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See:
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http://angg.twu.net/math-b.html#favorite-conventions

2020mclarty September 9, 2020 02:21


http://angg.twu.net/LATEX/2020mclarty.pdf
http://angg.twu.net/LATEX/2020favorite-conventions.pdf
http://angg.twu.net/math-b.html#favorite-conventions

13.3. Conjunction and intersection

The arrow t is sometimes called the generic sub-object because it is a sub-
object of € itself, and every sub-object is a pullback of it along exactly one
arrow. There is also a generic pair of sub-objects, namely ¢ X : 1xQ — Q2
and Q xt:Qx1—0QxQ.

Theorem 13.2. Given any pair of sub-objects of an object A, r: R — A
and s : S — A, there is a unique arrow u : A — ) x € that makes both the
(lower) squares below pullbacks, and that arrow is u := (x;, xs):

! !

R 1 S 1 algH—— % alg —— %
' J t S J t —V|V I
| A A
A0  A-XQ ar—— R(a) ar——=S(a)
R—~1x0Q S—=0xl alp— (,5(a))  als— (R(a),*)
T - ItXQ s - Iﬂxt l -V( [ l
T T

A—OxQ A—=0xQ ar—~ (R(a),S(a)) ar=(R(a),S(a))

Proof. Consider the following diagram:

RE 1 alp——= (*,5(a)) ——*
SRS 7 !
T txQ t
s s
AT Qx>0 a+— (R(a),S(a)) — R(a)
xsl X I
Q S(a)
s (Xros,!) Ox1 —=1 alg— (R(a), %) —— *
R I f !
s Qxt t
oy | wem T
AT Ox)—-0) ar—=(R(a),S(a)) — S(a)
xsl x I
Q S(a)

The left-hand square is a pullback iff the outer rectangle is; that is, iff p;ou =
Xs- Similarly, py ou = ¥,
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21. Topologies

Theorem 21.1. For any topology 7, subobjects s and w of A, and arrow

(3) (sNw) =35Nw,

(4) if s C w then s C w,

(5) the j-closure of f~*(s) is f~1(3).

We say the the j-closure operator is inflationary, idempotent, it preserves
intersections, it preserves order, and it is stable under pullback.

Here are the constructions.
(Thx to David Michael Roberts for helping me with item (1)!)

(1) The arrow S ~— S is a factorization through a pullback:

I iy
ST

Q

A

Xs i

(2) Idempotent: we have 5 = (jojox,) 1 (t) = (joxs) '(t) =5,5053
and 3 are the same subobject and S ~ S is the identity map.

S

W
\/

3

S
N\
Xs
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(3) Preserves intersections:

Abedg g rqg ar—— (P(a),Q(a)) — P(a) A Q(a)
J'le J l I

) P() A Q(a)

Qx QL0 (P(a), Q@) —~ P(a) A Q(a)

jo/\o<X57Xw> = joXsﬁw

Xsrw

Ao (X j) o (Xss Xuw)
Ao (joXsJ O Xuw)

Jo N0 (Xs Xuw)

= Ao (Xs Xw)
= Xsnw
(4) Preserves order:

sCuw P<Q
3:_sﬂw P=PAQ
S=sNw ﬁ:P/\Q
s=s5Nw P=PAQ
s5Cw P<Q

(5) Stable under pullback. Here W is a subobject of B, not of A:

w S 1
fl_UlTs) \_ S \_ \
w S 1
F1)=
/ F1(3) / /
B 7 A = Q - Q
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Some consequences of stability by pullbacks

Theorem. If a C 3 are subobjects of C' with mediating map +: A — B, as
in the first triangle below, then we have 7 = (o) = f~'(@). Ifa: A= C
and (3 : B — C then the domain of 7 = 8~7'(a) is AN B. Proof:

First corollary. Take any monic s : its clo
Call its mediating map ¢ : S »— S. Then 7 =idg: S — S. Proof:

[ —

51(s) \

Two definitions:

ﬁB\E
L

sSNnS

S — A; its closure is 5 : S — A.

dense and closed. Take a monic s :

S — A. We

say that s is dense when 5 = idy, i.e., when S = A. And we say that s is

closed when 5 = s, i.e., when S = S.

Note that for any monic s : S — A with mediating map ¢ : S — S
this mediating map is dense (by the First Corollary) and 5 is closed (because

5=75).
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Second corollary. Let p: P»—1,¢:Q — 1,and p C ¢, with mediating
map ¢: P— Q. Theni= ¢ 1(p): PNQ — Q. Proof:

P———PnNQ P 1
) \ P \ \
PNQ P 1
t=q~1(p)
=q~*(p) P
Q 7 1 = ) ; Q
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