
1

Proposition: a morphism g = (g1, g2) in Set2 is a monic
if and only if its two components, g1 and g2, are monics in Set.

With the right abbreviations, this becomes:
((g1, g2) is monic)↔ (g1 is monic) ∧ (g2 is monic)

We will use the diagrams below.

∀A B
∀f //∀A B
∀f ′

//∀A

C
��?

??
??

??
??

??
?∀A

C
��?

??
??

??
??

??
? B

C

g

��

∀(A1, A2) (B1, B2)
∀(f1,f2) //∀(A1, A2) (B1, B2)
∀(f ′1,f ′2)

//∀(A1, A2)

(C1, C2)
%%LL

LLL
LLL

LLL
LLL

∀(A1, A2)

(C1, C2)
%%LL

LLL
LLL

LLL
LLL

(B1, B2)

(C1, C2)

(g1,g2)

��

∀A1 B1

∀f1 //∀A1 B1
∀f ′1

//∀A1

C1

��?
??

??
??

??
??

∀A1

C1

��?
??

??
??

??
??

B1

C1

g1

��

∀A2 B2

∀f2 //∀A2 B2
∀f ′2

//∀A2

C2

��?
??

??
??

??
??

∀A2

C2

��?
??

??
??

??
??

B2

C2

g2

��
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[5pt] Def: B1
g1−→ C1 is a monic in Set

means ∀A1.∀f1, f ′
1. (g1 ◦ f1 = g1 ◦ f ′

1︸ ︷︷ ︸
α1

→ f1 = f ′
1︸ ︷︷ ︸

β1

)

︸ ︷︷ ︸
“g1 is monic”

Def: B2
g2−→ C2 is a monic in Set

means ∀A2.∀f2, f ′
2. (g2 ◦ f2 = g2 ◦ f ′

2︸ ︷︷ ︸
α2

→ f2 = f ′
2︸ ︷︷ ︸

β2

)

︸ ︷︷ ︸
“g2 is monic”

Def: B g−→ C is a monic in Set2,
i.e, (B1, B2)

(g1,g2)−−−−→ (C1, C2) is a monic in Set2,
means ∀A. ∀f, f ′. (g ◦ f = g ◦ f ′︸ ︷︷ ︸

α

→ f = f ′︸ ︷︷ ︸
β

),

i.e., ∀(A1, A2).∀(f1, f2), (f ′
1, f

′
2). ((g1, g2) ◦ (f1, f2) = (g1, g2) ◦ (f ′

1, f
′
2)︸ ︷︷ ︸

α12 = α

→ (f1, f2) = (f ′
1, f

′
2)︸ ︷︷ ︸

β12 = β

),

i.e., ∀(A1, A2).∀(f1, f2), (f ′
1, f

′
2). ((g1 ◦ f1, g2 ◦ f2) = (g1 ◦ f ′

1, g2 ◦ f ′
2)→ (f1, f2) = (f ′

1, f
′
2)),

i.e., ∀A1, A2.∀f1, f2, f ′
1, f

′
2. ((g1 ◦ f1 = g1 ◦ f ′

1︸ ︷︷ ︸
α1

) ∧ (g2 ◦ f2 = g2 ◦ f ′
2︸ ︷︷ ︸

α2

)→ (f1 = f ′
1︸ ︷︷ ︸

β1

) ∧ (f2 = f ′
2︸ ︷︷ ︸

β2

))

︸ ︷︷ ︸
“(g1, g2) is monic”

.

We want to prove this: ((g1, g2) is monic)↔ (g1 is monic) ∧ (g2 is monic)
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Trick 1: make f1 and f ′
1 identities. We will need A1 := B1.

Trick 2: make f2 and f ′
2 identities. We will need A2 := B2.

∀(A1, A2) (B1, B2)
∀(f1,f2) //∀(A1, A2) (B1, B2)
∀(f ′1,f ′2)

//∀(A1, A2)

(C1, C2)
%%LL

LLL
LLL

LLL
LLL

∀(A1, A2)

(C1, C2)
%%LL

LLL
LLL

LLL
LLL

(B1, B2)

(C1, C2)

(g1,g2)

��

(B1,∀A2) (B1, B2)
(id,∀f2) //(B1,∀A2) (B1, B2)
(id,∀f ′2)

//(B1,∀A2)

(C1, C2)
%%LL

LLL
LLL

LLL
LLL

(B1,∀A2)

(C1, C2)
%%LL

LLL
LLL

LLL
LLL

(B1, B2)

(C1, C2)

(g1,g2)

��

A1:=B1
f1:=idB1

f ′1:=idB1+3

∀(A1, A2) (B1, B2)
∀(f1,f2) //∀(A1, A2) (B1, B2)
∀(f ′1,f ′2)

//∀(A1, A2)

(C1, C2)
%%LL

LLL
LLL

LLL
LLL

∀(A1, A2)

(C1, C2)
%%LL

LLL
LLL

LLL
LLL

(B1, B2)

(C1, C2)

(g1,g2)

��

(∀A1, B2) (B1, B2)
(∀f1,id) //(∀A1, B2) (B1, B2)
(∀f ′1,id)

//(∀A1, B2)

(C1, C2)
%%LL

LLL
LLL

LLL
LLL

(∀A1, B2)

(C1, C2)
%%LL

LLL
LLL

LLL
LLL

(B1, B2)

(C1, C2)

(g1,g2)

��

A2:=B2
f2:=idB2

f ′2:=idB2+3
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If we specialize “(g1, g2) is monic”
by doing A1 := B1, f1 := id, f ′

1 := id,
we get this:

∀ A1︸︷︷︸
B1

, A2. ∀ f1︸︷︷︸
id

, f2, f
′
1︸︷︷︸
id

, f ′
2. (g1 ◦ f1︸︷︷︸

id︸ ︷︷ ︸
g1

= g1 ◦ f ′
1︸︷︷︸
id︸ ︷︷ ︸

g1︸ ︷︷ ︸
T

) ∧ (g2 ◦ f2 = g2 ◦ f ′
2︸ ︷︷ ︸

α2

)

︸ ︷︷ ︸
α2

→ ( f1︸︷︷︸
id

= f ′
1︸︷︷︸
id︸ ︷︷ ︸

T

) ∧ (f2 = f ′
2︸ ︷︷ ︸

β2

)

︸ ︷︷ ︸
β2︸ ︷︷ ︸

∀A2.∀f2, f ′
2. α2 → β2︸ ︷︷ ︸

g2 is monic

so ((g1, g2) is monic)→ (g2 is monic).
The proof of ((g1, g2) is monic)→ (g1 is monic) is similar,
but with A2 := B2, f2 := id, f ′

2 := id.
So: ((g1, g2) is monic)→ (g1 is monic) ∧ (g2 is monic).
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This is a proof of
((g1, g2) is monic)← (g1 is monic) ∧ (g2 is monic)
in Natural Deduction:

[α1 ∧ α2]
1

α1

[A1, f1, f
′
1]

2 g1 is monic
α1 → β1

β1

[α1 ∧ α2]
1

α1

[A2, f2, f
′
2]

2 g2 is monic
α2 → β2

β2
β1 ∧ β2

α1 ∧ α2 → β1 ∧ β2
1

∀A1, A2, f1, f2, f
′
1, f

′
2. (α1 ∧ α2 → β1 ∧ β2)

2

(g1, g2) is monic
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Page 26:

D y(C)(D)� //D

D′

OO
α

y(C)(D)

y(C)(D′)

y(C)(α)
��

D′ y(C)(D′)� //

� //

C
Cop Set

y(C) //

u

y(C)(α)(u)

_

��

D HomC(D,C)
� //D

D′

OO
α

HomC(D,C)

HomC(D
′, C)

(◦α)
��

D′ HomC(D
′, C)� //

� //

C
Cop Set

HomC(−,C)//

u

u ◦ α

_

��

D C
u //D

D′

OO
α

D′

C

u◦α

??������

1

PC

peq
��

C PC� //C

D

OO
u

PC

PD

Pu
��

1

PD

Pu◦peq=
p(Pu)(e)q

��
� //

D PD� //

C
Cop SetP //

HomC(D,C) Hom(1, PD)// Hom(1, PD)

PD

OO

��

HomC(D,C)

PD
λu.(Pu)(e) ((QQ

QQQ
QQQ

QQQ
y(C)(D) =

HomC(−, C) Hom(1, P−)// Hom(1, P−)

P

OO

��

HomC(−, C)

P
α ((QQ

QQQ
QQQ

QQQ
Q

y(C) =

PC

HomĈ(y(C), P )

OO

θ

_

PC

HomĈ(y(C), P )

_

θ−1

��

αC(1C)

α

OO

_

e

λD.λu.Pu ◦ peq

_

��
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Page 32:
In the category of
monic and pullbacks,

∀S 1
φ′=! //∀S

∀X

��
∀
��

1

Ω

��
true
��

∀X Ω
φ //

∀

S�

X

 1�

true
Ω

∃!
(
φ′

φ

)
//

and φ′ =!, so ∃!φ.S�

X

 is an element of SubC(X).S�

X

 is an equivalence class,
and may not be a set.

S ′ S// S 1//S ′

Y

m′

��

S

X

m
��

1

Ω

true
��

Y X
f // X Ω//S ′

�

Y

 S�

X

oo �

SubC(Y ) SubC(X)oo SubC(f)
SubC(Y )

Y

OO

_

SubC(X)

X

OO

_
Y X

f
//

OO
_

X SubC(X)� //X

Y

OO

f

SubC(X)

SubC(Y )

SubC(f)

��
Y SubC(Y )� //

� //

Cop Set
SubC //

C

S�

X


S ′

�

Y


_

��
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Pages 35 and 36:

Y

X

f
��

Y ′

X ′

f ′

��

Sets

(Y, Y ′)

(X,Y ′)

(f,f ′)
��

Sets× Sets

∀(S, S ′) (1, 1)! //∀(S, S ′)

∀(X,X ′)

��
∀(⊂,⊂)

��

(1, 1)

(2, 2)

��
true
��

∀(X,X ′) (2, 2)
(φS ,φS′ )

//

∀

 (S, S ′)
(⊂,⊂)

�

(X,X ′)

  (1, 1)�

true
(1, 2)

∃! //

(S0
σ→ S1) ({0} σ→ {0})! //(S0
σ→ S1)

(X0
σ→ X1)

��

(⊂,⊂)

��

({0} σ→ {0})

({0, 1, 2}
σ=

{
07→0
17→0
27→1

}
−−−−−−→ {0, 1})

��

(⊂,⊂)

��

(X0
σ→ X1) ({0, 1, 2}

σ=

{
07→0
17→0
27→1

}
−−−−−−→ {0, 1})

(φ0,φ1)
//

S =

(S0
σ→ S1) ({11} σ→ {·1})! //(S0
σ→ S1)

(X0
σ→ X1)

��

(⊂,⊂)

��

({11} σ→ {·1})

({11, 01, 00}
σ=

{
117→·1
017→·1
007→·0

}
−−−−−−−→ {·1, ·0})

��

(⊂,⊂)

��

(X0
σ→ X1) ({11, 01, 00}

σ=

{
117→·1
017→·1
007→·0

}
−−−−−−−→ {·1, ·0})

(ψ0,ψ1)
//

S =

x ∈ S0 σx ∈ S1 φ0x φ1(σx) ψ0x ψ1(σx)
T T 0 0 11 ·1
F T 1 0 01 ·1
F F 2 1 00 ·0

See:
http://angg.twu.net/LATEX/2020clops-and-tops.pdf#page=29
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Page 63, exercise 8:

Page 63, exercise 10:
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