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Adjoints to an arbitrary f ∗:

A1 ΣfA1
� //

A2 ΣfA2
� //

f ∗B1 B1
oo �

f ∗B2 B2
oo �

C1 ΠfC1
� //

C2 ΠfC2
� //

� //

� //oo �

oo �

oo �� //

� //

A1

A2

α

��

ΣfA1

ΣfA2

Σfα

��
A2

f ∗B1

f

(Σ]
f )g ��

ΣfA2

B1

(Σ[
f )f
g

��
f ∗B1

f ∗B2

f∗β

��

B1

B2

β

��
f ∗B2

C1

(Π[
f )h

k ��

B2

ΠfC1

h
(Π]

f )k
��

C1

C2

γ

��

ΠfC1

ΠfC2

Πfγ

��

P(X) P(Y )
Σf //

P(X) P(Y )oo f∗P(X) P(Y )
Πf

//

X Y
f //
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2

Equality as an adjoint to ∆∗:

A1(x) x=x′ ∧ A1(x)
� //

A2(x) x=x′ ∧ A2(x)
� //

B1(x, x) B1(x, x
′)oo �

B2(x, x) B2(x, x
′)oo �

C1(x) x=x′ Ą C1(x)
� //

C2(x) x=x′ Ą C2(x)
� //

� //

� //oo �

oo �

oo �� //

� //

A1(x)

A2(x)

α

��

x=x′ ∧ A1(x)

x=x′ ∧ A2(x)

Σ∆α

��
A2(x)

B1(x, x)

f

(Σ]
∆)g
��

x=x′ ∧ A2(x)

B1(x, x
′)

(Σ[
∆)f
g

��
B1(x, x)

B2(x, x)

∆∗β

��

B1(x, x
′)

B2(x, x
′)

β

��
B2(x, x)

C1(x)

(Π[
∆)h
k ��

B2(x, x
′)

x=x′ Ą C1(x)

h
(Π]

∆)k
��

C1(x)

C2(x)

γ

��

x=x′ Ą C1(x)

x=x′ Ą C2(x)

Π∆γ

��

P(X) P(X×X)
Σ∆ //

P(X) P(X×X)oo ∆∗P(X) P(X×X)
Π∆

//

x (x, x′)� //

X X×X
∆ //

Σ∆α :=

x=x′ ∧ A1(x)

x=x′

x=x′ ∧ A1(x)

A1(x).... α
A2(x)

x=x′ ∧ A2(x)



(Σ[
∆)f :=

x=x′ ∧ A2(x)

x=x′

x=x′ ∧ A2(x)

A2(x).... f
B1(x, x)

B1(x, x
′)

(Σ]
∆)g :=

x=x A2(x)

x=x ∧ A2(x)

[x=x′ ∧ A2(x)]
1

.... g
B1(x, x

′)

B1(x, x)
[x′ := x]; 1



∆∗β :=

B1(x, x)

[B1(x, x
′)]1.... β

B2(x, x
′)

B2(x, x)
[x′ := x]; 1



(Π[
∆)h :=

x=x

B2(x, x)

[B2(x, x
′)]1.... h

x=x′ Ą C1(x)

x=x Ą C1(x)
[x′ := x]; 1

C1(x)

 (Π]
∆)k :=

B2(x, x
′)

[x=x′]2

[B2(x, x)]
1

.... k
C1(x)

B2(x, x) Ą C1(x)
1

B2(x, x
′) Ą C1(x)

C1(x)

x=x′ Ą C1(x)



Π∆γ :=


[x=x′]1 x=x′ Ą C1(x)

C1(x).... γ
C2(x)

x=x′ Ą C2(x)
1
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3

Quantifiers as adjoints to π∗:

Pxy ∃y.Pxy� //

Qxy ∃y.Qxy� //

Rx Rxoo �

Sx Sxoo �

Txy ∀y.Txy� //

Uxy ∀y.Uxy� //

� //

� //oo �

oo �

oo �� //

� //

Pxy

Qxy

α

��

∃y.Pxy

∃y.Qxy

Σπα

��
Qxy

Rx

f

(Σ]
π)g
��

∃y.Qxy

Rx

(Σ[
π)f
g

��
Rx

Sx

π∗β

��

Rx

Sx

β

��
Sx

Txy

(Π[
π)h
k
��

Sx

∀y.Txy

h
(Π]

π)k
��

Txy

Uxy

γ

��

∀y.Txy

∀y.Uxy

Ππγ

��

P(X×Y ) P(X)
Σπ //

P(X×Y ) P(X)oo π∗P(X×Y ) P(X)
Ππ

//

(x, y) x� //

X×Y Xπ //

Σπα :=

∃y.Pxy

[Pxy]1.... α
Qxy

∃y.Qxy

∃y.Qxy
1



(Σ[
π)f :=

∃y.Qxy

[Qxy]1.... f
Rx

Rx
1

(Σ]
π)g :=


Qxy

∃y.Qxy....
Rx



π∗β :=
Rx.... β
Sx



(Π[
π)h :=


Sx.... k

∀y.Txy
Txy

 (Π]
π)k :=

Sx

[Sx]1....
Txy

∀y.Txy



Ππγ :=

∀y.Txy
Txy

[Txy]1.... γ
Uxy

∀y.Uxy
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4

Adjoints to (y := f(x))∗ can be built using quantifiers and equality:

Px ∃x.fx=y ∧ Px� //

Qx ∃x.fx=y ∧Qx� //

Rfx Ryoo �

Sfx Syoo �

Tx ∃x.fx=y Ą Tx� //

Ux ∃x.fx=y Ą Ux� //

� //

� //oo �

oo �

oo �� //

� //

Px

Qx

α

��

∃x.fx=y ∧ Px

∃x.fx=y ∧Qx

Σπα

��
Qx

Rfx

f

(Σ]
π)g
��

∃x.fx=y ∧Qx

Ry

(Σ[
π)f
g

��
Rfx

Sfx

π∗β

��

Ry

Sy

β

��
Sfx

Tx

(Π[
π)h
k
��

Sy

∃x.fx=y Ą Tx

h
(Π]

π)k
��

Tx

Ux

γ

��

∃x.fx=y Ą Tx

∃x.fx=y Ą Ux

Ππγ

��

P(X) P(Y )
Σf //

P(X) P(Y )oo f∗P(X) P(Y )
Πf

//

x fx� //

X Yπ //

Σπα :=

∃y.fx=y ∧ Px

[fx=y ∧ Px]1

fx=y

[fx=y ∧ Px]1

Px.... α
Qx

fx=y ∧Qx

∃x.fx=y ∧Qx

∃x.fx=y ∧Qx
1



(Σ[
π)f :=

∃x.fx=y ∧Qx

[fx=y ∧Qx]1

fx=y

[fx=y ∧Qx]1

Qx.... f
Rfx

Ry

Ry
1


(Σ]

π)g :=

fx=fx Qx

fx=fx ∧Qx

[fx=y ∧Qx]1

fx=y

[fx=y ∧Qx]1

∃x.fx=y ∧Qx....
Ry

Rfx

Rfx
1



π∗β :=

Rfx

[Ry]1.... β
Sy

Sfx



(Π[
π)h :=

fx=fx

Sfx

[Sy]1....
∀y.fx=y Ą Tx

fx=y Ą Tx

fx=fx Ą Tx

Tx


(Π]

π)k :=

Sy

[fx=y]1 [Sy]2

Sfx....
Tx

fx=y Ą Tx
1

∃x.fx=y Ą Tx
2



Ππγ :=

∃x.fx=y Ą Tx

[fx=y]1
[∃x.fx=y Ą Tx]2

fx=y Ą Tx

Tx.... γ
Ux

fx=y Ą Ux
1

∃x.fx=y Ą Ux
2
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