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Proposition 1

Proposition 1, p.4,

a.k.a: “composition needs checking”.

Lets suppose that we are in Set.

Let’s omit the types when they can be inferred from the
diagrams, and let’s use dependent variables.
So A= (U, X,a) is a triple

(U € Sets, X € Sets,a: U x X — {0,1}),
So B = (V,Y., ) is a triple

(V € Sets,Y € Sets, 3: V xY — {0,1}),
and a morphism (f,F): A— B

is actually a triple

f:U—=V,
F:UxY — X,
V(u,y).cc = ]+ ...
in which the [V(u,y).a — ] is a guarantee/witness for:

Y(u,y).a — 3

V(u, a(u,z) = B(v,y)

V(u, y).ofu, T(u y)) = B(v(u),y)
V(u,y)-alu, Fu,y)) = B(f(w),y)
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We want to compose the
(f, F,[V(u,y).c — f3]) with the
(9,G.[V(v,2).8 = 11),

and obtain a:

(h, H,[V(u, 2).cc = 7]).
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Proposition 1: compatibility conditions

Let’s forget «, 5 and 7 for a while,
and let’s con31der f, 1', g and G as
compatibility conditions...

5 commas,

for a tuple that only obeys

1 will write ( v, y‘)
w,

velU,zeX,...,z€Z,
. . ux
and will write s g) commas,

u, @,
for (; yz) plus guarantees for the
“obvious” compatibility conditions,
that in this case are:

[v=wv(u)], [v=f)],
[r=w(wyl, . |lo=Fluwy)]
[w = w(v)], T w = gv)],
v =y(v,2)] lv=Gv,2)]
So:
(Z ZJ:) has 4 compatibility conditions,
(u’ fz) has 2 compatibility conditions,
(’ZL g) has 2 compatibility conditions,
(u v) has 0 compatibility conditions...
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Proposition 1: basic pullbacks
Now let’s write { ;ﬁj ; }
1

for the space of all (compatible)

ux u ux u T
tuples of the form (5‘121), { y}<—>{vy}‘>{ }
and do the same for all other
combinations of letters... / \

We have the maps at the right, u Uz
and the diamond at the middle { 5 } e { 5} g } { vy }

is a pullback.

Note that:
« is defined on {

B is defined on { y%
~ is defined on { }
a = B is defined on {
B =  is defined on {

{"

« — 7y is defined on

2t
} and
e
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Proposition 1: the implication

U<—%—X U-—%—X
Vit v n H
W~—1—2z W~1—2z

Remember that want to compose the
(f, F, V(u,y).ac = B]) with the

(9,G, [V(v,2).8 = 1]),

and obtain a: (h, H, [V(u, z).cc = 7]).
We saw that

h(u) = g(f(u)) and

H(u,z) = F(u,G(f(u), 2)).

We still need to check this:
(7(") > 5) A
((-) 5
(¥(".)a =)

Sketch of the proof:

—

V(uy).a—>ﬂ v
v(i‘vzﬁ).aaﬂ v
V(ﬁg).aaﬁ v

w
u x
V<Uy>.a
w z
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