, p. 227]

24‘What formal logic teaches is certainly rooted in the essence of truth, and no truth violates
its laws. But it teaches absolutely nothing on whether a concrete assertion is true or not; it leaves
the contents of truth undecided. The ground for the truth of a proposition lies in the matter
judged and not in logic.’

25Weyl’s presentation is in [Weyl 1921, pp. 222-225].

26[Weyl 1921, p. 213
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umfangsdefinit if the objects falling under it can be seen as a whole which is
closed and determined by itself. Weyl had used the concept in order to avoid
impredicative definitions. He elaborates it by demanding that only certain logical
construction principles may be used.?” In such cases, Weyl maintains, the answer
to every question is determined and can only be yes or no, which together make up
a full disjunction. Weyl does not describe what he means by a full disjunction, but
the natural interpretation would be to read it as saying that the union of the two
parts of the disjunction make up the whole set of possibilities. Weyl next changes
the circumstances about which he reasons. Still restricting himself, as in classical
mathematics, to lawlike sequences, he drops the restriction that they have to be
umfangsdefinit. He then asks whether there is a sequence with a certain property
P. In other words, since he only considers lawlike sequences, he asks whether there
is a law with the property P.

In Weyl’s view, the answer ‘yes’ can now only be given if one has succeeded
in the construction of a law that fulfils P. The mere possibility of a construction
does not suffice. The answer ‘no’ has become devoid of content. Weyl does not
specify why this is the case, but his argument seems to be that we no longer
possess a well-determined set of construction principles, so that we cannot prove
the impossibility of the required construction.

Weyl next proposes to interpret the negative answer positively: instead of
‘there is no sequence with the property P’ we read ‘all sequences have the property
-P’. In doing so, ‘all sequences’ should be interpreted as ‘all lawless sequences’.?®
In this way, the existence statement comes to designate ‘being and law’, whereas
the universal statement is associated with ‘becoming and freedom’.?® The reason
why Weyl switches from lawlike to lawless sequences is that, whereas he thought
of ‘all sequences’ as including lawless sequences, he considered that only a lawlike
sequence could be given individually. This, in turn, is justified by Weyl’s require-
ment that individual mathematical objects be codable in natural numbers, which
is not the case for lawless sequences.?® In this respect, Weyl differs from Brouwer,
who thought of a choice sequence as an individual object, created by the mathe-
matician.?! The result is that, regarding sequences, the existence statement and
the universal statement of the negated property do not constitute a full disjunction
anymore, since they range over different kinds of objects. This, Weyl explains, is

27The construction principles are specified in 4.2.1.

281t seems, as Van Atten pointed out, that Weyl only distinguishes between lawlike and lawless
sequences, referring to the latter as ‘choice sequences’ but leaving out proper Brouwerian choice
sequences in which restrictions can be placed on the choices to be made: ‘So kénnen wir mat
Bezug auf eine Wahlfolge wohl fragen, ob in ihr an vierter Stelle die Zahl 1 auftritt, aber nicht,
ob in ihr die Zahl 1 dberhaupt nicht auftritt’ (“Thus, regarding a choice sequence we can ask
whether the number 1 appears at the fourth position, but not if the number 1 does not appear
alltogether’), [Weyl 1921, p. 220]. However, Weyl is not consistent, for he does allow the sum of
two choice sequences as a new choice sequence, which is neither lawless nor lawlike, [Weyl 1921,
p. 221], [Van Atten 1999, pp. 37-41).

29¢dem Sein und dem Gesetz’, ‘Werden und die Freiheit’, [Weyl 1921, p. 223]

30[Weyl 1921, p. 228], [Van Atten 1999, p. 38]

31[Van Dalen 1995, p. 152
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where Brouwer says the principle of the excluded middle fails. Weyl himself prefers
to conclude that the propositions ‘there is a sequence with the property P’ and
‘all sequences have the property —P’ are not the negation of one another.

But this is not the whole story. Weyl remarks that Brouwer goes further and
even denies the validity of the principle of the excluded middle for statements
on natural numbers, which are umfangsdefinit. Given a question which is to be
answered by yes or no, Brouwer, Weyl explains, is of the opinion that there should
be a general method for deciding which of the two alternatives is the right answer.
Weyl had always stuck to the view that it is not our ability to decide that matters,
but how the situation an sich is.

Weyl proceeds with an objection to his own thought. Let P be a decidable
property of the natural numbers, i.e., for every natural number n it can be decided
whether P(n) holds or not. The idea, Weyl explains, that it would be determined
an sich if there is a number n fulfilling P rests on the following procedure. We
can go through the natural numbers 1,2,3,... and each time check whether P(n)
holds or not. Thus, we can answer the question positively if we have found such
a number, and negatively if we have not found it. But giving the negative answer
requires going through an infinite sequence, a concept which is meaningless. Thus,
the negative answer could only be produced by proving that it lies in the essence
of the concept ‘natural number’ that P does not apply. But then we have two
propositions which are not opposed as contradictories, and thus the tertium non
datur does not hold.

However, Weyl is still thrown back into his old belief, maintaining that in
going through the sequence of natural numbers either the process will stop or it
will not stop, ‘definitely and without a third possibility’.32 Finally he finds the
solution: the existence statement ‘there is a natural number n such that P(n)’ is
not a proper proposition at all, but a proposition abstract, and thus cannot be
negated.33 Therefore, his former idea that it has to be so or not, even if one may
be unable to decide which of the alternatives is the right one, does not apply.

Thus, Weyl’s argumentation differs markedly from Brouwer’s. The process
Weyl goes through includes Brouwer’s argument about decidability being crucial,34
which Weyl rejects. This marks the philosophical difference between Brouwer, who
was a metaphysical idealist, and Weyl, who was not. Weyl’s own solution, as Ma-
jer rightly pointed out, is to exclude statements which are not proper propositions
from the scope of the principle of the excluded middle, namely existence and uni-
versal statements.3® Presumably, Weyl only accepted Vzy(z) — ¢(a) (a universal
statement as ‘ Anweisung auf Urteile’, ‘rules for propositions’) and ¢(a) — Jzp(z)
(an existence statement as ‘ Urteilsabstrakt’, ‘proposition abstract’) as axioms of
quantification theory.3%

32¢ohne Wandel und Wank und ohne eine dritte Moglichkeit’, [Weyl 1921, p. 224]
33This point is worked out in 4.2.1.

34As in the Brouwerian counter-examples; see 2.6.2.

35[Majer 1988, p. 548]

36[Majer 1989, pp. 245-246]
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5.2.2 Hilbert’s first reactions

David Hilbert3” had been working on logic before the foundational crisis erupted.
In his 1904 Heidelberg lecture, he had pleaded to develop the laws of logic and
those of arithmetic to some extent simultaneously.® In the same lecture, he for
the first time used formal language to investigate logic. The logic he employed
was part of what we now call first-order logic, with, however, infinitary formulas
and quantifiers restricted to a fixed domain.?® In his Géttingen lectures of 1905
on the logical principles of mathematical thougt, Hilbert developed propositional
logic algebraically.40

From 1905 to 1917, Hilbert’s Gottingen lectures on the foundations of mathe-
matics treated ‘elementary mathematics from a higher standpoint’,*! leaving logic
to colleagues such as Behmann, Bernstein and Grelling.*?> From 1917 on, however,
with the return of Bernays to Géttingen, logic again became a more prominent
subject in Hilbert’s foundational lectures.*?

Hilbert’s 1917 Ziirich lecture Aziomatisches Denken (‘Axiomatic thinking’)
marks his (published) return to foundational issues. Explicitly following Russell,
Hilbert mentions the axiomatisation of logic as the crowning of the axiomatic
method.** A lecture course given in Géttingen in 1917-1918 on the principles of
mathematics witnesses Hilbert’s more mature and more elaborate idea of logic.
There, he applied the axiomatic method to the ‘functional calculus’ (first-order
logic) and proved its consistency. A division between syntax and semantics ap-
pears, although not a complete one.*® Also, Hilbert for the first time called for a
proof of the completeness of the axiom system (in the sense of: if we add to the
system a formula which is not derivable within the system, the system becomes
inconsistent), rather than simply postulating it.*® He argued for a more extended
logic, namely a logic at least as strong as second-order logic, in order to investigate
the foundations of mathematics themselves.*” Thus, to Hilbert the importance of
a strong logic for the foundations of mathematics was beyond doubt.*®

Hilbert also pointed out the limitations of logic. In lectures delivered in 1919,
he renounced the view that mathematics was an arbitrary accumulation of con-

37Biographical information on Hilbert is given in 4.2.2.

38 [Hilbert 19054, p. 266]

39[Moore 1987, p. 112]

40[Zach 1999, p. 333]

41{Zach 1999, p. 358]

42[Mancosu 1999B, p. 304]; Mancosu also has some interesting passages from Behmann’s early
work which show a remarkable similarity to argumentations Hilbert later put forward.

43(Sieg 1999, pp. 8-12]

44[Hilbert 1918, p. 153]

45Zach argued the case that Bernays was the first to completely distinguish between syntax
and semantics, in his Habilitationsschrift of 1918, [Zach 1999, p. 342].

46(Zach 1999, pp. 339-340]

47[Moore 1987, pp. 117-118]

48From 1917 to about 1928 Hilbert worked in a version of the so-called ramified theory of
types, [Moore 1987, p. 121].
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clusions, only driven by logic:%°

Von einer solchen Willkiir ist aber tatsichlich keine Rede; vielmehr
zeigt sich, dafl die Begriffsbildungen in der Mathematik bestandig durch
Anschauung und Erfahrung geleitet werden (... ).>

During the Summer semester of 1920, Hilbert lectured on Probleme der ma-
thematischen Logik (‘Problems of mathematical logic’). Extracts of these lectures
have been published in Ewald’s most informative source book in English trans-
lation. In the lectures, Hilbert argued against the ‘dictatorial’ tendencies of Kro-
necker and Poincaré, accusing them of throwing out the baby with the bathwater.
He specifically mentioned items such as the tertium non datur and propositions
involving the infinite as falling prey to their restrictve behaviour.5! These lectures
are interesting because they show that, even before the foundational controversy
with Brouwer and Weyl had started, Hilbert was using argumentations which
would re-appear in the foundational crisis.

Hilbert’s 1921 lectures As was the case with the discussion on mathematical
existence, Hilbert was the first person to react to Weyl’s paper. He did so in his 1921
Copenhagen and Hamburg lectures, which were published the following year.>? The
question of the principle of the excluded middle does not figure prominently. At
first, Hilbert only mentions it as one of the ‘forbidden propositions’ of Brouwer
and Weyl.5? Towards the end of the paper, however, he recognizes that there is a
problem. Hilbert presents a set of axioms for arithmetic as an example of how his
foundational theory should work. He remarks that one can prove the consistency
of the axioms, thereby securing them and thus the theory represented by them.
But the ‘most fundamental’>* step to be done is to prove that it is allowed to use
the principle of the excluded middle also for an infinite number of objects. Only
in this way, Hilbert maintains, one can bridge the gap to analysis and set theory
and give a foundation for the theory of the real numbers. Hilbert claims that this
succeeded by adding certain functions to the axiomatic system and proving that
the enlarged system is consistent.?®

49[Hilbert 1992, p. 5]

50¢But such an arbitrariness is indeed not the case; rather, it turns out that the making of
concepts in mathematics is constantly guided by intuition and experience.’

51[Ewald 1996, vol. II, pp. 943-946]

52The background of these lectures, as well as their contents regarding mathematical existence,
is treated in 4.2.2.

53¢verbotener Sitze’, [Hilbert 1922, p. 160]

54¢wesentlichste’, [Hilbert 1922, p. 176]

55[Hilbert 1922, p. 176]. In his report on Hilbert’s Hamburg lectures, Reidemeister remarks
(without further explanation) that Hilbert ‘gave a positive turn’ to the principle of the excluded
middle, (‘positiv gewendet’, [Reidemeister 1921A, p. 107]). Reidemeister repeated the remark in
a newspaper article, where he labelled the step ‘curious’ (merkwiirdig), [Reidemeister 1921B]. I
do not know what positive turn Reidemeister had in mind, nor can I find a place in the paper
where it could refer to. Probably it referred to something that was in one of the lectures but not
in the published version.
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Bernays in 1921 In general, it is hard to say what role exactly Bernays played
in the reception of intuitionism, since a lot of his work was done behind the scenes,
as Hilbert’s assistant. It may be pointed out again that Bernays made not a single
direct public reference to intuitionism between 1922 and 1929.5¢ Zach argued the
case that Bernays’ role in the development of propositional logic was in fact much
greater than generally perceived, especially regarding concepts such as the division
between syntax and semantics, and on questions of completeness and decidabil-
ity," all subjects which were closely related to the discussion on the intuitionistic
view on logic. I will leave that as it may and focus mostly on Bernays’ published
contributions to the debate.

In his 1921 lecture at the Mathematikertagung in Jena on Hilbert’s thoughts
on the foundations of mathematics, Bernays also gives the principle of the excluded
middle only a marginal place. But he shows himself willing to think from Brouwer’s
perspective by admitting that, from the intuitionistic point of view, the application
of the principle of the excluded middle to infinite totalities is dubious, to say the
least.>8

Hilbert’s 1922 lecture In a lecture given to the Deutsche Naturforscher-
Gesellschaft (‘German Society of Natural Scientists’) in September 1922, Hilbert
treats the question of the principle of the excluded middle in more detail. He starts
by analysing universal and existence statements for finite totalities. In this case,
he argues, the universal statement that all objects of a finite totality have a cer-
tain property is logically equivalent to a conjunction: this object has the property
and this object and ... and that object has the property. Similarly, an existence
statement is equivalent to a disjunction: this object has the property or this ob-
ject or ...or this object has the property. On this basis, Hilbert continues, we
conclude that the principle of the excluded middle holds for finite totalities: either
all objects have a certain property, or there exists an object which does not have
the property. At the same time, we obtain the rigorous validity of the equivalences
(in modern notation)

-YaA(a) is equivalent to Ja—A(a) and
—3JaA(a) is equivalent to Ya—A(a), where A is a (unary) predicate.>

But Hilbert is not satisfied with only statements about finite totalities; he also
wants to obtain ‘such provable formulas (...), which are the representations of
transfinite theorems of ordinary mathematics’.%” Note that Hilbert is here dis-

56See 3.3.3.

57(Zach 1999, pp. 344-348]

58[Bernays 19224, p. 14]

59[Hilbert 1923, pp. 181-182]

6U¢solche beweisbaren Formeln (... ), die die Abbilder transfiniter Sitze der gewdhnlichen Ma-
thematik sind.’, [Hilbert 1923, p. 181]
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cussing the level of formalised mathematics, not that of meta-mathematics. He
then continues:5*

Diese Aquivalenzen werden aber gewohnlich in der Mathematik auch
bei unendlich vielen Individuen ohne weiteres als giiltig vorausgesetzt;
damit aber verlassen wir den Boden des Finiten und betreten das
Gebiet der transfiniten Schlufiweise. Wenn wir ein Verfahren, das im
Finiten zuléssig ist, ohne Bedenken stets auf unendliche Gesamtheiten
anwenden wiirden, so 6ffneten wir damit Irrtiimer Tor und Thiir.

(...) Bei unendlich vielen Dingen hat die negation des allgemeinen
Urteils (a)Aa [VaA(a), DH] zunachst gar keinen prézisen Inhalt, eben-
sowenig wie die Negation des Existentialurteils (Ea)Aa [JaA(a), DH].
Allerdings konnen gelegentlich diese Negationen einen Sinn erhalten,
namlich, wenn die Behauptung (a)Aa durch ein Gegenbeispiel wider-
legt wird oder wenn aus der Annahme (a)Aa bzw. (Ea)Aa ein Wider-
spruch abgeleitet wird. Diese Félle sind aber nicht kontradiktorisch
entgegengesetzt; denn wenn A(a) nicht fiir alle a gilt, wissen wir noch
nicht, daf} ein Gegenstand mit der Eigenschaft Nicht-A wirklich vor-
liegt; ebensowenig diirfen wir ohne weiteres sagen: entweder gilt (a)Aa
bzw. (Fa)Aa oder diese Behauptungen weisen einen Widerspruch wirk-
lich auf.62

Hilbert’s solution is to add transfinite axioms, which express the transfinite rea-
sonings used in classical mathematics, and to prove that the resulting system is
consistent. .

Thus, once again Hilbert acknowledges that there is a problem with the
principle of the excluded middle. T have quoted the paper at length for two reasons.
In the first place, it makes it clear that Hilbert applies a contentual argumentation
to the level of ‘ordinary’ mathematics, which means that he at the time did not
simply put forward formalised mathematics as a formal system. In the second
place, the quote shows that Hilbert’s argumentation is some mixture of views
which Brouwer and Weyl also held. As Brouwer had written in a paper in 1920,5

61 Hilbert 1923, p. 182]

62But in mathematics these equivalences are usually, without due consideration, assumed to
be valid for infinitely many individuals as well. But in doing so we are leaving the ground of the
finite and entering the domain of the transfinite modes of inference. If we were without further
consideration always to apply to infinite totalities a method which is admissible in the finite,
then we would open the floodgates of error.
(...) For an infinite number of things the negation of the universal proposition (a)Aa [VaA(a),
DH] initially does not have a precise meaning at all, as little as the negation of the existential
proposition (Ea)Aa [JaA(a), DH] does. To be sure, these negations can occasionally obtain a
meaning, namely, if the statement (a)Aa is refuted by a counterexample or if a contradiction
is derived from the assumption (a)Aa or (Ea)Aa respectively. But these cases are not opposed
as contradictories; for if A(a) does not hold for all a, we do not know yet that an object with
the property Not-A really is available, as little as we can without due consideration say: either
(a)Aa or (Ea)Aa holds, respectively, or these statements really present a contradiction.” English
translation based on the translation in [Ewald 1996, vol. II, pp. 1139-1140].

633ee 2.6.2.
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Hilbert recognizes that one cannot simply use all reasonings that are valid in finite
sets in infinite ones, too. This is not to say that Hilbert took the idea from Brouwer,
since it can already be found in Hilbert’s lecture notes for Easter 1896.54 It does
show that Hilbert and Brouwer agreed on this particular argumentation. As Weyl,
furthermore, Hilbert maintains that in infinite sets the negation of a universal or
existence statement does not have a precise meaning. It is interesting to note that,
where Weyl had been thrown back to his old idea that, even in infinite sets, a
proposition has to be either true or false, Hilbert seems to agree with Brouwer
that this is not the case. Where Weyl had introduced proposition abstracts for
existence and universal statements, Hilbert still seems to regard them as proper
propositions.5?

5.2.3 Addresses: Wolff, Finsler and Baldus

The principle of the excluded middle soon spread as a theme. It figured in inaugural
lectures in the Netherlands and Germany as early as 1922 and 1923. Already in
1922, its fame had spread as far as the Ukraine, where professor Kagan®® tried
to decipher Brouwer’s Dutch papers in order to understand his thoughts on the
excluded middle.®”Brouwer had sent Kagan some of his papers at the request of
Ehrenfest’s wife.58

‘Wolff The first to use the principle of the excluded middle in an inaugural lecture
was the Dutch mathematician Julius Wolff (1882-1945), who spoke on it when
he became professor of integral and differential calculus at the Rijks-universiteit
Utrecht in 1922. Wolff had studied mathematics in Amsterdam and finished his
dissertation under Korteweg in 1907. In this way, he must have known Brouwer
personally. After his studies, Wolff had worked as a teacher and, from 1917 on, as
a professor at the university of Groningen.5

In his inaugural lecture, Wolff wants to show that, even in mathematics,
subjective influences play a role.”® He chose the title accordingly: ‘On the subjec-
tive in mathematics’ (‘Over het subjectieve in de wiskunde’). Wolff presents the
fight between what he calls axiomaticians, led by Hilbert, and syntheticians, led
by Brouwer. One of the arguments the latter use is that it is meaningless to pro-
nounce the tertium non datur in cases where it is not sure that one can ever decide

64]NSUB Hilbert, 597)

651 translated Hilbert’s ‘Urteil’ as ‘proposition’, since I think he took the term from Weyl. For
Weyl’s use of the term, see 4.2.1.

66 Presumable, this was Veniamin Fedorovich Kagan (1869-1953), who had studied mathemat-
ics in Odessa and Kiev. He specialised in non-Euclidean geometry and had worked at Odessa
university from 1897 on; [Lopshitz & Rashevskii 1969).

67Letter from Kagan to Brouwer, 25/6/1922; [MI Brouwer]

68[Van Dalen 2001, p. 242]

69[Poggendorff 1936-1940, vol. VI, p. 2922

70[Wolff 1922, p. 3]
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between the two alternatives.”! Wolff does not explicitly state his own view, but
he seems to have sympathy for intuitionism.

Finsler The following year, the German mathematician Paul Finsler (1894-
1970) touched upon the same subject in his inaugural lecture at the Universitdt
Koln. Finsler had written his dissertation in Goéttingen under Carathéodory. It was
finished in 1918 and treated the foundations of what became known as the theory
of Finsler manifolds. Besides the foundations of mathematics, Finsler’s interests
lay in algebraic geometry and in astronomy.”?

Finsler’s inaugural lecture is devoted to the question whether there are con-
tradictions in mathematics. He mentions Brouwer and Weyl as the two mathe-
maticians who reject the principle of the excluded middle, because there could be
a third possibility. For example, two numbers need not be identical or different,
they may also be indistinguishable. Finsler quickly rejects the intuitionistic point
of view, saying that such assumptions may lead to interesting research, but one
cannot base a rigorous science on them.”

Baldus On December 1, 1923, Richard Baldus (1885-1945) delivered his rector’s
address at the Technische Hochschule Karlsruhe. It was published the next year as
Formalismus und Intuitionismus in der Mathematik (‘Formalism and intuitionism
in mathematics’) in the series Wissen und Wirken,” and it was one of the more
influential publications in the foundational debate. Baldus lectured in Karlsruhe
as a full professor of geometry.”

Baldus presents the principle of the excluded middle as one of the subjects on
which the controversy between intuitionism and formalism focuses. Whereas the
formalist only recognizes the either — or, the intuitionist, Baldus maintains, takes
into account the case of undecidability, too, next to that of ‘as yet undecided’.
Baldus states that the question of the tertium non datur plays an important role
in the publications for or against intuitionism, a statement that is even more
applicable to the period after Baldus’ address appeared. Baldus finishes his address
with the remark that there is no logical way to decide between intuitionism and
formalism; it is a matter of feeling, of inner conviction.”®

Thus, both Wolff and Finsler follow Brouwer in their explanation of the intu-
itionistic criticism of the principle of the excluded middle, whereas Baldus merely
mentions the intuitionistic rejection.

71[Wolff 1922, p. 16]

72[Gottwald, Ilgauds & Schlote 1990, p. 150]
73[Finsler 1926A, pp. 147-148]

"4See also 4.2.5.

75 [Poggendorff 1936-1940, vol. VI, p. 116]
76[Baldus 1924, p. 28; 35]
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5.2.4 Fraenkel’s early commentaries

In 1923, Fraenkel”” entered the foundational debate with some contributions in
which he treated the principle of the excluded middle. In the second edition of his
well-read Einleitung in der Mengenlehre (‘Introduction to set theory’), Fraenkel
follows Weyl’s explanation of the intuitionistic rejection of the principle of the
excluded middle. Fraenkel’s general conclusion regarding the intuitionistic attacks
on classical mathematics is that he does not think that the far-reaching intuition-
istic amputations are necessary, but he does agree that mathematics is in need of
better foundations.”®

In September of the same year, when he had finished writing the Finleitung,
Fraenkel delivered a lecture before the Deutsche Mathematikertagung in Marburg.
Here, he was more pronounced on the question of the tertium non datur. He puts
forward the principle of the excluded middle as the main point dividing, as he calls
them, classical and intuitionistic mathematicians. Fraenkel rightly points out that,
where Hilbert aims at proving that the application of the principle of the excluded
middle is without danger, this is not what the intuitionists contest. Their question
is whether the principle is justified.”™

5.3 The debate widened

From 1924 onwards, the debate (both in its general form and specifically regarding
the principle of the excluded middle) extended beyond the initial group of the
directly involved Brouwer, Weyl, Hilbert, and Bernays, the commentator Fraenkel
and the relative outsiders Wolff, Finsler and Baldus. Not only the number of people
involved increased, but also the languages used, a fact that considerably widened
the group of people that could become involved in the discussion. For the first
time after the publication of Weyl’s paper, the debate was brought to the English
and French reading public, by Dresden and Wavre respectively.®® By 1924, the
principle of the excluded middle had been recognised as one of the central themes
of the debate: almost all contributions of that year treated the subject.3!

The attention paid to the subject of the principle of the excluded middle varied
substantially per paper. In some of the contributions, the subject is only mentioned
or explained briefly. For example, Von Neumann in his paper on an axiomatisa-
tion of set theory simply mentions Weyl’s and Brouwer’s criticism of the tertium
non datur.®? Similarly, Grelling discusses Weyl’s and Brouwer’s criticism briefly,
where he presents the third possibility as the case where both a proposition and its

"7 Biographical information on Fraenkel is given in 4.2.4.

78[Fraenkel 1923A, pp. 166-168; 173]

70 [Fraenkel 1924A, pp. 98-99]

80Dresden 1924] and [Wavre 1924]

81The exception is Hélder’s Die mathematische Methode, [Hélder 1924].
82[Von Neumann 1924, p. 220]
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negation are meaningless.®? In his lectures before the Kant-Gesellschaft in Halle
and Magdeburg in January 1924, Doetsch mentions Brouwer’s and Weyl’s criti-
cism of the principle of the excluded middle as a consequence of their constructivis-
tic method.3* And Mannoury, in his ‘signific-communist’ Mathesis en mystiek
(‘Mathematics and mysticism’), gives a more popular presentation of the doubts
concerning the principle of the excluded middle, loosely based on Brouwer.??

The other contributions from 1924 are more substantial, and I deal with them
in more detail.

Weylin 1924 1In 1924, Weyl published a paper in the Mathematische Zeitschrift,
in which he reacted to Hilbert’s reactions. He puts the principle of the excluded
middle in the centre of the discussion:36

In seiner ersten Mitteilung zur ‘Neubegriindung der Mathematik’ hat
sich Hilbert in heftiger Polemik gegen die von Brouwer und mir vertre-
tene Auffassung gewendet. Mir scheint, selbst von seinem Standpunt
mit geringem Recht; denn soviel ich sehe, stimmen wir in dem entschei-
densten Punkte miteinander iiberein. Auch fiir Hilbert reicht die Kraft
des inhaltlichen Denkens nicht weiter als fiir Brouwer; es ist fiir ihn ganz
selbstverstandlich, daB sie die ‘transfiniten’ Schluweisen der Mathe-
matik nicht trégt (...). Er wird nicht leugnen wollen, da Brouwer
hier im ‘Axiom des ausgeschlossenen Dritten’ den wesentlichen Punkt
getroffen hat.8”

Weyl rightly concludes that, in fact, there is no difference between Brouwer and
Hilbert regarding the reach of meaningful reasoning. Earlier, Von Neumann had
drawn the same conclusion.®8

Towards the end of the paper, however, Weyl significantly modifies his ear-
lier position. Now, he maintains that Brouwer and Hilbert together demarcate a
new period in modern foundational research, and that one should not only do
mathematics in Brouwer’s way, but also in Hilbert’s symbolic way. Thus, he drops
the exclusive claim for intuitionism which he had defended before. The reason he

83[Grelling 1924, p. 47)
8 Doetsch 1924, p. 449

5[Mannoury 1924, pp. 16-17; p. 31; pp. 39-40)

86 Weyl 1924, p. 146]

87¢In his first communication on the ‘new foundation of mathematics’, Hilbert turned in heated
polemics against the stand taken by Brouwer and me. I think with little justification, even from
his own point of view; for as far as I see we agree on the decisive points. For Hilbert, too, the
power of meaningful thinking does not extend further than for Brouwer; it is totally self-evident
to him, that it does not support the ‘transfinite’ reasonings in mathematics (...). He will not
want to deny that Brouwer has hit the essential point here in the ‘axiom of the excluded middle’.”

88In a letter to Fraenkel, Von Neumann wrote in 1923: ‘um die Mengenlehre zu reconstruiren,
mufl man sich, wie Hilbert, rickhaltlos auf den Boden des intransigentesten Brouwerschen In-
tuitionismus stellen. (Solange man ‘“inhaltlich schlieft’.)’ (‘to reconstruct set theory, one has to
take the most intransigent Brouwerian intuitionistic position, as Hilbert does. (As long as one
‘derives contentually’.)’ Letter from Von Neumann to Fraenkel, 26/10/1923, [BF Fraenkel]

00
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gives is that there is a theoretical need in us to create a symbolical image of the
transcendental.3?

Thus, using Mehrtens’ terms,’® we can say that Weyl by 1924 had become
a modernist mathematician, who accepted both intuitionistic (counter-modernist)
and more formalistic (modernist) mathematics, but rejected classical mathematics.

Fraenkel in 1924 In June 1924, Fraenkel delivered a lecture before the Gesell-
schaft zur Beforderung der gesamten Naturwissenschaften (‘Society for the ad-
vancement of all natural sciences’) in Marburg. It was published in two slightly
different versions. In these texts, Fraenkel puts forward the criticism of the prin-
ciple of the excluded middle as the newest and most far-reaching action of the
intuitionists. His explanation differs from the one he had given before.”? This
time, he uses a counter-example based on the decimal expansion of 7. Fraenkel
asks whether the digit 7 appears seven consecutive times in the decimal expansion.
He maintains that one could answer the question positively by indicating a place
where such a sequence of digits appears, and negatively by proving that such a
property is incompatible with the mathematical properties of the number 7. But
these possibilities, Fraenkel points out, do not make up a full disjunction. There is
a third possibility, namely that one has proved neither the positive nor the nega-
tive answer. As long as this is the case, Fraenkel maintains, the intuitionists reject
the use of a full disjunction to which use of the principle of the excluded middle
leads.%?

Dresden in 1924 Also in the United States, some reaction came up. The Dutch-
born Arnold Dresden, who had studied and written his dissertation at the univer-
sity of Chicago,”® was the first in the region to do so. I do not know whether
his Dutch background played a role in his interest for intuitionism. Dresden had
translated Brouwer’s inaugural lecture into English,% so it is reasonable to as-
sume that they had been in contact before. It is known that Dresden and Brouwer
corresponded in 1922 and 1923 on the contents of Dresden’s paper.®® In a paper
presented to the American Mathematical Society in December 1923 and published
the following year, Dresden treated Brouwer’s contributions to the foundations of
mathematics.

Dresden presents Brouwer’s rejection of the principle of the excluded middle
as a consequence of his constructivistic view on mathematics. He explains that, for

89[Weyl 1924, pp. 147-150]

90Gee 6.7.

91See 5.2.4.

92|Fraenkel 1924B, pp. 123-124], [Fraenkel 19254, p. 253]

93[Poggendorff 19361940, p. 600]

94The translation was published in the Bulletin of the American Mathematical Society,
[Brouwer 1913].

98 Dresden’s letters have survived: letter from Dresden to Brouwer, 10/10/1922 and 17/9/1923;
[MI Brouwer]. In the first of these letters, Dresden does not introduce himself, which indicates
that there had indeed been some contact before.
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Brouwer, accepting the tertium non datur amounts to believing in the solvability
of every mathematical problem, which is problematic in infinite systems.?® Since
the search for a mathematical construction, which is needed for establishing the
truth of a proposition, cannot be carried out systematically, Dresden argues,®?

it is uncertain whether for an arbitrary proposition concerning an
infinite system either the construction or the obstruction can be es-
tablished, and hence it is equally uncertain whether the L{aw of the]
E[xcluded] M[iddle] is valid in such a case.

Although Dresden does not state his own opinion explicitly, he seems to have sym-
pathy for Brouwer’s view. In any case he provided a comprehensible and adequate
exposition of the intuitionistic point of view.

Wavre in 1924 In a paper published in 1924, the Genéve professor Rolin Wavre
presented a survey of the foundational debate as it had developed until then.
Wavre’s own field was differential and integral calculus, and most of his publi-
cations were on mathematics applied to physics or astronomy. However, he also
wrote three papers on foundational questions in the Revue de Métaphysique et de
Morale, of which this was the first. Wavre based his presentation on publications
by Brouwer, Weyl, Hilbert and Bernays. The purpose of the paper was to%

(...) faire entrevoir que l'opposition [between formalism and intuition-
ism, DH] devient tout & fait nette ‘4 propos de la notion d’existence et

d’une application suspecte du principe du tiers exclu’.%?

Note that Wavre presents the principle of the excluded middle as one of the two
issues where the opposition between intuitionism and formalism becomes clear, the
other one being the subject of mathematics existence. Thus, he correctly identified
the main themes of the debate that was developping.!®°

In order to discuss the question of the tertium non datur, Wavre introduces,
following Du Bois-Reymond’s terminology, a fictional ‘idealist’ (formalist) and
‘empiricist’ (intuitionist).!%? Their discussion starts as follows:'02

96Dresden 1924, p. 39]

97[Dresden 1924, p. 40]

98[Wavre 1924, p. 436]

99¢(...) show that the opposition [between formalism and intuitionism, DH] becomes clear
‘regarding the notion of existence and a dubious application of the principle of the excluded
middle’.” The quotation marks indicate the subtitle of Wavre’s paper.

1007 must be taken into account that Wavre’s characterisation may also have influenced the
development itself and thus obtained somewhat the character of a self-fulfilling prophecy, since
his paper was one of the better read ones.

101Wavre uses ‘empiricist’ and ‘intuitionist’ on the one hand, ‘idealist’ and ‘formalist’ on the
other more or less as synonyms, [Wavre 1924, p. 435]. For the sometimes confusing terminology,
see 4.1.1.

102[Wavre 1924, pp. 443-444]
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L‘Idéaliste. — Existe-t-il, oui ou non, un nombre m,, de la forme m,, =
22""® 4 1 qui soit décomposable;'*% on donne & n les valeurs 1,2, 3, etc.
L’Empiriste. — Je ne puis répondre immédiatement a votre question
avec mes connaissances actuelles; mais je tiens & vous dire que je trouve
la question mal posé, voire absurde.

L'Idéaliste. — Vous me surprenez!

L’Empiriste. — Je distingue, en effet, deux parties dans la question; la
premiére: Existe-t-il un nombre m,, décomposable? c’est la question
proprement dite; mais vous ajoutez l'alternative oui ou non, par laque-
lle vous préjugez de ma réponse. Je ne puis répondre par oui, il en
existe un, qu'en vous présentant un tel nombre, supposons m9p0, qui
soit décomposable; et ne puis répondre par non qu’en déduisant de la
définition des nombres m,, qu'’ils sont tous premiers.

Mais je ne vois pas que le rejet d’une des parties de ’alternative me
contraigne & affirmer ’autre; comme je ne puis exclure a priori tout
tertium, je me refuse & me laisser réduire & votre alternative.!%4

After a discussion on what mathematical existence should mean,'® they con-
tinue: %6

L’Idéaliste. — Enfin vous ne me refuserez pas que, si la réponse a la
question que je vous pose est donnée un jour, ce ne sera que par oui
ou par non.

L’Empiriste. — Qu’en savez-vous? Ce n’est pas tout a fait évident, de
cette évidence que nous avons coutume d’exiger en mathématique.1%”

103The numbers Wavre uses are the Fermat-numbers F,, = 22" 4 1 from n = 8 on. Fermat had
conjectured these numbers to be prime on the basis of this being so for n = 1,...,4. Later, Euler
proved that Fy is composite. Until now, all the other Fermat numbers that have been checked
turned out to be composite. There is, however, no proof that F; to Fy are the only primes.

104:The Jdealist. — Does there exist, yes or no, a factorable number m,, of the form m, =
92" *e + 1; on assigns to n the values 1,2,3, etc. . The Empiricist. — I cannot answer your
question immediately with my present knowledge; but I insist on telling you that I find the
question badly posed, even absurd. The Idealist. — You surprise me! The Empiricist. — In fact,
I distinguish between two parts of the question; the first: Does there exist a factorable number
mn? that is the question properly speaking. But you add the alternative yes or no, by which you
prejudice my answer. I can only answer yes, there exists one, by exhibiting such a number to
you, say migoo, which is factorable; and I can only answer no by deducing from the definition of
the numbers m,, that they are all prime.

But I do not see that the rejection of one part of the alternative compels me to affirm the

other; since I cannot exclude a priori every tertium, I refuse to be reduced to your alternative.’

1055ee 4.3.1.

106 [Wavre 1924, p. 445]

107¢The Idealist: In short, you will not deny that, if the answer to the question that I put to you
will be given one day, it will only be by yes or by no. The Empiricist. — What do you know about
it? That is not evident at all, of the sort of evidence we are used to demanding in mathematics.’
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Indeed, from the intuitionistic point of view, ‘yes’ or ‘no’ are not the only answers
that can be given to the question, since ‘not no’ presents a further possibility.1®

Thus, Wavre uses the fictional dialogue to explain the intuitionistic stand
against the one normally held in mathematics. He even makes it clear that the
intuitionist is the one who is more rigorous, by not making use of assumptions
about future events of which we cannot be sure.

Wavre moves on to explain that, for an intuitionist, the principle of the
excluded middle only holds for a finite number of elements, not for an infinite
one. In the latter case, the intuitionist denies that the alternative should only be
between the positive universal statement and its existential negation.!%®

In his conclusion, Wavre shows an early understanding of the status of the
rejection of the principle of the excluded middle in intuitionistic mathematics:''?
M. Brouwer, en rejetant I’application du principe du tiers exclu, ne
fait que tirer de la theése empiriste [intuitionistic, DH] une conséquence
peut-étre paradoxale, mais inévitable, croyons-nous.!1!

Wavre claims that the intuitionists occupy the stronger position, since their de-
mands in terms of rigour are stricter than those of the formalists. His conclusion,
however, is quite paradoxical: he maintains that one should neither give up the
formalistic language nor even its reasonings, but one should insist on intuitionistic
verifications. It is hard to see how these two could be reconciled, since working
with intuitionistic verifications in fact implies giving up formalistic reasonings. The
very end of the paper shows Wavre’s way out: there, he expresses the hope that
one could replace formalistic proofs using the principle of the excluded middle
by intuitionistic ones.}!? Thus, it seems that Wavre hoped that one could turn
to intuitionistic proofs without having to give up any mathematical theorems —
something which Brouwer and Weyl had explicitly announced as an inevitable
consequence of the intuitionistic point of view.

5.3.1 The excluded middle in a central position

In 1925, the first substantial contribution to intuitionistic logic appeared, by Kol-
mogorov. However, the paper remained almost completely unnoticed and thus did
not influence the course of the debate. In the discussion that went on, others

108In Heyting’s formalisation: one can prove p, —p, or —~p, where the latter possibility may
later be replaced by a proof of p; on Heyting’s formalisation, see 5.4.1.

109 Wavre 1924, pp. 446-447]

110[Wavre 1924, p. 467)

1By rejecting the application of the principle of the excluded middle, Mr. Brouwer only draws,
we think, a maybe paradoxical, but inevitable consequence of the empiristic [intuitionistic, DH]
thesis.’

12 Wavre 1924, pp. 468-469]. Wavre does not indicate whether he thought that all such proofs
could be replaced by intuitionistic ones, or that he merely hoped that one could do so for as
many as possible.
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tried to formalise intuitionistic logic, unaware of Kolmogorov’s paper. Further-
more, Hilbert changed his view on formalised mathematics in order to save the
rules of classical logic.

Kolmogorov in 1925 The first technical contribution to the debate on the
principle of the excluded middle came from the Soviet Union. In 1925, the young
mathematician Andrei Kolmogorov (1903-1987) published a paper under the title
‘O mpumnumne tertium non datur’ (‘On the principle of the excluded middle’).
The paper presents the first published formalisation of a fragment of intuition-
istic logic, and anticipated to a large extent later works by Heyting and Godel.
Kolmogorov was well aware of the symbolism used in Russell and Whitehead’s
Principia Mathematica.

When his paper was published, Kolmogorov was still studying mathematics
at the university of Moscow, where Luzin was one of his main lecturers. Luzin was
later characterised as a semi-intuitionist, and is said to have taken over many of
Borel’s points of view.!!? Luzin’s semi-intuitionistic attitude may have fostered
Kolmogorov’s interest in Brouwer’s work. At the same time, Kolmogorov taught
at the experimental model school of the People’s Commissariat for Education.
Kolmogorov had a broad interest and had, among other things, put forward a
hypothesis on the history of Novgorod (which was later confirmed) and stood as a
candidate at the age of fourteen at the 1917 Constituent Assembly elections. Also
inside mathematics Kolmogorov had a broad interest, and during the rest of his life
he was to contribute to almost all fields of mathematics. When he had started his
studies in Moscow in 1920, he had already gathered some mathematical knowledge
as an autodidact. In 1922, at the age of 19, Kolmogorov published a paper in which
he presented a Fourier series which was divergent almost everywhere. It suddenly
brought him an international reputation.'

It is not clear how Kolmogorov became acquainted with intuitionism. Possi-
bly, as Van Dalen suggested, Alexandroff or Urysohn, who may have met Brouwer
in 1923 at the meeting of the German Mathematical Society in Marburg where all
of them were present, told him something about the foundational debate. In the
paper, Kolmogorov mentions several works by Brouwer, including some which had
only been published in the Dutch KNAW Verhandelingen, and one of Hilbert’s
lectures. Notably absent are Weyl's 1921 paper and Fraenkel’s expository works,
through which most people got to know intuitionism.

Kolmogorov opens the paper!!® by stating that Brouwer has shown that
it is illegitimate to use the principle of the excluded middle when dealing with
transfinite arguments. Thus, Kolmogorov clearly supports Brouwer’s argument.
At other places in the paper, he explicitly agrees with Brouwer’s view of the
time- and knowledge-dependency of mathematics, and he values the Brouwerian

113[Bockstacle 1949, pp. 40-41)

114 Tikhomirov 1993, pp. 103-104], [Vitanyi 1988, pp. 5-14]

115The exposition given here of Kolmogorov’s paper was based on the English translation in
[Van Heijenoort 1967, pp. 416-437], since my Russian is non-existent.
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counterexamples as Brouwer had meant them: as counterexamples against the
principle of the excluded middle.116

Nowadays, one mostly remembers the paper because of its formalisation of
parts of intuitionistic logic and its translation of classical into intuitionistic logic.!*”
Kolmogorov, however, describes the goal of the paper as showing why an illegiti-
mate use of the principle of the excluded middle does not lead to contradictions,
and why the illegitimacy has hardly been noticed before.!!®

Kolmogorov characterises intuitionism by its ‘recognition of the real meaning
of mathematical propositions’.!'® Formalism does not do so. He thus feels the
need to justify the use of a formalised language, and does so by maintaining that
intuitionism tolerates the formalistic method as one among various possible ones.
Kolmogorov does not refrain from pointing out that also for Hilbert, the use of
the principle of the excluded middle in transfinite areas is not intuitively obvious.
He explicates Brouwer’s negation as absurdity as one of the possible forms of
negation. 2%

Kolmogorov presents the axioms for part of what we now call the intuitionistic
propositional calculus, restricting himself to the implication and negation connec-
tives. Following the axioms put forward in Hilbert’s 1921 lecture,'?! Kolmogorov
presents an axiom system called B, presumably after Brouwer, consisting of the
following axioms:'2?

(1) o= (v — @)

(2) (= (=)= (p— 1)

(3) (=W —0a) =@ —(p—0)
(4) (¥ —0)—=((¢ =) = (p—0))
(5) (o =) = ((p — ~¥) = ~p)

One of the differences with Heyting’s later formalisation is that the axiom ¢ —
(= — v) is lacking, the status of which was disputed among intuitionists. Kol-
mogorov mentions that he does not know whether the system is complete.!23

A different axiom system, called $ (presumably after Hilbert), is obtained
from B8 by adding a sixth axiom, the principle of double negation. It is equivalent
to the principle of the excluded middle and is formulated as:

(6) = .

16 [Kolmogorov 1925, pp. 416-421]

HTCEf. [Wang 1967).

118[Kolmogorov 1925, p. 416]

19K olmogorov 1925, p. 417]

120[Kolmogorov 1925, pp. 417-421]

121[Hilbert 1922, p. 175]. The axioms (5) and (6) are formulated somewhat differently.

1221 what follows, I have modernised Kolmogorov’s formalism, for the sake of convenience. I
do not, however, use formal notations where Kolmogorov does not.

123[Kolmogorov 1925, p. 422]. In fact, it is complete, cf. [Wang 1967, p. 414].



5.3. THE DEBATE WIDENED 239

Kolmogorov proves that §) is equivalent to the formalisation of the propositional
calculus used by Hilbert.'?*

Next, Kolmogorov introduces a class of propositions for which the principle
of double negation holds. These propositions are denoted by ¢, 1, etc. He does not
demarcate which propositions fall in this class, but simply notes that all finitary
propositions belong to it. Kolmogorov further remarks that Brouwer has shown
that the same goes for all negative propositions, and he proves the statement on
the basis of the axiom system 9.125 By defining the class of propositions ¢ in this
way, Kolmogorov manages to differentiate between domains in which the principle
of the excluded middle holds and domains in which it does not, without having to
go into a more philosophical discussion.

The difference between B and $, Kolmogorov maintains, is that the former
is universally applicable, the latter not. The reason for this is that Hilbert’s axiom
system makes general use of axiom (6), whereas this is only valid for a certain
class of propositions. Kolmogorov shows that, as we would now call it, the class
of propositions ¢ is closed under composition with negation and implication. In
Kolmogorov’s view, one can apply $ only to this class.!20

The question Kolmogorov then asks is whether we can still give meaning
to the formulas obtained by using $) outside its proper domain of application. He
thinks that this is possible by constructing, alongside ordinary mathematics, a new
field called pseudo-mathematics. This is done is such a way that to every formula
of the former corresponds a formula of the latter and that, moreover, every formula
of pseudo-mathematics is of the type .127

Kolmogorov explicates the idea by giving what we would now call a trans-
lation of mathematics into pseudo-mathematics. The translation is denoted by *

and is defined inductively as follows:!2®

*

©* = ——p for atomic ;!
F(p1, 902, ,08)" = F(¢},¢5,...,¢%) for composed formulas.

This translation anticipated Godel’s translation to a large extent.!3 However, Kol-
mogorov uses the translation differently. In our modern interpretation, following
Godel, we use such a translation as a translation from classical into intuition-
istic mathematics. Kolmogorov considers it as a translation into a new domain
called pseudo-mathematics. After he has used the translation, he does conclude
that the formulas of pseudo-mathematics are true in the usual sense, but he does
not identify the domain of pseudo-mathematics as a sub-domain of intuitionistic
mathematics.3!

124[Kolmogorov 1925, pp. 422-424]

125[Kolmogorov 1925, pp. 425-426)

126[Kolmogorov 1925, pp. 426-427)

127[Kolmogorov 1925, pp. 427-428)

128[Kolmogorov 1925, p. 428]

130For Godel’s translation, see 5.4.2.

131Thus, what Wang presented in the introduction to Kolmogorov’s paper was more a modern
interpretation of the paper than a representation of what Kolmogorov had proved; [Wang 1967].
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Next, Kolmogorov shows that the translation leaves substitution and the
modus ponens rule intact. Furthermore, if we apply the translation to the Brouwer-
axioms, we get a set of axioms which are provable in §. In this case, it is admissible
to use $ since we are in a domain where the principle of double negation holds.
Therefore, the formulas of pseudo-mathematics corresponding to the Brouwer-
axioms are true. Kolmogorov maintains that the same goes for every set of math-
ematical axioms we know.'2 This is a rather bold statement, which we are far
from proving even today.'33

Finally, Kolmogorov states the result of using the translation in the most
general terms. Let a set of axioms be given the *-translation of which are true in
pseudo-mathematics. In Kolmogorov’s view, we know of no other axioms. Suppose
that we have proved from this set of axioms some formulas by illegitimately us-
ing the principle of double negation. Then, the formulas of pseudo-mathematics
corresponding to the formulas proved can be derived from the *-translation of the
axioms.'3* In current terminology, we would say that if A ¢ ¢, then A* g *.133

Kolmogorov concludes that formulas based on the use of the principle of
double negation outside the domain of the finitary cannot be seen as firmly estab-
lished. However, if the *-translation of the axioms from which the formulas were
derived are true in pseudo-mathematics, then the corresponding formulas are true
in pseudo-mathematics.!36

In the Addenda, Kolmogorov draws two important conclusions. First, he disclaims
a statement made by Brouwer. Brouwer considered finitary statements which were
proved by using the principle of the excluded middle in the domain of the trans-
finite unreliable.!37 Kolmogorov correctly points out, however, that in finitary
domains the principle of double negation holds. Therefore, truth and pseudo-truth
coincide, and thus the formulas can also be proved without using the principle of
the excluded middle. Kolmogorov’s remark amounts to stating that, if we have
proved a finitary statement ¢, then, by using the *-translation, we can turn it
into a statement ¢* which is provable in pseudo-mathematics. However, since ¢
is finitary, =—¢ — ¢ holds, thus ¢* is equivalent to ¢, and therefore ¢ itself is
provable in pseudo-mathematics. Qur modern interpretation would be that classi-
cal mathematics is conservative over intuitionistic mathematics regarding finitary
propositions.

132[Kolmogorov 1925, p. 428-429]

133[Wang 1967, p. 415]

134[Kolmogorov 1925, p. 430]

135Since the translation of axiom (6) holds in ™, ~ and ~ coincide in pseudo-mathematics. In
fact, one can prove the stronger result that the translation also works for predicate logic (if it
is extended by defining (Qzp)* = ——Qz(p*) for Q = V,3), and that it works both ways, i.e.,
Atc p & Ax by %, where b, indicates provability in classical predicate logic, Fm provability
in the so-called minimal predicate logic, i.e., intuitionistic predicate logic without the rule ex
falso sequitur quodlibet; cf. [Troelstra & Van Dalen 1988, vol. 1, pp. 56-59].

136[Kolmogorov 1925, p. 430]

137 [Brouwer 1925E, p. 252]; the footnote Kolmogorov refers to starts on page 251.
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Second, Kolmogorov comes to what he himself stated as the main goal of his
paper. Using the principle of the excluded middle illegitimately, he concludes, will
never lead to a contradiction. For if one in this way could derive a contradiction,
the *-translation would transfer the contradiction to pseudo-mathematics, which
Kolmogorov considers impossible.*® Thus, formulated in current terminology, Kol-
mogorov presented a relative consistency proof'®® for formalistic mathematics,
since a supposed contradiction in formalistic mathematics would be transferred
to intuitionistic mathematics. Note that Kolmogorov thus proved Brouwer right
when he claimed in 1908 that one will never get caught in a contradiction by ille-
gitimately using the principle of the excluded middle in classical mathematics.!4

Finally, Kolmogorov sketches how his approach can be applied to predicate
calculus. He finishes the paper by stating that, besides mathematics in Brouwer’s
way without an illegitimate use of the excluded middle, one should also continue
with ordinary mathematics, if only as the mathematics of pseudo-truth.14!

Kolmogorov’s paper stands head and shoulders above other contributions to the
debate at the time. Kolmogorov formalised a part of intuitionistic logic, explicitat-
ing the intuitionistic negation as absurdity, clarified the interpretation of formal-
istic logic, provided a relative consistency proof of formalistic logic, and corrected
Brouwer on the issue of finitary statements proved by using the principle of the
excluded middle in the transfinite. However, since the paper was written in Rus-
sian, it remained almost completely unnoticed. The only reference I found to it in
the whole foundational debate was a letter from Glivenko to Heyting in October
1928.142 There is not a single reference to it in any of the public contributions
until 1933.

Hilbert from 1925 to 1927 In June 1925, Hilbert lectured on the infinite before
the Westfilische Mathematische Gesellschaft in Miinster at the commemoration
of Weierstraf.!43 His talk was published the following year in the Mathematische
Annalen.

As in his 1922 lecture,'** Hilbert argues that certain statements about an
infinite number of elements cannot be negated. Thus, we cannot apply the principle
of the excluded middle to such statements, since such an application assumes that

138{Kolmogorov 1925, p. 431]

139 A relative consistency proof for a certain system S is a proof of its consistency, assuming
that another system Sy, usually considered to be more firmly established than S, is consistent.

140Gee 2.3.2. This reasoning does not work for intuitionistic mathematics, which includes choice
sequences; cf. 2.7.1

141[Kolmogorov 1925, pp. 432-437]

142 etter from Glivenko to Heyting, 13/10/1928; [TLI Heyting, B gli-281013]

143WeierstraB was born in Westphalia on October 31, 1815; he had studied some months in
Miinster and taught there for one year. He died in 1897, [Biermann 1976, pp. 219-220]. The
reason why such a commemoration should be held in June 1925 is not clear to me. Perhaps it
had been planned in 1915, but was postponed because of the war.

144866 5.2.2.
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the statements involved can be negated. This time, however, Hilbert explicitly
restricts this argumentation to what he calls the ‘finitary’'4® point of view. He
does not specify what should count as ‘finitary’, but describes it by words as
‘meaningful’ and ‘intuitive’.'4® Hilbert concludes that, in the domain of finitary
statements, the Aristotelian laws of logic do not hold.**”
Then, Hilbert makes the decisive step:!4®

Nun konnte man darauf ausgehen, die fiir den Bereich der finiten Aus-
sagen giiltigen logischen Gesetze aufzustellen; aber damit wire uns
nicht gedient, da wir eben auf den Gebrauch der einfachen Gesetze
der Aristotelischen Logik nicht verzichten wollen, und niemand, auch
wenn er mit Engelszungen redete, wird die Menschen davon abhalten,
beliebige Behauptungen zu negieren, Partialurteile zu bilden und das
Tertium non datur anzuwenden. Wie werden wir uns nun verhalten?

Erinnern wir uns, daf wir Mathematiker sind und als solche uns schon
oftmals in einer dhnlichen mifilichen Lage befunden haben und wie uns
dann die geniale Methode der idealen Elemente daraus befreit hat.!4®

Hilbert’s solution consists of!5?

zu den finiten Aussagen die idealen Aussagen [zu] adjungieren, um die
formal einfachen Regeln der iiblichen Aristotelischen Logik zu erhal-
ten.15!

The only demand that has to be fulfilled when adding ideal elements is the proof
of their consistency.52

Thus, Hilbert now introduces the idea of using meaningless elements in math-
ematics.'>® The reason for seeing mathematics in this way is the preservation of
the rules of classical logic. And the reason for this preservation is simply that we
do not want to lose them, because they are so simple. This is in line with Wavre’s
claim that the only reason why formalists wanted to add ideal elements was to

145¢init’, [Hilbert 1926, p. 171]

146¢inhaltlich’, ‘anschaulich’, [Hilbert 1926, pp. 171-172]

147 Hilbert 1926, p. 174]

148[Hilbert 1926, p. 174

149¢Now one could try to develop the logical laws which hold for the domain of finitary state-
ments. But it would do us no good, for we do not want to give up the use of the simple laws
of Aristotelian logic. No one, though he may speak with the tongues of angels, could keep peo-
ple from negating arbitrary statements, or from forming partial propositions, or from using the
tertium non datur. How, then, are we to behave?

Let us remember that we are mathematicians and that as such we have often been in a similarly

precarious situation from which we have been rescued by the ingenious method of ideal elements.’

150 Hilbert 1926, p. 174]

151 supplementing the finitary statements with ideal statements, to preserve the simple formal
rules of ordinary Aristotelian logic.’

152[Hilbert 1926, p. 179)]

153Gee also 4.3.1.
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extend the kingdom of classical logic.'®? Carnap later identified the acknowledge-
ment that not all propositions of (classical) mathematics are meaningful as one of
the things Hilbert had learned from Brouwer.!5°

The reactions to Hilbert’s paper seem to have been mixed. Lévy reports that
Zermelo told him in 1928 that, even in Germany, nobody understood what Hilbert
wanted with the paper.’®® On the other hand, Skolem later reported that Hilbert’s
paper was discussed at the mathematical conference in Copenhagen in 1925 as
something epoch-making. He himself did not agree, and attributed the exaggerated
appreciation mathematicians showed for Hilbert’s paper to his general standing as
a mathematician:!%”

Det forundret mig i hgi grad, at matematikerne, selv om de ikke er
spesialister i grunnlagforskning, ikke fra fgrste stund forstod, hvor pro-
blematisk - for & bruke et mildt uttrykk det vesentlige innhold av
denne avhandling var. Nu er visst alle omsider blitt klar over, at den
ikke er bra. Da jeg var i Vienna ifjor hgst, horte jeg en av matema-
tikerne der bruke uttrykket ‘kompromitterende’ om den. Jeg nevner
dette, fordi det er en utbredt overtro blandt matematikerne, at forst
og fremst eldre folk med betydelig navn som matematikere i ordinzer
betydning kan utrette nogen ting i grunnlagforskningen. I virkeligheten
har det vist sig, at omtrent alle fremskritt i grunnlagforskningen i den
senere tid skyldes yngre folk og vesentlig specialister.!®®

Skolem’s judgement that it were mostly younger people that made a positive con-
tribution to foundational research is essentially correct, as becomes clear from the
remainder of this chapter.!5®

In July 1927, Hilbert again lectured at the mathematical seminar in Hamburg.
He basically repeats the same view on the excluded middle. He states that one
cannot renounce the principle of the excluded middle, since without it the con-
struction of analysis is impossible, and the solution is again provided by adding

154Gee 4.3.1.

155Notes on a lecture before the mathematical circle in Prague, 22/1/1932; [ASP Carnap, 110-
07-16]. The other thing Carnap mentioned which Hilbert learned from Brouwer (though Carnap
was not sure about this one) was the separation between mathematics and meta-mathematics.

156(Lévy 1964, p. 89]

157(Skolem 1934, p. 91]

1581 was highly surprised that the mathematicians, even if they are no specialists in foun-
dational research, did not understand from the first moment how problematic — to use a mild
expression — the essential contents of that treatise was. Now, I think, it has finally become clear
to all, that it is not good. When I was in Vienna last autumn, I heard one of the mathematicians
use the expression ‘embarrassing’ about it. I mention this because there is a widespread super-
stition among mathematicians that in the first place elderly people with an important name as
mathematicians in the ordinary sense can achieve something in foundational research. In fact,
it has turned out that almost all progress in foundational research in recent times was owing to
younger people and essentially specialists.’

159Gee also 3.3.4.
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ideal elements.'%9 However, this time he is more explicit about the significance
of the formal system of mathematics. Apart from its mathematical value, Hilbert
maintains, it also has an important philosophical meaning:16!

Dieses Formelspiel vollzieht sich ndmlich nach gewissen bestimmten
Regeln, in denen die Technik unseres Denkens zum Ausdruck kommt.
(...) Die Grundidee meiner Beweistheorie ist nichts anderes, als die
Tatigkeit unseres Verstandes zu beschreiben, ein Protokoll iiber die
Regeln aufzunehmen, nach denen unser Denken tatsichlich verfihrt.162

Thus, Hilbert still adhered to a contentual interpretation of logic, namely the idea
of logic as representing the laws of thought.

Towards the end of the lecture, Hilbert turns to Brouwer’s intuitionism. He
claims that he does not do so in order to polemicise,'% only to enter into one of
the most polemical parts of the foundational debate:!64
Die schérfste und leidenschaftlichste Kampfansage des Intuitionismus
ist diejenige, die er gegen die Giiltigkeit des Tertium non datur (...)
richtet (...). Dieses Tertium non datur ist eine Folgerung aus dem
logischen e-Axiom!%® und hat noch niemals den geringsten Fehler her-
vorgerufen. Es ist zudem so klar und fafilich, da8 eine mifibrauchliche
Anwendung ausgeschlossen ist. Insbesondere trigt das Tertium non
datur an dem Zustandekommen der bekannten Paradoxien der Men-
genlehre nicht die geringste Schuld.!6%

Hilbert’s defence of the principle of the excluded middle here becomes not merely
polemical, but even seems exaggerated. It is not even clear which reproach he
is defending himself against. What comes closest to it is a remark Brouwer had
made in his dissertation, when he claimed that erecting logical buildings without
having recourse to the mathematical intuition lead to the paradoxes.!5” However,
the following year already Brouwer explicitly stated that using the principle of the

160[Hilbert 1927, p. 73]

161 Hilbert 1927, p. 79]

162¢For this formula game proceeds according to certain rules, in which the technique of our
thinking is expressed. (...) The main idea of my proof theory is nothing else but to describe the
activity of our mind, to include a protocol about the rules according to which our thinking in
fact proceeds.’

163 Hilbert 1927, p. 77); Weyl had reproached Hilbert of being polemic, see 5.3.

164 Hilbert 1927, p. 80]

165The € axiom is explained in 4.3.2.

166¢The strongest and most passionate declaration of war of intuitionism is the one which
is directed against the validity of the tertium non datur (...). The tertium non datur is a
consequence of the logical e-axiom and has never led to the slightest mistake. It is so clear and
comprehensible, that an improper application is excluded. In particular, the tertium non datur
does not bear the slightest responsibility for the coming into being of the well-known paradoxes
of set theory.’

167[Brouwer 1907, pp. 186-191]; see 2.3.1.
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excluded middle illegitimately does not lead to a contradiction.'®® Furthermore,
the remark just referred to played hardly any role in the debate.
Hilbert continues his passionate defence:!%?

Dieses Tertium non datur dem Mathematiker zu nehmen, wére etwa,
wie wenn man dem Astronomen das Fernrohr oder dem Boxer den Ge-
brauch der Fiuste untersagen wollte. Das Verbot der Existenzsitze
und des Tertium non datur kommt ungefihr dem Verzicht auf die
mathematische Wissenschaft iiberhaupt gleich. Denn was wollen die
kiimmerlichen Reste, die wenigen unvollstindigen und unzusammen-
hidngenden Einzelresultate, die von den Intuitionisten ohne den Ge-
brauch des logischen e-Axioms erarbeitet worden sind, gegeniiber der
gewaltigen Ausdehnung der modernen Mathematik bedeuten!*"°

Finally, Hilbert gives his personal view on the cause of the popularity of intuition-
fomy 171
ism:

Ich staune unter diesen Umstidnden dariiber, daf§ ein Mathematiker an
der strengen Giiltigkeit der Schlu8weise des Tertium non datur zweifelt.
Ich staune noch mehr dartiber, daf, wie es scheint, eine ganze Gemeinde
von Mathematikern sich heute zusammengefunden hat, die das gleiche
tut. Ich staune am meisten iiber die Tatsache, dafi iberhaupt auch
im Kreise der Mathematiker die Suggestivkraft eines einzelnen tem-
peramentvollen und geistreichen Mannes die unwahrscheinlichsten und
exzentrischsten Wirkungen auszuiiben vermag.'”?

Hilbert’s reference to a group of mathematicians that joined Brouwer in doubt-
ing the principle of the excluded middle seems too strong an interpretation of
the commotion caused by the intuitionistic criticism. The one main convert that
Brouwer had made, Weyl, had by that time already taken a kind of intermediate
position, recognising both intuitionistic and more formalistic mathematics. Math-
ematicians who, like Brouwer, rejected the universal validity of the principle of
the excluded middle were rare: Kolmogorov did so in 1925, but Hilbert certainly

168[Brouwer 1908, p. 258]; see 2.3.2.

169 Hilbert 1927, p. 80]

170<Taking away the tertium non datur from the mathematician would be about the same as if
one would forbid the telescope to the astronomer or the use of his fists to the boxer. Prohibiting
existence statements and the tertium non datur is tantamount to relinquishing the mathematical
science altogether. For what are the poor leftovers, the few incomplete and incoherent single
results which the intuitionists have worked out without the use of the logical ¢ axiom, to signify
against the enormous size of modern mathematics!

17 Hilbert 1927, pp. 80-81]

172¢Under these circumstances, I am astonished that a mathematician doubts the rigorous va-
lidity of the derivation rule of the tertium non datur. I am even more astonished to see that, as
it seems, a whole congregation of mathematicians has now come together, which does the same.
I am astonished most by the fact that even in the circle of mathematicians the suggestive force
of a single temperamental and penetrating man can exercise the most unlikely and eccentric
influences.’
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had not read his paper; Bieberbach did so in 1926; and one could also consider
Wavre’s papers as defending the intuitionistic point of view.}™® One could easily
find an equal number of mathematicians who still adhered to the excluded middle.
The majority of those who reacted to intuitionism explained the different points
of view rather than expressing their opinion on this issue clearly.

Hilbert’s final argument is very much ad hominem, revealing once more how
deeply he felt about the matter.

In Hilbert and Ackermann’s Grundzige der theoretischen Logik, which appeared
in 1928, remarks on the intuitionistic view on logic are notably absent.'"

In the same year, Hilbert presumably lectured before the Gesellschaft der Wis-
senschaften (‘Society of the sciences’). His notes for that lecture, which are left
in the Hilbert archive, show that he had by then moved more towards a purely
formalistic position.!”® Under the title Formalismus, we find the following pas-
sage:176
(...) z.B. die tiblichen logischen Regeln, das Tertium non datur, den
Kettenschluss sind willkiirlich aufgelesen, uns von unseren Kinder-
frauen beigebracht, sie konnten sehr gut unvollstdndig sein oder, was
viel schlimmer [ist], zu einander in Widerspruch treten.!””

Skolem in 1925 In September 1925, the Norwegian mathematician Thoralf
Skolem (1887-1963) lectured for the Norsk Matematisk Forening (‘Norwegian
Mathematical Society’) on the most important recent discussions on the foun-
dations of mathematics. Skolem had studied mathematics and science at the uni-
versity of Oslo, which he had finished with the best possible marks. During the
First World War he had spent a semester in Gottingen, discussing set theory with
Bernstein. From 1918 on, he lectured at the university of Oslo, even though he
had not written a dissertation.!”® In the beginning of the 1920s Skolem published
a series of important papers in the field of logic, in which he among other things
proved what is now known as the Skolem-Lowenheim theorem. Also, the technique

1731 only included contributions made before Hilbert’s lecture.

174[Hilbert & Ackermann 1928

175The notes state that the lecture was to take place on June 8, 1928; I do not know if the
lecture was indeed delivered. The notes bear two dates, the other one saying that they were used
for lectures in the winter semester 1931/32. I take the earlier date to indicate the time when the
notes were first written down.

176 [NSUB Hilbert, 607].

177¢(_..) for example the usual logical rules, the tertium non datur, the Kettenschluss, are
arbitrarily picked up, instilled into us by our nannies; they could very well be incomplete or,
what [is] much worse, be in contradiction with one another.” The Kettenschluss is the rule that
from ¢ — v and ¥ — X, one can conclude ¢ — ¥, cf. [Hilbert & Bernays 1934-1939, vol. 1, p.
85].

178Gkolem made up for this in 1926.
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of Skolem functions for the elimination of quantifiers was introduced in that pe-
riod.!™ Skolem worked in constructive arithmetic and published, independently
of Weyl and Brouwer & De Loor, a constructive proof of the fundamental theorem
of algebra in 1924.180

Skolem uses the set theoretical paradoxes as an introduction to different cur-
rents in the foundations of mathematics. He states that Russell and Whitehead’s
theory has not found any recognition, and then turns to intuitionism. Intuitionism,
Skolem maintains, is characterised by its rejection of the principle of the excluded
middle as a mathematical proof method when dealing with an infinite number of
things. Skolem follows Weyl in using a decidable property for natural numbers
in explaining what the problem with the tertium non datur is. A mathematical
theorem, Skolem continues, is not automatically either correct or incorrect. Un-
til a proof for the theorem has been found, the theorem is nothing but a way of
speaking, devoid of contents. If one uses the alternative either P or not P in a
proof, the intuitionist will demand a method for deciding between the two.8!

Next, Skolem considers the consequences of the intuitionistic point of view.
As a rule, giving up the principle of the excluded middle has, according to him, no
consequences in elementary arithmetic and algebra. In some cases, one will have
to improve the proofs used until now. In analysis, however, the consequences are
substantial. As an illustration, Skolem uses a Brouwerian counterexample against
the ordering of the real numbers.'®? It seems that Skolem thinks that every classical
proof in elementary arithmetic and algebra can be replaced by an intuitionistic
version proving the same theorem — which, however, is not the case.

Skolem is one of the few people who includes some intuitionistic analysis in
his contribution. After the explanation, he continues with a short exposition of
choice sequences, the intuitionistic theory of the real numbers, and intuitionistic
function theory.!83

Skolem finishes his lecture with a short description of Hilbert’s axiomatics,
remarking that, if Hilbert’s axioms are taken as mere formal rules, this is not
mathematics in the usual sense any more. In concluding, he criticises Hilbert’s
attitude: 18

Nogen gjendrivelse av intuitionismen kan der ikke veere tale om ved
at gaa frem paa Hilberts maate, det jeg kan skjenne. Det er i det hele
ikke godt at forstaa, hvordan intuitionismen skulde kunne gjendrives,
da den er en viljessak. Den beror jo paa den beslutning, at hver sats, vi
opstiller, skal vaere uttryk for en evne, vi virkelig sitter inde med. Man
kan vel ikke gjendrive en teori, som er basert paa visse utgangspunkter,

179(Fenstad 1970, pp. 9-12], [Moore 1987, p. 125]
180[Skolem 1924]

181 (Skolem 1926, pp. 4-8]

182[Skolem 1926, pp. 9-10]

183{Skolem 1926, pp. 10-12]

184[Skolem 1926, p. 13]
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ved at opstille teorier basert paa andre utgangspunkter. I valget av
utgangspunkter ligger noget subjektivt.!8%

Skolem was one of the few persons who not only paid attention to the intuition-
istic criticism of the excluded middle, but also to the positive contributions of
intuitionism. His conclusion regarding the impossibility of Hilbert’s attempt is
correct. However, the lecture, which was published only in Norwegian, had no in-
fluence on the course of the debate. People like Von Neumann, Ramsey, Study, and
especially Fraenkel did refer to Skolem’s work, but only to his technical papers.186

Fraenkel from 1925 to 1927 In two papers published in 1925, Fraenkel touched
upon the intuitionistic criticism of the principle of the excluded middle. In the one
he merely mentions it; the other is a repetition of the explanation given in 1924
using the decimal expansion of 7.187

In June of the same year, Fraenkel gave a series of lectures for the Kant-
Gesellschaft in Kiel on the foundations of set theory. This happened on the invi-
tation of Heinrich Scholz, a philosopher at the university of Kiel who later was to
specialise in mathematical logic. Scholz had contacted Fraenkel after he had read
the second edition of his Finleitung in die Mengenlehre, and a friendship for life
developed.'®8 The Kant Society was an important one, since virtually all German
philosophers were a member of it. Apparently, Fraenkel delivered as many as ten
lectures on the foundations of set theory to philosophers, since the lectures were
published as Zehn Vorlesungen iiber die Grundlegung der Mengenlehre in 1927.18°

One of the lectures was about intuitionism. In this lecture, Fraenkel presents
the rejection of the tertium non datur as one of the main consequences of the intu-
itionistic view that mathematical existence should coincide with constructivity.'%°
Fraenkel again uses the example of the decimal expansion of 7. He then moves on
to argue that many will have the feeling that, even if we cannot decide the answer
to a definite mathematical question, an sich it has to be either yes or no. But this,
Fraenkel explains, is seen as a prejudice by the intuitionists. Next, he mentions

185¢As 1 see it, it is out of the question to refute intuitionism by pursuing in Hilbert’s way. It
is actually not clear at all how intuitionism could be refuted, since it is a matter of will. For it
is based upon the decision that every proposition we form has to be an expression of an ability
we actually have. One cannot refute a theory that is based on certain starting points by making
theories which are based on other starting points. There is something subjective in the choice of
the starting points.’

186Skolem’s works most referred to in the debate are mentioned in the bibliography in
[Fraenkel 1928].

187 [Fraenkel 1925C, p. 252] and [Fraenkel 1925B, pp. 210-211] respectively

188 [Fraenkel 1967, pp. 179-181]. Scholz later lobbied to have Fraenkel appointed as a professor
at the university of Kiel, which indeed happened in 1928. (Until that time, Fraenkel worked in
Marburg.)

189 [Fraenkel 1927A]; the published text is the one on which the analysis was based. It is likely
to differ from the lectured one, since it took Fraenkel until December 1926 to finish completing
the manuscript.

190Fraenkel’s exposition of the intuitionistic view on mathematical existence is presented in
4.3.1.



5.3. THE DEBATE WIDENED 249

that with the principle of the excluded middle also the belief in the solvability of
every mathematical problem loses ground.!®!

Discussing Hilbert’s view on the foundations of mathematics, Fraenkel re-
marks: 92

Die intuitionistischen Bedenken gegen den Gebrauch des ‘tertium non
datur’ und der Begriffe ‘alle’ und ‘es gibt’ innerhalb der transfiniten
Mathematik werden von der Schule Hilberts methodisch anerkannt und
{ibernommen, ja sogar erweitert.!%3

As is clear from Hilbert’s lectures, Fraenkel described the situation correctly, even
though Hilbert would probably not have admitted so. Fraenkel adds that Hilbert
uses the intuitionistic insights in order to argue against intuitionism.*%*

Bieberbach in 1926 In February 1926, Ludwig Bieberbach (1886-1982) lec-
tured before the Deutsche Verein fir Forderung des mathematischen und natur-
wissenschaftlichen Unterrichts (‘Association for the Advancement of Education in
Mathematics and Natural Sciences’). Taking Boutroux’ well-read book L idéal sci-
entifique (‘The scientific ideal’) as his source of inspiration, he devoted the lecture
to the scientific ideal of mathematicians. Bieberbach had written his dissertation
in Gottingen. He had lectured in Ziirich, Konigsberg, Basel and Frankfurt, and
was now a professor in Berlin, where he had succeeded Carathéodory. He worked
mostly in function theory, but also contributed to such fields as geometry, group
theory and topology. Bieberbach had been a member of the editorial board of
the Mathematische Annalen since 1920. All in all, Bieberbach was an esteemed
mathematician.

In the lecture, which was not published, Bieberbach presents intuitionism as
a fusion of Klein’s view, in which logical truth does not equal mathematical truth,
and Hilbert’s formal view, which looks systematically at the intuitive objects of
mathematics. Regarding the principle of the excluded middle, Bieberbach explains
that intuitionists consider it not applicable to infinite totalities, since these are out-
side our control. Furthermore, there are counterexamples to the excluded middle in
Brouwer’s continuum theory, so that formalists have to renounce the intuitionistic
theory of the continuum, which is the most intuitive one, if they want to stick to
the principle of the excluded middle. Instead of the usual Brouwerian counterex-
amples, Bieberbach takes statements about choice sequences, claiming (correctly)
that the proposition ‘either two choice sequences are equal or they are different’
is not true.!%® Reacting to a popular argument against intuitionism, Bieberbach

191 Fraenkel 1927A, pp. 38-42]

192(Fraenkel 1927A, p. 53]

193¢The intuitionistic objections against the use of the ‘tertium non datur’ and the concepts ‘for
all’ and ‘there is’ in transfinite mathematics are recognised methodologically and taken over by
Hilbert’s school, even extended.’

194[Eyaenkel 1927A, p. 154]

195[Bieberbach 1926, pp. 20-24a)
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states:'96

Will man diesen Sachen gleichwohl in die Worte kleiden, die Brou-
wersche Theorie filhre zu einer Verarmung der Mathematik, so steht

dem doch der Gewinn gegeniiber, dass sie uns vor logischen Fehlern
bewahrt.!®7

Thus, Bieberbach presents intuitionism as a ‘poor but honest’ theory. Furthermore,
Bieberbach claims, Brouwer’s theory is much closer to common sense than the
classical one.

Bieberbach brings in a new argument by pointing at the geometrical work
of the Danish mathematician Hjelmslev. Hjelmslev, Bieberbach explains, aims at
providing a geometry of reality, as opposed to abstract geometry. Hjelmslev also
found examples where the principle of the excluded middle does not hold, and it
is remarkable that he came to such an idea independently of Brouwer.!%8

Bieberbach concludes that the scientific ideal one should present at schools is
that of intuitionism, which stands close to life, and not that of formalism.?® This
is quite different from the position he had held before the war, when he explicitly
supported the formalistic point of view.2%? Mehrtens has argued convincingly that
Bieberbach’s change from a formalistic to an anti-formalistic position had little to
do with the foundations of mathematics proper, but rather indicated a substantial
shift in general values after World War 1.20!

Ramsey in 1926 In August 1926, the young British logician Frank Plumpton
Ramsey (1903-1930) read a paper before the British Association in which he for
the first time seriously considered Brouwer’s and Weyl’s criticism of the excluded
middle.?°2 Ramsey had studied mathematics and logic in Cambridge and was a
member of King’s College. He worked in the tradition of Russell and Whitehead’s
Principia Mathematica, for which he tried to provide a new foundation.

In the paper on mathematical logic, Ramsey explains Brouwer’s denial of the

principle of the excluded middle by referring to our incomplete knowledge:2%®

Brouwer would refuse to agree that it was raining or it was not raining,
unless he had looked to see. Although it is certainly difficult to give

196[Bieberbach 1926, p. 24b]

1974If one wants to put these things into words by saying that Brouwer’s theory leads to an
impoverishment of mathematics, then the positive thing to say is that it keeps us from making
logical errors.’

198 Bieberbach 1926, pp. 25-27]. Bieberbach refers to a textbook Hjelmslev had written, which
was used at several schools in Denmark. Presumably, this was [Hjelmslev 1916] (which I have
not seen).

199Bieberbach 1926, p. 28]

200 Bieberbach 1914, p. 901]

201 [Mehrtens 1987, pp. 203-204]

2021 1925, Ramsey had read a paper on the foundations of mathematics to the London Math-
ematical Society in which he merely mentioned the ‘prejudices’ of the intuitionists and the ‘Bol-
shevik menace of Brouwer and Weyl’, [Ramsey 1926A, p. 339; 380].

203[Ramsey 1926B, pp. 216-217]
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a philosophical explanation of our knowledge of the laws of logic, I
cannot persuade myself that I do not know for certain that the Law of
the Excluded Middle is true; of course, it cannot be proved (...).

He then continues:

(...) I do not see how any common basis can be found from which to
discuss the matter. The cases in which Brouwer thinks the Law of the
Excluded Middle false are ones in which, as I should say, we could not
tell whether the proposition was true or false (... ).

Here, Ramsey shows himself to be one of the more open participants to the debate.
He understands Brouwer’s argument, and he frankly states that he still cannot
refrain from the view that he knows the principle of the excluded middle to be
true, even though he has no proof. In other words, he believes in it. Therefore, his
conclusion that there is no common ground for discussion is most justified.

Gonseth in 1926 In 1926, Ferdinand Gonseth (1890-1975) published the most
extensive book in French on the foundational crisis, Les fondements des mathéma-
tiques (‘The foundations of mathematics’). The book grew out of a series of lectures
Gonseth had given in 1924. Gonseth was a Swiss mathematician who lectured at
the universities of Ziirich and Bern. From 1910 to 1914, Gonseth had studied math-
ematics at the FEidgendssische Technische Hochschule in Zirich. He had written
his dissertation in projective geometry in 1915, and he had worked at the ETH
as an assistant from 1915 to 1920. Therefore, it is more than probable that he
knew Weyl personally, even though they had different mother tongues. Gonseth
attended Weyl’s 1920 lectures, which formed the basis for the latter’s Grundia-
genkrise paper.2% In 1919, Gonseth became professor at the universities of Ziirich
and Bern.?%®

Hadamard wrote the foreword to Gonseth’s book. He is very negative about the
whole discussion on first the axiom of choice and now the principle of the excluded
middle. Referring to Comte’s theory of the different stages through which theories
develop, Hadamard maintains that mathematics is returning from the positive
stage to the metaphysical stage, something unprecedented in the history of science.
He sees the whole controversy between Brouwer, Weyl and Hilbert as useless.
Neither does he appreciate the intuitionistic criticism of the excluded middle; to
him, this principle is simply something one cannot ‘forget’.2"6

Gonseth himself devotes a separate section to ‘Brouwer and the principle of the
excluded middle’, basing himself on Brouwer, Weyl and Wavre. Since Gonseth’s

204 A comparison between Gonseth’s lecture notes and the published version of Weyl’s lectures
is made in 4.2.1.

205¢Zum 70. Geburtstag von Ferdinand Gonseth’, Bernays, P., [ETH Bernays, HS 973-25]

208<qublier’, [Hadamard 1926, p. XI]
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reasoning is quite lengthy, I first present a paraphrase of his own reasoning below,
and comment only afterwards.

Gonseth cites Brouwer to make it clear that intuitionism only allows for the
excluded middle to be used in finite domains. Now Gonseth has no problem in
admitting that there are domains in which the excluded middle does not hold.
As an example, he uses the set of French words. This set is finite, therefore, in
Brouwer’s view, the principle of the excluded middle should be applicable. How-
ever, the word ‘impredicable’ provides us with a counter-example. An adjective
is called ‘predicable’ if it applies to itself; if not, it is called ‘impredicable’. Now,
we cannot answer the question ‘Is the adjective ‘impredicable’ itself predicable of
impredicable? Therefore, Gonseth argues, it seems that the principle of the ex-
cluded middle does not hold, even though the domain is finite.2°” In fact, Gonseth
is here arguing about the wrong domain, since the domain in question is not that
of words, but that of sentences, which, at least in principle, is infinite.

Gonseth’s conclusion, however, is different. He argues that the opposition
between ‘predicable’ and ‘impredicable’ is purely formal and arbitrary. We could
Jjust as well not renounce the principle of the excluded middle for finite categories,
but conclude that our definitions do not divide the set of words into two categories
of which one possesses the attribute A and the other not-A, but that there is a
third category, namely the words to which neither of these applies.?08

Regarding infinite sets, Gonseth simply argues that a statement such as ‘every
natural number is even or odd’ is true because of the direct and intuitive knowledge
we have of the set of natural numbers.20?

Having next described the intuitionistic theory of the continuum, following
Weyl but without, so it seems, fully understanding the concept of a choice sequence,
Gonseth returns to the question of the excluded middle. In his view, logic is not the
expression of absolute abstractions, but a description of certain relations, physical
laws or laws of thought. He continues by stating that it makes no sense to claim
that everything which is not true is false (or the other way round), since there
may be things which could be true or false but which are neither. Nevertheless,
Gonseth maintains, we imagine a scheme of relations between two statements a
and —a, for which the principle of contradiction and the principle of the excluded
middle hold. And these principles, Gonseth claims, in fact are one.?'0

Gonseth tries to give a formalisation of intuitionistic logic. In doing so, he
introduces a third truth-value, called ‘indifferent’.?!! He concludes that classical
logic proves more than intuitionistic logic, and formulates the intuitionistic claim
as saying that, if we have no proof that we could use the stronger logic, we should
use the weaker.?!?

207[Gonseth 1926, pp. 191-192]
208[Gonseth 1926, p. 193]
209[Gonseth 1926, pp. 194-195]
210[Gonseth 1926, pp. 213-214]
21l4ndifférent’, [Gonseth 1926, p. 225]
212[Gonseth 1926, pp. 225-230]
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Finally, Gonseth takes position. He finds the intuitionistic thesis not founded,
neither in its attitude towards the infinite, nor regarding the truth value of the
scheme of classical logic. He concludes:?!3

Les intuitionistes (...) font preuve d’une singuliere timidité en face
de T'infini, qu’ils considérent simplement comme inconcevable. Ils ac-
ceptent comme un dogma 'assertion suivante: ‘L’esprit humain n’est
capable que d'un nombre fini d’actes de pensée!’ Le plus étonnant nous
parait étre qu'on s’accorde & croire que cette phrase signifie quelque
chose. (...)

La formation des concepts est justement un acte de la pensée absolu-
ment irrationel; vouloir qu’il soit fini, c‘est vouloir qu'il ne soit pas.?

In Gonseth’s view, intuitionism means no threat to traditional mathematics, and
there is no crisis in mathematics.?®

As a commentary, I must say that I find Gonseth’s reasonings markedly
chaotic and badly supported. First, Gonseth seems to use an impredicative def-
inition (‘impredicable’) as a counter-example against Brouwer’s claim that the
excluded middle does hold in finite sets. But intuitionists reject impredicative def-
initions anyway, since they are not constructive, therefore such an example could
never be decisive. Second, Gonseth gives a very weak argumentation for the valid-
ity of the principle of the excluded middle in infinite sets, namely by simply stating
that it is intuitively valid. Third, Gonseth claims that the principle of contradic-
tion and of the excluded middle are one, but that is exactly what intuitionism
disclaims. Fourth, Gonseth introduces a third truth value in formalising intuition-
istic logic — in itself an accomplishment at the time, but it is not a formalisation
of intuitionistic logic.?'® And fifth, Gonseth confuses the process of thinking with
that of proving or verifying a proposition. It is the latter that is always finite, as
Brouwer had claimed.

I do not know many works in which the confusion surrounding intuitionism
was bigger than in Gonseth's work. It is all the more remarkable since his book
appeared quite late in the debate, which means that there was a lot of much better
literature available. Gonseth’s book drew some attention in the French speaking
world,?!7 and it was mentioned in the third edition of Fraenkel’s Einleitung in die
Mengenlehre ?'®

213[Gonseth 1926, pp. 230-231)
214‘The intuitionists (...) show a strange timidity in face of the infinite, which they consider
simply inconceivable. They accept as a dogma the following assertion: ‘The human spirit is only
capable of a finite number of acts of thinking!” The most surprising, so it seems to us, is that one
agrees to believe that that phrase means something. (...)

The forming of concepts is on the contrary an absolutely irrational act of thinking; to wish
that it is finite means to wish that it is not.’
215[Gonseth 1926, p. 232]
216(G5del later proved that intuitionistic logic is not an n-valued logic; see 5.4.2.
217[Juvet 1927], [Reymond 1932A], and [Dassen 1933
218 [Fraenkel 1928]
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Wavre vs. Lévy, 1926 In 1926, a discussion on intuitionistic logic took place
between Rolin Wavre and Paul Lévy in the Revue de Métaphysique et de Morale.?'®
Wavre opened the discussion by publishing a paper that continued the exposition
he had given earlier on intuitionism. He again states that there are propositions of
which we can neither prove the positive expression, nor their absurdity. Therefore,
it could be the case that such a proposition is neither true nor absurd. However,
Wavre rightly remarks, it makes no sense trying to establish a proposition that
s neither true nor absurd, for in order to do so we would have to prove that the
proposition is not true, which we can only prove by proving its absurdity, in which
case it is absurd.?2°

Unaware of Kolmogorov’s paper, Wavre proceeds with a formalisation of
formalistic and, as he calls it, empiricist (intuitionistic) logic. He correctly takes
the principle of the excluded middle as one of the axioms in which these logics
differ. Wavre remarks that Brouwer only mentions the principles he rejects, not
the ones he admits, but he adds that this follows logically from Brouwer’s view of
logic as a property of language, not as part of mathematics.??! Wavre thinks the
extra principles admitted in formalistic logic do not lead to much:22?

Les démonstrations par ’absurde ne nous apprenaient, en somme, ni
le pourquoi ni le comment; elles répondaient comme le sphinx: oui, ou
bien: non; qu’elles ne soient plus valables en logique empiriste, ou ’on
exige le comment, il ne faut pas s’en étonner.22?

Wayvre finishes his paper with a Brouwerian counter-example. He rightly con-
cludes that, if one has succeeded in proving for instance that a number is rational,
Brouwer would say that it has become rational. But these kind of questions, Wavre
maintains, should be sent back to philosophers.??4

Lévy reacts by a paper called Sur le principe du tiers exclu et sur les théorémes
non susceptibles de démonstration (‘On the principle of the excluded middle and
on theorems which are not capable of demonstration’). He argues that there can
be theorems which are true, but not provable.?2® This applies in particular to the-
orems about an infinite number of particular cases. For such theorems, verification
may indeed be impossible. By means of the example of Fermat’s last theorem,

219The part of the discussion that focuses on mathematical existence is treated in 4.3.1.

220'Wavre 1926A, p. 66]

221 Wavre 1926A, pp. 69-71]

222[Wavre 1926A, p. 73]

223¢After all, proofs by contradiction did not teach us why or how; they answered like the sphinx:
yes, or: no; one should not be surprised that they are no longer valid in empiristic logic, where
on demands the how.’

224[Wavre 1926A, p. 74]

2251t is rather unclear what it means, in Lévy’s view, for a theorem to be true without us being
able to prove so. It seems that he is thinking of some kind of truth in a Platonic sense, and not in
a semantical sense which Godel later used for his incompleteness theorem (on the incompleteness
theorem, see 5.4.2). Lévy sticked to the conviction he presented here for the rest of his life, cf.
[Lévy 1970, p. 219].
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Lévy argues that for some cases, where the negation of a theorem can be proved
by a definite counter-example but where the positive proof would require an in-
finite verification, there are only three logical possibilities: either the theorem is
provably false, or it is provably true, or it is unprovably true. In other cases, where
both the positive and the negative proof require an infinite number of operations,
four possibilities occur.??6 Thus, Lévy acknowledges the value of verifications, but
does not draw the same conclusion as Brouwer.

In his reaction, Wavre once more stresses that doing mathematics in the formalistic
way will never lead to contradictions, since a tertium cannot be pointed out; it
should even be continued, since it leads to beautiful proofs. But the centre of the
debate, he maintains, is whether one should proclaim a proposition true or false a
priori, even if there is no means of deciding which of the two applies. Wavre gives
no definite answer, but expresses his sympathy for Brouwer who tries to pose the
question.??”

In the last paper in the series, Lévy states that he now understands Wavre’s
attitude, but he does not agree with it. As he sees it, it amounts to arbitrarily
forbidding the proclamation of certain results which are obvious. Furthermore,
he does not want philosophy to stop him from doing science. In Lévy’s view,
the principle of the excluded middle applies to predicates such as ‘rational’ and
‘irrational’, against which Brouwer and Wavre had constructed counter-examples,
since these by definition divide all numbers into two disjoint classes. Lévy concludes
that the difference between Wavre and him lies in whether one wants to describe
our actual knowledge or what he calls the objective state of affairs, and he adds:??8

(...) je n’aime pas un language qui, projetant en quelque sort notre ig-
norance sur les faits eux-mémes, arrive & masquer ce que nous savons. 22

This is the crucial point. Wavre did not react again, but the difference has now
become crystal clear. Lévy does not want mathematics to be an expression of our
knowledge, as Brouwer wants, but sees it as a description of something which in
true already, perhaps in a Platonic world of ideas.?>° Thus, despite Lévy’s dislike
of philosophy entering into mathematics, it is precisely at a philosophical point
where his view diverges from the intuitionistic one.

226[Lévy 1926A, pp. 255-258]

227[Wavre 1926B, pp. 427-429]

228[Lévy 1926B, p. 548]

229¢] do not like a language which, by in one way or the other projecting our ignorance on the
facts themselves, succeeds in hiding what we know.’

230The citation is somewhat ambiguous, since Lévy at the same time speaks about ‘our igno-
rance’ and about ‘what we know’. I take the first to mean the incompleteness of our present
(mathematical) knowledge, the second Lévy’s idea of an objective reality, which he thinks we
know.
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Reymond, Lévy, Brunschvicg, and Lenoir, 1927 On January 29, 1927, the
Société francaise de Philosophie (‘French society of philosophy’) devoted a session
to axiomatic logic and the principle of the excluded middle. Arnold Reymond,
professor at the university of Lausanne, delivered the introductory lecture. He
describes logic as the normative science of the formal rules of correct thought.
Reymond correctly argues that the question of the general validity of the principle
of the excluded middle amounts to the question whether there are mathematical
facts different from the intellectual activity carried out in doing mathematics. He
concludes in favour of classical logic, which in his view more than suffices for the
problem of truth.?3!

Reymond’s lecture was followed by a general discussion. There, both Lévy
and Brunschvicg state their agreement with Reymond’s point of view. Only Lenoir
defends a more intuitionistic point of view. Reymond concludes by maintaining
that the principle of the excluded middle is one of those principles without which
thought is impossible.23?

Petzoldt in 1927 In May 1927, Joseph Petzoldt (1862-1929) lectured before the
Berlin section of the Internationale Gesellschaft fiir empirische Philosophie®3? on
‘rational and empirical thinking’. Petzoldt maintains that the whole of science is
threatened, since one questions the principle of causality and that of the excluded
middle.?3* Regarding the latter, Petzoldt describes the doubt, expressed by emi-
nent mathematicians, as a sign of the ‘too bold doubting of our time’.23° He briefly
presents a Brouwerian counter-example based on the decimal development of T,
and then asks:236

(...) wie ist es liberhaupt denkbar, da8 der Satz vom ausgeschlossenen
Dritten nicht gilt? Und es ist im Grunde recht leicht zu zeigen, daf

es nicht denkbar ist, falls man nicht das Denken iiberhaupt zerstoren
will.237

After this rather unconvincing argument he arrives at the conclusion that, in cases
such as the Brouwerian counter-examples, what is at stake is not the principle of
the excluded middle, but the matter of decidability. Petzoldt rejects Brouwer’s
view that logical principles should be verifiable?3® — even though one might think
that such a stand should appeal to someone from a society for empirical philosophy.

231(Leclerc 1927, pp. 3-4; 18]

232[Leclerc 1927, pp. 18-23]

233The Society is described in 3.3.3.

2340n possible links between questions of causality and logic, see 6.4.2.

235¢allzukiihnen Zweifelns unserer Zeit’, [Petzoldt 1927, p. 157]

236[petzoldt 1927, p. 157]

237¢(_..) how is it at all conceivable that the law of the excluded middle does not hold? And it
is indeed quite easy to show that this is not thinkable, if one does not want to annihilate thinking
altogether.’

238[Petzoldt 1927, pp. 154-158]
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Hirlen in 1927 In September 1927, Harlen lectured before the fourth Deutsche
Mathematikertagung in Bad Kissingen on completeness and decidability. He starts
by stating that what Brouwer ascertained about the principle of the excluded mid-
dle is still fiercely rejected, partly because of the subjective way in which Brouwer
takes position. Hérlen refers to the transcendental character of the principle of
the excluded middle, as in the often-heard argument against Brouwer: an object
has to have a property or not, regardless of whether the property is provable.?3?
What Harlen wants to investigate is not decidability in the usual sense of provabil-
ity, but whether a proposition is true in all the interpretations of the axiomatic
system it appears in, or false in all these interpretations.?'® As we would nowa-
days say, Harlen wants to investigate the semantical side, not the syntactical one.
Unfortunately, the report on Hérlen’s lecture in the Jahresbericht der deutschen
Mathematikervereinigung is rather short, whereby it is unclear what the results of
Hirlen’s idea are.

Burkamp in 1927 In 1927, the philosopher Wilhelm Burkamp (1879-1939)
published a paper in the Beitrdge zur Philosophie des Deutschen Idealismus (‘Con-
tributions to the philosophy of German Idealism’) on the ‘crisis of the theorem of
the excluded middle’. Burkamp had a strong interest in biology and psychology
and tried to provide empirical foundations for philosophical concepts. He was a
late starter; he became Privatdozent in 1923, at the age of 44, at the university of
Rostock. His interest in logic dates back to his Habilitationsschrift, published the
year before. In 1927 his first publication fully devoted to logic, the book Begriff
und Beziehung, was published.?4!

Burkamp based his paper on works by Brouwer, Weyl, Hilbert and Baldus.
He correctly relates Brouwer’s rejection of the excluded middle to matters of un-
decidability in infinite sets. In Burkamp’s view, the only reason why one could
reject the excluded middle would be that one thinks it does not reflect our way
of thinking. It is clear that Burkamp adheres to the idea that logic and axiomatic
systems should describe something in reality. His solution to the problem that one
does not always obtain propositions which are opposed as contradictories is to give
the negation a wider meaning than normally, so as to obtain opposing contradic-
tories in all cases. Burkamp describes his interpretation of negation as differing
only marginally from absolute neutrality. In his proposal, Fermat’s theorem, at
the time still unproved, becomes false.?*?

Still, Burkamp seems to be somewhat confused about his own idea of nega-
tion. Formalising what he stated before, he claims that (in modernised symbolism)
Vz(p(z) — (z)) should be negated as Vz—{(w(z) — ¥(z)).?** But in this sense

239The argument was used, for example, by the idealist in Wavre’s fictional dialogue (see 5.3)
and by Ramsey (whose 1926 paper is treated above).

240[Harlen 1928, pp. 226-228]

241Gee 4.3.2.

242[Burkamp 19278, pp. 59-64]

243[Burkamp 1927B, p. 65)
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proposition and negation are definitely not opposed as contradictories.

Next, Burkamp turns to the real world. He takes up the example of Goethe
and asks whether ‘Goethe ist ein Sturm- und Drangdichter’ (‘Goethe is a Sturm
und Drang poet’)*** or ‘Goethe ist kein Sturm und Drangdichter’ (its negation)
is true.245

‘Intuitionistische Mathematiker’ wie Brouwer werden sagen, hier gelte
auch der Satz vom ausgeschlossenen Dritten nicht. Aber denken wir
an den urspriinglichen Sinn dieses Satzes (...). Der Satz vom aus-
geschlossenen Dritten kann nicht falsch sein. Aber die individuelle Dis-
junktion gilt nicht.246

The reason why the individual disjunction does not hold, Burkamp maintains, is
that the two statements are not opposed as contradictories.

In applying Brouwer’s criticism to natural language, Burkamp drifts far away
from what Brouwer held. Furthermore, Burkamp does not differentiate between a
proposition that does not hold and one that is false, thus using the principle of
the excluded middle in defence of this same principle.

Paradoxically, Burkamp concludes that in the foundational crisis, Brouwer
and Weyl are right. However, Brouwer’s criticism, which Burkamp finds ‘factually
justified’,4” in his view does not hit the principle of the excluded middle. Logic
is not, as Brouwer thinks, something abstracted from the mathematics of finite
sets, but is about the validity of relations between concepts. Therefore, Brouwer’s
argumentation which leads to the rejection of the principle of the excluded middle
does not hold. Mathematics, Burkamp maintains, is a science about forms, for
which logic is a priori justified.?*® Even though Burkamp claims to be supporting
Brouwer, their views differ substantially, and on the latter point they are even
diametrically opposed.

Becker in 1927 In 1927, Becker’s voluminous Habilitationsschrift ‘Mathema-
tische Existenz’ appeared.??® This time, Becker also treats the question of the
principle of the excluded middle.?5° He explains the intuitionistic criticism of the
excluded middle, claiming that the negation of the existence statement ‘there is a
number in the sequence S with the property P’ is devoid of meaning. For, Becker
repeats after Weyl, the negative sentence ‘there is no number in the sequence S

244 Sturm und Drang’ was a German literary style in the end of the 18th century, when young
poets wanted to break with the established poetical forms.

245Burkamp 1927B, p. 66]

246¢Intuitionistic mathematicians’ like Brouwer will say that the law of the excluded middle
does not hold here. But let us think about the original meaning of this law (...). The law of the
excluded middle cannot be false. But the individual disjunction does not hold.’

24T¢sachlich berechtigt’, [Burkamp 1927B, p. 79]

248|Burkamp 1927B, pp. 76-80]

249The work was mainly concerned with mathematical existence, as the title indicates, which
is treated in 4.3.1.

250The subject was not dealt with in [Becker, O. 1923].
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with the property P’ does not make sense for choice sequences. These questions,
Becker continues, are related to the question of decidability. In the case of an
undecided question, intuitionists find that one should not state anything.?>!

By only explaining the criticism of the excluded middle be means of choice
sequences, Becker provides a narrower interpretation of the intuitionistic view than
what Brouwer and Weyl had presented.

Becker next treats Hilbert’s ‘formalism’.2°> He does not forget to mention
that Hilbert, too, thinks that one cannot simply transfer reasonings from finite
to infinite domains. After he has given the relevant citation from Hilbert, he re-
marks: 253

Diese Darlegungen konnte wortlich ein Intuitionist geschrieben haben.2%4

Furthermore, Becker also discusses the matter of the negation of a universal state-
ment. He correctly maintains that Hilbert’s distinction between ‘there is no excep-
tion” and ‘there is an exception but I cannot point it out’ is not verifiable.2%?

In his analysis of the intuitionistic theses, Becker introduces the idea that one
can negate a sentence in different ways. If we express ‘p holds’?® by 4-p, then there
are two possible negations: ‘not-p holds’ (+ — p) or ‘p does not hold’ (— + p). In
the cases in which the different negations do not coincide, we have three different
possibilities; quartum non datur. Thus, Becker interprets intuitionistic logic as
a three-valued logic. He further supports the distinction by means of Husserl’s
theory of judgement.?®” Interesting as the idea may be, it is not an interpretation
of Brouwer’s intuitionistic logic. Becker’s first negation is the strong, intuitionistic
one, the second one is weaker. Therefore, there is no quartum non datur.?°®

Becker next returns to Brouwer’s criticism based on choice sequences. He
introduces statements of the second order, which are statements about (‘ordinary’)
statements. Only when including statements of the second order Becker modifies
his scheme and allows as the third possibility ‘neither p nor —p has been proved’.
However, if this is the interpretation he had in mind, something goes wrong in the
symbolism. He presents the three possibilities when including statements of the
second order as +p, + —p and —(pV —p). In the interpretation just given, the last
one should have been —(+p V +-p). Becker maintains that, after all, statements
of the first order are the essential thing.?%"

251(Becker, O. 1927, pp. 449-452]

252The quotation marks are Becker’s.

253[Becker, O. 1927, p. 466]

254‘These expositions could literally have been written by an intuitionist.’

255[Becker, O. 1927, p. 496]

256Becker does not specify whether ‘p holds’ should be interpreted as ‘there is a proof for p’ or
as ‘we have a proof for p’.

257 [Becker, O. 1927, pp. 497-503]

258Later, Godel proved that there is no n-tum non detur in intuitionistic logic by proving that
intuitionistic logic is not a many-valued logic; see 5.4.2.

259[Becker, O. 1927, pp. 504-505]
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In the mathematical appendix, Becker returns to the matter of Brouwerian
logic. Relying on publications by Brouwer and Wavre,?50 Becker remarks that in in-
tuitionistic logic one does not speak of true and false, but of true and absurd, where
the latter means that a contradiction can actually be derived. In phenomenologi-
cal terms, true means the fulfillment of an intention, absurd means its deception.
Between these possibilities, of course, there is no full disjunction.

Returning to his scheme of p, —p and the third possibility, Becker remarks
that both Brouwer and Wavre clearly reject such a principle of the excluded fourth.
Brouwer does introduce another possibility, namely the absurdity of the absurdity
of a propostion, but, Becker correctly remarks, this does not exhaust all possibil-
ities. For it is also possible that we neither have a proof for p, nor for —p, nor
for =—p. And even if we add as a new possibility ‘we have a proof that neither of
these three possibilities is the case’, we have still not exhausted all possibilities.
For we could then add the proposition that neither of these four is the case, etc.
Thus, Becker concludes, it seems that in intuitionistic logic there is no ‘n-tum non

datur’ 261

Becker next gives Brouwer’s proof that absurdity of absurdity of absurdity
equals absurdity. He finishes this part with the remark that, whereas he has pre-
sented a phenomenological interpretation of the most important principles which
holds specifically for Brouwerian logic, the problem of a calculus for the intuition-
istic logic remains to be solved.26? Becker, too, had not read Kolmogorov’s paper,
and he thus had to wait until Heyting published his formalisation. Nevertheless,
Becker’s analysis is a good example of how someone who was used to classical logic
struggled to interpret the new, intuitionistic logic.

Barzin & Errera, Lévy, and Church, 1927-1928 In a paper published in the
Académie Royale de Belgique, Bulletins de la Classe des Sciences in 1927, Barzin
and Errera reacted for the first time to Brouwer’s intuitionism. Alfred Errera
(1886-1960) had studied mathematics in Brussels before heading for Gottingen in
1909. For 3 years, he had followed lectures from, among others, Klein (projective
geometry), Hilbert (partial differential equations), Zermelo (logical foundations
of mathematics), Toeplitz (set theory), Weyl (function theory), and especially
a number of algebraic lectures and seminars from Landau. He had written his
dissertation in 1920 on the map-colouring problem. From 1921 onwards, Errera
lectured at the Université Libre de Bruzelles and the Ecole Militaire. Most of
Errera’s work was in topology, number theory and set theory. Barzin was a friend
and colleague of Errera, as a professor of logic at the Université Libre de Bruzelles.
The cooperation between Barzin and Errera dates back to at least March 1927, of

260For some reason, Becker spells Wavre’s name as ‘Wawre’.

281 [Becker, O. 1927, pp. 775-777]. Gédel later proved the statement, see 5.4.2. Becker’s ar-
gumentation resembles the one used to set up the so-called Rieger-Nishimura lattice; cf.
[Van Dalen 1997, pp. 189-190].

282 Becker, O. 1927, pp. 779-780)
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which time notes from Errera on a lecture of Barzin on logic are extant.?63

Barzin and Errera present Brouwer as the one drawing the logical conse-
quences of Kronecker’s position of arithmetising mathematics, by rejecting the
principle of the excluded middle. The argument they give is that the tertium non
datur leads to non-constructive existence proofs, which intuitionists reject. If one
interprets existence in a constructive way, Barzin and Errera argue, it is clear that
‘for all’ and ‘there exist’ do not make up the only possibilities. Therefore, they
conclude, there has to be a third.?%4

Next, Barzin and Errera try to interpret what, in Brouwer’s view, the third
possibility should mean. First, they reject what we know to be the correct inter-
pretation, namely that the third possibility is simply that which is not proved yet
(and possibly improvable), with the following argument:26°

Si ¢’était vraiment la le sens du mot tiers, la réforme de M. Brouwer se
réduirait & peu de chose. Nous savions depuis longtemps qu’une propo-
sition incertaine ne pouvait étre ni affirmée vraie, ni affirmée fausse.
Mais nous avions 'habitude d’ajouter qu’assurément elle était I'un
des deux. Si toute proposition devait devenir vraie ou fausse dans un
avenir quelque éloigné qu’il fit, n’aurions-nous pas le droit d’affirmer
le principe du tiers exclu?256

The argument resembles very much the one Wavre presented in his fictional dia-
logue.?57 It differs in that Barzin and Errera silently make the step from ‘we have
taken the habit of saying that a proposition is either true or false’ to ‘a proposition
has to become true or false one day’. It is exactly the latter point that we do not
know, and against which Brouwer protested.

Thus, Barzin and Errera conclude, the third is a value like true and false. It
does not depend on our subjective knowledge, but it is an objective logical fact.?6%
It is not clear in what sense the negation should be taken; Barzin and Errera do
not mention Brouwer’s ‘negation as absurdity’.

Barzin and Errera next remark that, if Brouwer would obey his own criteria of
constructive existence, he should have put forward a construction of a proposition
which is third. However, they agree with Wavre that the Brouwerian counter-
examples only show the possibility of a proposition which is third.2%°

283[Godeaux 1960]; ‘ Anmeldungs-Buch des stud. Math. Herrn Alfred Errera aus Briissel’; notes
‘Barzin: log. math. 23.3.27°, [ULB Errera]

284tiers’, [Barzin & Errera 1927, pp. 56-58]

265 [Barzin & Errera 1927, p. 59]

26641f that really was the meaning of the word third, Mr. Brouwer’s reform would be reduced
to very little. We have known since a long time that an incertain proposition could neither be
affirmed true nor be affirmed false. But we had the habit of adding that surely it was one of the
two. If every proposition had to become true or false in a future how far away it might be, would
we not have the right to affirm the principle of the excluded middle?’

2673ee 5.3.

268 [Barzin & Errera 1927, p. 59]

269 Barzin & Errera 1927, pp. 59-60]
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Barzin and Errera easily step over this point, since they believe to have found
a different way of refuting Brouwerian logic: by pointing out a contradiction. In
order to do so, they formalise intuitionistic logic in the way which seems most
logical to them. They then arrive at the principle of the excluded fourth: a propo-
sition has to be either true, or false, or else third. They note that Brouwer has
never stated this principle, but to them it seems impossible that he could refuse
it. Thus, Barzin and Errera draw a different conclusion than Becker did, who was
confronted with the same problem.2’® Finally, they prove the theorem that the
notion of a third truth value implies contradiction.2™!

The conclusion, Barzin and Errera maintain, is that the contradiction was
already present in Brouwer’s postulates. They trace back what they see as the
germ of the problem as follows. Brouwer admits simultaneously a third truth value
(which they indicate by p’, meaning ‘p is third’), the principle of double negation
(p — ——p), and the principle of transposition ((p — q) = (-¢ — —-p)). But,
Barzin and Errera argue, if one knows, in Brouwerian logic, that p is true, one can
only conclude about —p that it is either false or third. A similar argument goes
for the principle of transposition. Thus, one should adapt these two principles to
read p — (=(—p) V (-p)’) and (p — q) = (—q — (-pV p')) respectively. Now the
classical relationship between true and false has disappeared, only to be replaced
by a similar one between true and not-true propositions, the latter comprising both
false and third propostions. Barzin and Errera conclude that Brouwer’s distinction
either leads to a contradiction, if one sticks to the original formulation of the
principles of double negation and transposition, or, if one adapts these principles,
it loses all value. In this way, they consider it shown that arithmetisation is not
the universal method of demonstration. The only universal criterion of rigour are
the immovable laws of logic.272

Barzin and Errera’s paper led to a surprising number of reactions. The ones by
Lévy and Church are treated here; the ones by Glivenko and Heyting are dealt
with in separate sections.?”>

Lévy once more entered the discussion, by reacting to Barzin and Errera’s paper.
He starts by remarking that the Brouwerian logic cannot lead to a contradiction,
for the simple reason that it rests upon a choice among the propositions used in
classical logic.27

Lévy proceeds in the same way as Barzin and Errera, namely by formalising
intuitionistic logic. His formalisation, however, is more subtle. Since Lévy had a

2708ee 5.3.1.

271[Barzin & Errera 1927, pp. 60-68]

272[Barzin & Errera 1927, pp. 68-71]. In a letter to Church, Errera added that changes to logic
would be ‘detrimental to human thought’, letter from Errera to Church, 30/9/1927, [AC Church].
I return to this point in 5.4.3.

273G8ee 5.4.1 and 5.4.3 respectively.

274 [Lévy 1927, p. 256]
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rather unfortunate choice of symbols, I here employ a symbolism which only in its
basic elements is similar to his.2?®

Lévy starts with a proposition a and its opposite —a. Classically, one of these
has to be true: tertium non datur. He next introduces what he calls ‘true in the
sense of Brouwer’, which, he adds, could also be called ‘provable’, designated by
+a. He remarks that the predicate ‘provable’ does not add anything to a proposi-
tion that is provable already, whereby two plusses reduce to a single one.?”® There
are two problems with Lévy’s suggestion. The first is that he does not differentiate
between the semantical and the syntactical level. At the time, these distinctions
were not made that clearly. The second is that, as Heyting later pointed out, stat-
ing that ‘a proposition is provable’ does not satisfy the intuitionistic demands. For
it is equivalent to maintaining that there exists a proof of the proposition, which
again contains the idea of transcendental existence which intuitionists reject.2””

In Brouwerian terms, Lévy continues, there are three possibilities: either we
have a proof for a, or we have a proof for -, or ‘it is not a solvable problem’.27®
Lévy calls the latter possibility ‘third’ and designates it by o’. These are the
only possibilities, so that the quartum non datur holds.?”® The description of the
three possibilities is not correct, since the third possibility should include unsolved
(and possibly unsolvable) problems. Furthermore, this is not a truth value in the
ordinary sense, hence there is no quartum non datur in intuitionistic logic.28°

But, Lévy maintains, one can go further and divide the case ' into two:
either we can prove that we are in this case, indicated by +a’, or we cannot, in
which case we have o’ Then the process of dividing stops, since if we would make
+a', we would have a proof that we are in the case o/, because o is a subcase of
o', which contradicts the fact that o’ indicates that we are in o’ but we cannot
prove so. Lévy does not interpret these cases, but it is clear that +o’ indicates a
proved unsolvable problem, whereas o’ indicates an unsolvable problem of which
we cannot prove that it is unsolvable. Lévy doubts if +a’ exists, since in that case
one would have to prove both a and —a not to be true. But the only way one
could prove that « is not true is by proving it false. This was exactly Brouwer’s
argument for rejecting this case.?®! However, Lévy still keeps open the possibility
and thus leaves room for 4+a/.28?

Thus, Lévy continues, there are in fact four possibilities: +a, +—a, +a’ and
o”. If one adds to this the cl<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>